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SELF-SUPERPOSABILITY IN AXIALLY SYMMETRICAL FLOWS 


hy Pbeh Pbakash, Lucknow University 
(Communicated by R. S. Varma, F.N.I.) 


{Received January 20; after revision ijuly 10; read October 18, 1954) 

iNTRODirojtOBT 

Several papers have been written to deme and subsequently develop the theory 
of superposition of fluid motions (Ram Baliabh, 1940, 69, 85; Strang, J. A., 1942; 
Ram Baliabh, 1952). The same has beenpone here for the case of axially sym- 
metrical flows. The condition of super^^sability has been derived and some 
examples of self-superposable flows have beto given. 

Let us take the axis of symmetry as the x-axis and denote by & the co-ordinate 
perpendicular to x', also let u, v be the components of the velocity and X, Q those of 
the external force along x and w respectively. Then the equations of motion along 
X and w directions are 



and 


respectively, where p is the pressure, p the density, !» the kinematic coefficient of 
viscosity, { the vorticity 


_ du\ 

\~ dx d&}' 


g2 — 


and 


t72 s 


dz^ w 3to 


( 3 ) 


is the equivalent Laplacian operator in the present system of co-ordinates. 
The equation of continuity is 

dx^dw^a 


( 4 ) 


Puttipg (Ml, t>i, Pj), (m 2 , V 2 . Pz) and (M 1 +M 2 , Vi+v^, Pi+Pg+U) in (1), simplifying 
and arranging the terms, we get under the set of external forces (X], 13i), (X 2 , S3i) 
and (X 1 +X 2 , fii+IJa) respectively 


+ = ^(^+UiU2+V,Vgj. 


Similarly (2) gives 




)• 
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Elimination of U furnishes 


which with (4) becomes 

Vj + 


. dU L ^C2 


dx 


-.i-o- 


If the motion is self-superposable (5) reduces to 

a> 3ai 5wC oi dx dw a)‘^ 9a; 

where Stokes’s current function 0 has been introduced. This is the same as 

_l^l/4)+!?^4/4') = o 

9aj dx \ (o / dx dw \w/ 


(5) 


or 


|=/(0), i.e. C=&/(^,) (6) 

OJ 

f being any function. This according to Stokes is the condition for steady motion 
of a non-viscous flow with axial symmetry (Lamb, 1945, 245). 

If the forces are conservative the condition of integrability of the equations of 
motion is 


In the case of sclf-superposable flows this reduces to 



To find a self-superposable flow we have to find a i/j satisfying (6), (7) and the 
relation 


1 I ^ 

w \9a;‘^ dw^ 6 j dw] 


( 8 ) 


Solutions 


Case (t) : From (6) and (8) «/r cannot be a function of x only. To effect simpli. 
fication we assume 0 to be a function of /?» alone. In this case (6) and (8) are satisfied 
and (7) becomes 




.1^ 


Ci du) f 


Making the substitution C = a><^ (cD), eq. (9) simplifies into 


(9) 
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This is clearly satisfied by = constant = A. This gives 

C = and u = — +B^ 

B being another constant. Since w = 0 at oi «= / — p- ( 


.. ( 11 ) 


(11) represents a steady 


flow of a viscous liquid in a circular pipe of oross-section 


I-2B 

ion J- --. 


The velocity 


on the axis is — i?. The solution is already kaown (Lamb, 1945, 585). 

In the case of steady flow the solution of (10) is (^ = L' and D being 

arbitrary constants. This gives 

Q (jf 2) 

5 == +Dw ; and u=::^ log a>— — 
zo) A 2 

If 1 / =s 0 at =s a and also at o) = 5 

- I loga+ = 0 = - I log &+ 

These give 


Hence 


^^andS = 2^1og«-p^.a==;. 


“ = 2 “7 

This therefore gives the flow of a viscous liquid in a circular pipe of annular cross- 
section. This solution too is already known (Lamb, 1945, 586). 

Both flows are self-superposable. 

Case {ii): We now proceed to find some unsteady solutions of (10) believed to 
be new. An approach to the solution of (6), (8) and (9) is furnished by the assump- 
tion f {ijj) A A being a function of the time, and ijj = tpiw) as before. 

Then (8) with (6) gives 


. . , d (idA 


.. ( 13 ) 


Writing ^ ^ (w*) has the advantage of reducing (13) to = — 0 ; dashes 

denoting differentiation with respect to < 32 . The solutions are 


(i) 0 = 5sin^^^^oi2j, 


(ii) 0 = B cos 2 

- 

(iii) 0 = Be * 2 


J-A 


. ( 14 ) 
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according as is negative or positive. The vorticity is given by 


(i) ( = AJ5a sin j> 

(ii) AB a cos 


(iii) £ = AH d) e " 2 


. (15) 


It can be seen that (i) and (ii) of (15) do not satisfy (9) and hence have to be 
neglected. In (iii) the sign of the exponential power should be taken negative to 
ensure vanishing of the motion at infinity. In that case (9) becomes 


2 -vABi,4.J'A&-\-AS>^)e 2 

I * * I 


Hence, 


vA^B = -4i~ and 4vABJa = - 4 (45). 
4 ^^ at at 


These give, 


1 ~o)~l{4tvf -\-( ’) 

and B as constant. Hence (14) gives tp ss Be and the velo- 

. . 0 


city is given by 


the vorticity being 


2B 


.. (16) 


(2^+1)’ 




The motion decays with time, vanishes at infinity and admits of no finite bound- 
aries. The stream lines lie- on coaxial cylinders. The vorticity distribution when 
the flow takes place in circles about an axis, and the radial flow of heat in two 
dimensions, are noted for rapid decay with time (Lamb, 1945, 592). The vorticity 
given by (17) is capable of an interesting comparison with the flows referred to 
above and decays even more rapidly with time due to viscosity. 

Case (iii): The motion in circles and the radial flow of heat are characterised 

by 


y k -<s2/(4v/+r/i) 

4:Vt+Cl^ 

At a fixed point wj, this increases from ^ e ^^^at f = 0 to^e”^ at < « 

and then asymptotically tends to zero. At a fixed time ti, this is equal to 
at w as 0, does not rise but asymptotically falls to zero for oi =s oo. 


.. (18) 

4v 

k 

4j4i+Ci 
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As regards the behaviour of f in (17), for a fixed a> it rises from ^ ^ at 


-2 


16i5e 

^ s= 0 to — at t = — and then asymptotically falls to zero. At a fixed 


0)1^ 




time (j, it rises from zero at <3 = 0 to - — at w = f2vti+ - and then asym- 

ptotically falls to zero. Thus the difference in behaviour with (18) occurs when 
variation with a> is taken into account. 

To find an unsteady flow of a viscous lii[uid in a circular pipe we take tf) = 
e~ ^^^F(co), Then (10) becomes v 


- avt i Aw ) 




Let F (a>) = 

0 

Then, 


^ ^ 2 * +G<o^'^ ^ a„a }" ; and 


d^F 

dd)^ 


y JO 00 

= <3*^ 2 ■n{n-\)a„oi'-^ +20(o^~^ ^ wa«a»"“’+C{C'-l)w‘^' 


Substituting these in (19) and equating to zero the coefficient of the lowest power of 
w we get the indicial equation to be 


ao {SC+ClC-l)} = 0, i.e. (7 = 0 or -2. 

Next, we get similarly 

fltc[Q+6ffl2"b3Ctt2"|"2ffl2-l-4(7o2'l"®2^(^”l) ~ 0 

i.e., 


.. ( 20 ) 




8+6C+02 


and in general 


— oan-i 

“»+J - (^+1)(3+«+2C')+2C'+C2 ' ■ 


.. ( 21 ) 


When G = — 2, 02 becomes infinite and so become 04, Og . , . Hence this value of 
0 does not give a solution of (19). Corresponding to (7 = 0 the solution is 


W -Oo (l- ^+27427 

<xc3* , 




a^cj 


+«i 


6 2 . 42 . 62 . 8 

a^d)^ 


+ ...-1 
+ ... 


(— 0)''w2» 


2 . 42 . 62 . . . {2w)Z(2»+2) 

(■— 0)*d)2*'<~^- 




3 . 52 . 72 . 9^ * ” ^3 . 52 . 72 . . . (2n+l)2(2n+3) 
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It can easUy be seen that the power series (22) is absolutely convergent for any 
finite value of <3 and hence is uniformly convergent in the same interval. Hence it 
defines a continuous function and can be integrated term by term, the integrated 
series possessing the same properties. This gives 


C 


„-avt 


^<3- 


Oofl . 




2.4^2.42.6 


+ 


2 . 42 . 62 . 8 

(-o)“<32-+i 


4 


+01 (<32- 


and the velocity is 


aw* 


r2/7»6 


a^oj 


2 . 42 . 62 . . . (2»)2(2n42) 

oSojS 


...) 


3.5^3.62.7 

4 


.+ . . . 


3 . 62 . 72 . 9 

(— a)"&2"+2 


4 




w = — c 


- avt 


3.62.72...(2n+l)2(2»43) 

(— a)”w2”+2 


[oo/ 

7 9 



12 1 

" 42 ' 42 . 02 

42 . 02 . 82 ' ' 

• • 

^ 3 




1 6* +62 . 72 

52 . 72 . 92 ' • 

• • "T 


42 . 62 . . . (■2w+2)2 
(-o)"<3*”+8 


62 . 72 . . . (2»+3)2 
4c 




(23) 


where c is an arbitrary constant or a function of time. Since (23) represents a 
continuous velocity, by proper adjustment of c, u can be made to vanish for w = a. 
Hence we get the proposed motion decaying due to viscosity exponentially with 
time. 

Since the expression for velocity contains four arbitrary constants a, Uq, cti and 
c, the flow may be subjected to more conditions. To illustrate a particular case we 
take c = 0 in (23). Then in the case of a flow in a circular pipe of annular cross- 
section we have from (23) 


2 



and 


aa^ a2a« (-a)”a2”+2 \ 

42 “*"42 .62 • • • “^42762 . . 7(2n+2)2+ • 7 

_ j ( — a)’'a2”+2 

3 \ 62 ■^52.72 •••■^62.72...(2n+3)2'^ 



(24) 


2 42 ■^42 .62 


4 


(-«)" 


2 » + 2 


42 . 02 . . . (2re+2)2 


■) 


(-o)''^2»+3 

3r 62 ■^52.72 ••• '^62.72...(2«43)* 



(26) 


where ^» = a and <3 = are the Jwo co-axial surfaces of the pipe. Next if the rate 
of total flux through the pipe be .de"*’'* we have the equation 


A 



4O2 

a2fa)7 

62 . 7* 


(— a)"J>*"+2 

• • ■^PTer". . (2»42)2'^ • 

(_0)"a2*+8 

’ ■ ■**62 . 72 . . . (2»43)*‘^ ■ 



^ d& 
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A = — 2ir X 


fflo / 
2 \ 

ir 

1 

j8e-a« 

4 

42 . 6 



ff ' 

^ 3 ' 

5 

® 52.7 




^8-a8 
4* . 62 . 8 


- ... +(-«)" 


j82»+4_a2» + 4 


+ 


...) 


K2 72 


62 . 72 . 9 


42 . 62...(2M+2)2(2n+4) 

j32» + S ajZnt-S \ ) 

+ ( — «)’’g2. 72 . . . (221+3)2(271+5) ■ 7 ( 


. . (26) 

Thus the three arbitrary constants a, aie determined in terms of a and /Sfrom 

the equations (24), (25) and (26) and when sufestitiited in (23) with c =: 0, we obtain 
the unsteady flow of a viscous liquid in a circujktr pipe of annular cross-section with a 
given flux. Another solution of (10) consisifent with a fixed circular boundary is 
given by 5 

c ; a andic being constants, 

which gives 


f == a> ; and 


M = -^?^+4av<ai2+ +D(<) (27) 

D(t) being an arbitrary function of t For o) = a the velocity 

Superimposing the velocity— over v, which is permissible by (5), we get another 
unsteady flow inside a fixed circular pipe to be 


M = |(a4-a»4)+4ar(a2-<3)2)<+ |(a*-ou2) .. .. (28) 

This flow is essentially an accelerated one and holds for finite values of t only. 

When 0 is a function of x and ca both, a steady self-superposable non-viscous 
flow is given by Hill’s Spherical Vortex (Lamb, 1945, 245) 

0 = i Aai2(a2-a;2_^2) (29) 

My thanks are due to Dr. Ram Ballabh for guidance and to the Scientific 
Research Committee, U.P., for the monetary help given to me. 


Summary 

The paper deals with superposfvhility in axially gymmotrioal flows. Two flows in circular 
pipes and one extending up to infinity have been obtained, all of them being self-superposable. 
Besides some known flows have also occurred ns self-superposable flows. 
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ON ‘SIMILARITY’ SOLUTIONS OF PRANDTL’S BOUNDARY LAYER 

EQUATIONS 

by Lakshmi Sanyal, Research Felloio, Calcutta University 
(Communicated by S. Ghosh, F.N.I.) 

{Received April 10; read August 6, 1954) 


Introduction 

In two recent papers, Goldstein (1939) and Mangier (1943) have examined the 
question of the existence of ‘similarity’ solutions of two-dimensional boundary 
layer equations of an incompressible viscous fluid. By assuming the longitudinal 
velocity profile u{x, y) to be affine, i.e., assuming that the values of the longitudinal 
component u{x^ y) of the velocity for two different values of x are the same w^hen 
suitable scale factors depending on x are introduced in u and y, they have found 
that the partial differential equations of the boundary layer reduce to an ordinary 
difierential equation. They have naturally taken the known velocity U{x) of the 
potential flow outside the boundary layer as the scale factor for the longitudinal 
component u{x, y) of the velocity Avithin the boundary layer and have deduced 
from this assumption that, in order that ‘similarity’ solutions of the boundary 
layer equations may exist, V{x) must bo proportional to or to e^* where m and 
p are constants. 

It has been shown in this paper that under more general conditions 
‘similarity’ solutions of the boundary layer equations can be proved to exist. 
This has been done by discarding the scale factor U{x) for the longitudinal com- 
ponent u{x, y) of the velocity in the boundary layer and introducing, in its place, 
an unknown scale factor h{x) of the dimensions of a velocity. This scale factor 
h{x) and also the scale factor g{x) for y are then determined by examining under 
what conditions the boundary layer equations reduce to an ordinary differential 
equation. The velocity U{x) of the potential flow outside the boundary layer is 
then easily determined and it is found that the value of U[x) is more general than 
that found by Goldstein or Mangier. The ‘similarity’ solutions obtained in this 
paper have therefore a wider range of applications. 


DimenvSionless stream function 


In the steady two-dimensional flow in the boundary layer of an incompressible 
viscous fluid along a curved boundary, the equation of motion is 


du , du 
ox By dx 



( 1 ) 


where x is measured along the boundary of the curve, y perpendicular to it, and 
U{x) is the velocity in the irrotational flow just outside the boundary layer. The 
equation of continuity in the boundary layer is 


du 3v 
^ -L — 

Bx By 


SSZ 0. 


( 2 ) 


If there be a free stream line in the liquid along which the' boundary layer approxi- 
mations are valid, the equation (1) is the equation of motion and the equation (2) 
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is the equation of continuity in a thin layer about that stream line, x being now 
measured along the stream Jine. In particular, these equations hold in the flow 
in a two-dimensional jet and in two-dimensional wakes behind a cylinder. 
Introducing the stream function 0, we can write 


u = 


dy' 


00 
dx ‘ 


Taking J to be a suitable reference length, V a suitable reference velocity, B = 


( 3 ) 

VI 


the Reynolds number and g{x) a dimensionless scale factor, we introduce dimension- 
less variables 

v-Jr 


$=■ 


l ^ 

? 

We further introduce a dimensionless stream f|inction/(|, ij) defined by 

^ (*. if) R 




_ j f) 

- 


( 4 ) 


( 6 ) 


where h(x) has the dimensions of a velocity, 
then 


The components of velocity are 


30 h „ 

dJi 

^~~Tx 


_L 

Jr 


\t€!: . 

5^ g dx)y 


We then have 


du 

,, d 

/h\ 

dx 

■fd^. 


du 

hJR 


dy ~ 

~lg^ 

/ . 

d^u 

R 



li 

M 


A?/' 

gl 3f 


■nhf dg 

dx 


where the dash denotes differentiation of / with respect to ly. 
Substituting in (1), we get after a little simplification 


F dx 
Putting 




dh 

dx 


hV dx 


( 6 ) 


Igdh 

* ” 

f._lg\rdU 

^ V dx\g} 


( 7 ) 
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we can write the equation (6) as 

r'+a//'+^-y/'* = f (8) 

In order that the differential equation (8) may reduce to an ordinary diflFerential 
equation in / and rj only, it is necessary that / and /' should be independent of f , 
and that the coefficients a, jS, y appearing in (8) should be independent of x. Hence, 
when ‘similarity’ solutions of the boundary layer equations exist, the dimension- 
less stream function / satisfies the ordinary differential equation 

r'+a/r+i8-y/'2 = 0 (9) 

This equation is more general than the corresponding equation of the dimensionless 
stream function obtained by Goldstein and Mangier. When a, y are constants, 
the equations (7) determine g{x), h{x) and U(ix}. 

Determination of scale factors and the velocity of ibrotational flow 
From (7), we get at once 

(2a— y) = 


which gives, on integration 


gh 


= j |^{2a— y)ar+^j , .. 


where -4 is a constant. 

Eliminating g between (10) and the first equation of (7), we get 

1 dh a 


hdx (2a— y).r+^ 

Assuming that (2a— y) 0, we get from (11) after integration 


h = k[(2<t.-y)x+Af^—>', 

where ik is a constant. 

From (10) and (12), we then get 

(a-y) 


•l(2a-y) 


The second equation of (7) then gives 

j.dv fihv V J 

If y 0, we get on integration 

2v 


(3y— 2a) 
(2a -y) 




(10) 

( 11 ) 

( 12 ) 


(13) 


•• ( 14 ) 


where .5 is a constant. 
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The equations (12) and (13) determine the scale factors h{x) and g(x) for 
u (x, y) and y and the equation (14) determines the flow outside the boundary layer. 


Particular cases 

Case I 

When B = 0, and 2a— y 96 0, we have a ‘similarity’ solution for 

which 

y 


U 




1 2a y 


^ ~ lie (2* “■>')*+ -4 j 


(«-y) 

T (2a- y) 


SO that 


h = k j^(2a— y)a:+^ I 


1(2a-y) 


If there is a stagnation point on the boundary, we measure x along the boun- 
dary from this point. Then U = 0, when x = 0. This condition requires that 


^ = 0 and : 


> 0 . 


2a— y 

Hence we have for this ‘similaritv’ solution 




y 

1(2* y) 


h 


(2a— y)*J 

= Vfw- 


(<*-y) 

l(2a- y) 


(15) 


} 


In this case we can take, without loss of generality, jS = y. This particular case 
of the general ‘similarity ’ solution obtained here has been discussed by Mangier. 
There cannot be a stagnation point on the boundary, when 

< 0 . 


2a— y 


Taking ^ = 0 in this case, so that TJ, g and h are given by (15), we see that U 
becomes infinite when a: = 0. Therefore the point on the boundary from which x 
is measured corresponds to a singularity of the irrotational flow outside the bound- 
ary layer. 

If a 0, we can take a = 1, without any loss of generality. Putting 
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80 that 


2 m 


m+1 


we find that in both the above cases (when a; = 0 is a stagnation point or a singu- 
larity of the flow outside the boundary layer) U is proportional to a?"*, where m is any 
number, positive or negative, except 0 and —1. Here also we can take = y, 
without any loss of generality. This case has been considered by Falkner and 
Skan (1930) and the "corresponding equation for the dimensionless stream function 
/ has been considered by Hartrce (1937). If, on the other hand, a = 0, is pro- 
portional to - , wliich means that there is a source or a sink at a; « 0. gr is then 
sc 

proportional to x and ^ is a constant. This ‘similarity* solution corresponds to 
the two-dimensional flow in the boundary layer along a wall of a converging or 
diverging channel with straight boundaries. An exact solution of the equation 
satisfied by the dimensionless stream function has been given by Pohlliausen (1921). 


Case II 


When 2a— y = 0, a 9^0, the equation (11) becomes 


which gives, on integration 



where O is a constant. The equation (10) then gives 



Substituting in (7) and integrating, we get 


(16) 


^ + ^ <") 

This case has been wnsidcred by (Joldstein (1939). Assuming Z) = 0 and 
making use of the conditions to be satisfied on the boundaries of the boundary 
layer, Goldstein has shown that there cannot be any ‘similarity’ solution of the 

boundary layer equations in this case, unless ^ is positive. 

Case III 


When jB ^ 0, 2a— y ^ 0, /3 =» 0 we get from (12), (13) and (14) 


U « constant, 

(*-y) 

V r 

l(2«-y) 

U) [(2a -r)® +-4 

] 

a 

r 1 

(2a -y) 

h (2a— y)x+A 1 

. 
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If, in addition, y « 0 and -4 « 0 we have 

U ass constant, 

h = /k(2aaj)^. 


.. (18) 


This case corresponds to the ‘similarity* solution in the boundary layer along 
a flat plate placed in a uniform stream parallel to the plane of the plate and perpen- 
dicular to its edge. This case has been discu^ed by Blasius (1908). 


Case IV 

When BsasO, ^ssO, y^O and 2a— y 5 j 6 0, we have a ‘similarity* solution 
for which 


C7 = 0 , 


yr ■|(2a-y) 


CL 

h^k[(20L^y)x+A'\^^K 


This solution cannot be obtained from the ‘similarity’ solution discussed by 
Goldstein and Mangier. The reason for this is that both Goldstein and Mangier 
have taken U(x) as the scale factor for the longitudinal component u(Xf y) of the 
velocity in the boundary layer. The success achieved here is due to the fact that a 
scale factor h{x) different from U{x) has been assumed for u {x, y) in this paper. It 
is found that this scale factor can be so determined as to yield a ‘similarity’ solu- 
tion of the boundary layer equations. 


Taking A s=0, as=sl,y — — Iwe have 

= 

<, = 1(3^)'. 

h = *(3x)*. 


(19) 


This case corresponds to the flow in a two-dimensional jet issuing from a thin 
slit in an incompressible fluid at rest. The corresponding equation satisfied by 
the dimensionless stream function has been considered by Schlichting (1933) and 
Bickley (1937). 

In conclusion. I wish to express my thanks to Dr. S. Ghosh for helpful sugges- 
tions and guidance. 
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AN X-RAY STUDY ON THE MICELLAR AND INTERMICELLAR ZONES 
OF SOME CELLULOSE FIBRES 


by 'B. K. Banbbjee and D. M. Chakeabttroty, Department of General Physics, 
X-rays and Magndism, Indian Associaiion for the Cultivation of Science, 

CalcvMa 30 

(Communicated by K. B^erjee, F.N.I.) 

{Received August 50, 1964; re^ January 2, 1966) 

On account of manifold uses of fibres in ^eryday life, the importance of the 
investigations of fibres, in general, is felt univeirsally. It is accepted that fibres are 
long chain molecules. The natural fibres are usually polysaccharides or proteins 
and cellulose is the main constituent of polysaccharides. Published information 
concerning the physical and chemical properties of cellulose fibres are voluminous 
and in that connection the work of Haworth, Astbury, Sission, Clerk, Hermans, 
Meyer, Mark, etc., may be specially mentioned. The X-ray study on cellulose 
reveals that the unit cell is monoclinic with a = 8*35 A, h = 10-3 A, c = 7-9 A 
and p = 84'" and the space group is P 2 i- Usually the internal structure is built up 
of small crystallites separated by amorphous or intercrystalline area and the entire 
crystal area is built up by repetition of such unit cells. In the present investigations 
our study is confined to four varieties of cellulose fibres, namely, (1) Sida, (2) Mesta, 
(3) Chukai and (4) Alissima. 

Fibres have been studied very extensively by X-ray diffraction. In India 
investigations on jute fibres and some other vegetable fibres have been carried out 
in different laboratories and on that line valuable informations have been presented 
in the papers of Banerjee (K.) and Roy (1941), Sarkar, Rudra and Saha (1944), 
Banerjee (N. G.), Basak and Sen (1945), Bose and Ahmed (J946) and Banerjee 
(B. K.) (1946). All these papers deal with the general X-ray fibre diagrams of 
different varieties of jute. Average sizes of the crystalline region and changes in 
the fibre diagrams due to stretching, and chemical treatment are also discussed in 
these papers. 

The present X-ray investigations on different varieties are primarily intended 
to compare in detail the order of orientations of cellulose crystallites with respect 
to the fibre axis for different varieties of jute as well as to ascertain the size and 
nature of the intermicollar spaces. 

A special camera of 3 cms. radius was constructed for this purpose and X-rays 
from a Philips sealed tube (Cu-rays) was used and run at voltage of 45 kV with a 
tube current of 15 mA. The rays were usually incident on a bundle of fibres about 
1 mm. in diameter normal to the length of the fibre. Usually exposures of 6i hrs. 
were given. 

The glancing angles were calculated from the following relation, cos cos /x = 
cos 26^ where 6 and the angular co-ordinates, were obtained in the usual way. 
The glancing angles are compared with the Bragg angles of various planes and 
comparison of these yield the identification of the spots. 

Details of the indices, intensity and character of each variety of the fibres are 
given in Tables I to IV. The X-ray pictures are shown in plate I (figs 1 to 4). 


VOL. 21. A. No. 1. 



K. BANHRJBHI & D. M. OHAKBABXTBTTY : AN X-RAY STUDY ON THE 


TaBLB 1 
Sida J^ibree 


Indices 

Intensity 

Ohcnracter 

101 

8. 

Sharp and well resolved. 

002 

v.s. 

Sharp and distinct. 

004 

w. 

Extended along the radial direction. 

310 

i 

m. 

Extended in radial direction well resolved. 

120 7 
221 j 

m.a. 

Slightly broad. 

130 7 
032 j 

m.w. 

Diffuse. 

131 

m.w. 

Extended into are and diffuse. 

042 

w. 

Extended into arc. 


Table II 
Ohukai Fibres 


Indices 

Intensity 

Character 

101 

B. 

Sharp and well resolved. 

002 

V.S. 

Sharp and bent into arc. 

004 

w. 

Extended along the radial direction. 

310 

m.w. 

Extended in radial direction and well resolved. 

221 7 
120 J 

m.s. 

Slightly broad. 

130 

w. 

Diffuse. 

032 

m.w. 

Difiuse and extended into arc. 

040 

w. 

Diffuse. 

042 

w. 

Extended into arc. 











MIOXLLA^ AND INTXEMlOflLLAR ZONES OF SOME CELLULOSE FIBRES 


17 


Table III 
Mesta Fibres 


Indices 

Intensity | 

Character 

(101) 

s. 

Sharp and well resolved. 

002 

v.s. 

Sharp and bent along the arc of the circle on 
which the spot lie. 

310 

i 

v.w. 

Extended into arc. 

120) 
221 5 

m. 

Well resolved. 

032 I 
130) 

m.w. 

Bent along the circumference of a circle on 
which spots lie* 

040 

v.w. 

Diffuse. 


Table IV 
Alisswna Fibres 


Indices 

Intensity 

Character 

101 

s. 

Sharp and well resolved. 

002 

V.H. 

Sharp and bent along the arc 
which the spots lie. 

004 

v.v.w. 

Extended into arc. Diffuse. 

310 

w. 

Extended into arc. 

221 I 
021 ) 

m.s. 

Well resolved. 

130 

m.w. 

Diffuse. 

032 7 
131 ) 

m.w. 

Extended into arc. 

040 

w. 

Diffuse. 

042 

w. 

Extended into arc. 


It is observed that the orientation of ‘6’ axis of Chukai, Alissima and Mesta 
is much more parallel to the fibre axis than that of the Sida fibre. The spots on the 
equator are clearly broader than those in other layer lines and therefore the dimen- 
sion of the crystallites in the perpendicular direction is much smaller than in the 
direction of fibre axis. 

Apart from the preferential oriented crystalline domains of the cellulose cry- 
stallites, there are regions known as narrow intermicellar spaces. With a view to 
obtain some informations for this space, following Frey-Wyssling (1937) we intro- 
duced such foreign substances as would reveal the dimensions of the intermicellar 
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SjDA (wjlh silver lines). 

/^. SiOA (willi ynlil lines). 


\lJ.ssniA (with silver lines). 
F. At.issimv (with moM lines), 
(L Mksta (vviihsilvei lin<‘s), 

H. Mkhta (with lines). 
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spaces. For this purpose gold and silver, in the form of colloidal gold and colloidal 
silver are dispersed following the procedure adopted by Ambronn. To disperse 
colloidal silver in the lattice fresh fibres are usually soaked in freshly prepared 
7*6% silver nitrate solution and then finally treated in hydrazine hydrate. The 
treated fibre is then dried and mounted in the usual way in a fibre camera and 
X-ray pictures are taken. In addition to the fibre diagrams the lines due to 
crystalline silver also come in the X-ray picturee. The same procedure is repeated to 
disperse gold particles in which case the fibre is first treated in 7*5% auric chloride 
solution and then in hydrazine hydrate. Filially X-ray pictures are taken. The 
gold and silver lines of each varieties of fibres Bre then photometered in Moll’s type 
of microphotometer and the breadths at ha|f maximum are measured from the 
photometric curves and finally the particle si^ is calculated from Scherrre’s equa- 
tions. The particle sizes of each variety are given in Table V and the photometric 
curves given in the Figure. The X-ray pictufe are shown in Plate II. 


Table 


Fibres of different 
varieties 

Particle size 
calculated from 
gold lines 

Particle size 
calculated from 
silver lines 

(1) Chukai.. 

77 A 

77 A 

(2) Alissima 

97 A 

96 A 

(3) Mesta . . 

94 A 

96 A 

(4) Sida . . 

103 A 

103 A 

(5) Jute Xlow variety) . . 

1 80 A 

84 A 


It is evident from the preceding table that the size of two different dispersoids 
in the case of same fibre comes to a similar value and the measurement of particle 
sizes of gold and silver linos incrusted within the fibre framework varies from 77 A.U. 
to 103 A.U. width for different fibres obtained from calculations. Similar observa- 
tions were also made by Frey-Wyssling in the case of ramie fibres where he found 

the intermicellar spaces as 84 1-85 A width by the same method as above but 
with lower concentration of gold and silver solutions. In his case the lines due to 
gold and silver were weaker apparently due to the total intermicellar space in ramie 
being less than the fibres studied by us. The results of measurements given in the 
present communication can, we think, represent the nearest approach to the correct 
value of the dimensions of the intermicellar spaces in the fibre framework. Our 
works support the view expressed by Frey-Wyssling on fibres (Frey-Wyssling, 
Sub-microscopic morphology of Protoplasms and its derivatives). 

Thanks are due to Prof. K. Banerjee, D.Sc., F.N.I., and Dr. A. Bose, D.Sc., 
for their keen interest in the work. 


Abstbaot 

In this oommimication. X-ray pictures of cellulose fibres of different varieties, namely, 
Alissima, Sida, Mesta and Chukai are studied in detail. The orientation of cellulose or 3 r 8 tallites 
with respect to the fibre axis has been discussed and further, in order to get an insight of the 
structure of intermicellar zones, in each of these varieties gold and silver are incrusted in the 
form of colloidal gold and colloidal silver wherein it is observed that the partic^le size of the 
col^idid dispersoid values from 77 A to 103 A (depending on the type of fibres) which gives an 
insight into the intermicellar regions of the above-mentioned fibres. 
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STATISTICAL THERMODYNAMICS OP MIXTURE OF BOSE-EINSTEIN 
AND PERMI-DIRAC ‘LIQUIDS ’ 

by S. M. Bhagat and P. K. Katti, University of Delhi 

(Communicated by D. S. Kothari, F.N.I.) 

(Received May Hi; read ^vgust 6, Wf>4) 


1. TNTEODtr|lTION 

? 

Recent experiments of Abraham, Osbomf and Weinstock (1949a) and of Daunt 
and Heer (1960) indicate that He 8 does not <iiow superfluid properties even down 
to 0*26®K. unlike He^ which becomes superroid at about 2*19^K. This seems to 
confirm London’s (1938) h3T)othesis that the peculiar phase transition in Helium 
(i.e. He^) can be interpreted as the ‘condonation’ phenomenon exhibited by an 
ideal Bose gas so that no transition would be expected in the case of He 8, which 
obeys Fermi statistics. Hence, it is now generally held that the difference in the 
Behaviour of He® and He^ arises from the different statistics that they obey. 

Heer and Daunt (1961) have proposed ‘smoothed’ potential models for con- 
sidering mixtures of Bose and Fermi liquids. They have assumed that the ‘Fermi 

liquid’ can be regarded as an ideal Fermi gas in a constant potential well — 

and the ‘Bose liquid’ as an ideal Bose gas with a constant potential well — 

In the case of the mixture they have assumed that the liquids are incompressible 
and form statistically independent systems. Thus they have written for the total 
volume Vy and the total potential y, of the mixture the expressions 


respectively, where and are the respective atomic volumes. Further, 
they have assumed the vapours to be perfect gases. Heer and Daunt (1951) and 
more recently Daunt, Tseng and Heer (1962) have applied this model to calculate 
the partial vapour pressures and the distribution coefficients of their ‘model solu- 
tions’. They find that the theoretical predictions are in good agreement with the 
observed properties of He^-He^ mixtures. 

The present paper is concerned with a detailed discussion of the thermodynamic 
properties of mixtures of Bose-Einstcin and Formi-Dirac liquids when the distri- 
bution laws are of the more general type: 







( 1 ) 




f ’ 

1 « . 1 

^0®*P w kT 
"F L 


( 2 ) 
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for a Bose and a Fermi ‘liquid’ respectively. In the sequel we shall refer to them 
as Liq. B and Liq. F. Clearly, our results would reduce to those of Daunt and 
Heer when 

3 

~~ ~ 2’ 

and 

^ _ 2ng(2m)i 

^ W~'' 

where g is the weight factor, being 1 for He^ and 2 for He^, As usual, the conditions 
for the onset of extreme degeneracy are 



Kothari and Singh (1941, 1942) have studied the properties of pure Bose and 
Fermi gases obeying general distribution laws of the type given above. Wherever 
possible, we shall use their notation. 

In the sequel we shall consider the following cases of mixtures of Liq. B and 
Liq. F ; 

(i) Liq. F Boltzmannian (A*p 0) , 

(ii) Liq. F Non-degenerate l) , and 

(iii) Liq. F Degenerate 1) . 

In each of these cases we distinguish between two ranges of temperature, viz., 
(a) below the A-temperature and (6) above the A-temperature, of the mixture. 
It is of interest to do so because below Tx Liq. B is degenerate = 1) and 
above Tx Liq. B is non-degenerate l) . 


2. The Pure Liquids 

The generalized distribution laws lead to the following expressions for the 
Helmholtz free energy : — 


< = -NbxI-N^ kT [l - log All +bai; + ^ (Ai;y+ 

K = -N,xl-N, kT [i -log Ai;-b^Ai;- 1 - 

of non-degenerate and 

^B~ ^bXb 

■“OB 








(*,+!) 


(3) 

( 4 ) 

( 6 ) 

( 6 ) 
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of degenerate Bose and Permi liquids, respectively. Here ^ is the Permi 
degeneracy energy for pure Liq. F* and 



62 = 


y j Un- } . N 

v I 3 Gr(S){kTf NV^’ 

1 , _ 2 1 
2S+i>'^8-3s.,-4s- 


Following London (1938) we have for the degeneracy temperature of Liq. B the 
expression 


1 - >7 


(7) 

Por completely non-interacting systems (Hier and Daunt’s case) «^ = f and 


_2n(2r^f^ 

hT^ 


and eq. (7) reduces to the well-known expression due to London. Eq. (7) shows 
that the introduction of the potential well does not, in the first approximationf , 
modify the degeneracy temperature. It may be noted that in this paper the 
degeneracy temperature will always refer to the condensation temperature of the 
Bose assembly, unless otherwise specified. 


3. The A-tbmpbbatubb 


We shall now consider the case of a mixture of Liq. F and Liq. B, Since they 
are assumed to form statistically independent assemblies the modification of the 
degeneracy temperature is purely due to the change in the volume of the Bose 
assembly. We shall therefore get the degeneracy temperature, of the Bose 

assembly (Liq. B) in the mixture by replacing the volume of pure Liq. B 

in eq. (7) by the volume of the mixture, thus giving 



1 


\__£b i__ 

■ O^ns^KiSs) 



(8) 


This, on combination with eq. (7), leads to 


To 


1 1 


r 1 


i-x^ 1 





* Throughout this ipaipev the superscript zero (0) is used to indicate quantities referring to 
the pure liquids. 

t Our model must be regarded as a first approximation in so far eus the variation in 
with volume, has been neglected. In practice it is well-known that the A-temperature of He * 
depends upon the external pressiure. Since contributions to the pressure will come from (i) a 
kinetic term atiH (u) a statical term due to the variation of x®f we expect that in the second 

approximation, i,e., when is taken into account, Tq would be modified by the introduction 

Ofx*. 
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whence 


di\ 

dx,. 


i-1 


i 0 






l+x 




W.'n’ 


( 10 ) 


iVp iV^ 

^ and = i ' y ~ *”’• respectively, the oencentrations 


6{ Liq. F and Liq. B in the mixture. 


4. Properties of Mixtures in case (i) 

As pointed out in Sec. 1 we shall get two sets of expressions according as the 
temperature is above or below the A-point of the mixture. 

(a) Below the X-point, 

For a mixture of volume eqs. (4) and (5) lead to the 

following expression for the free energy : — 

F » -N^xl-N^xl+J^rkT log £(/»«+ 1)X 

•• (11) 

whereas, the free energy of mixing, AF = F— will be given by 

AF = NpkT log ^ -Cg r{8g){kTf^-^ ^ iiOg + . . . (12) 

where all terms of the order of A^p have been neglected corresponding to the 
Boltzmannian case. 

It is usual to assume, for a liquid, that 0 !=^ F, G being the Gibbs free energy. 
In our model the ‘liquids’ are actually gases with certain potential wells. It is, 
therefore, of interest to note that if this assumption is not introduced the pressure 
values so obtained arc higher by about 20 per cent for low temperatures and by 
about 10 per cent for high temperatures (Bhagat and Katti 1954a). However, 
following Daunt and Heer we assume that 


for sufficiently small pressines. Then, using the usual thermodynamic relations 
we obtain for the thermodynamic potentials the expressions 


1*1 “ -Xp-kT-kT log [Cpr{Sp) Vl{kTf^'] (13) 

/*B= (14) 



OF MIXTUBE OF BOSE>BIKSTBIN AND FBBMI-DIBAC ‘UQUIDS 


26 


for tile pure liquids and 

- -X^-X'r.kT+kT log ^ -IcT log 

.. (16) 

(16) 

for the liquids in the mixture. Since the vapoum are assumed to be perfect gases 
we use the relations : 

logfe, 

fp 

log fc , 

PF 

and obtain for the partial vapour pressures 


FF v' 

-o=Xp exp 
Pf 


y' (TVs 

K MT’a) 



(17) 


where 


Pb 

— = exp 

Pb 


F® 

' B -y-' 

- 


^fK 




and X' 




' x^K+^bK 


■• (18) 


Further, the total energy U, entropy 8, and sjiecific heat C are obtained from 
the expression for the free energy by using the well-known thermodjmamic relations 

whence, 

V =» i [Z,x"K+i\r«xy+C'«r(ag+l)(i:T)*»'^^ (Z^F^+X^O 

8 - Z^(a^+1)-.Z^ log a;,+^ r{8^+2)^a^+l)(kTf’^(Xj,Vl+XgVl), (20) 

C - X^^--C^r{s^+2)(kTfH(8^+l)(X^K+Xy„) (21) 

in units of i?(ss k(Np+Ng ) ). 


( 6 ) Z 6 ove the X-point. 

Combining eqs. (3) and (7) we obtain the free energy of non-degenerate Liq. B 
in the form 


^ “ -Npxl-NpkT [l-log {(s^)+log (£)'''+ 62 CK) 


( 22 ) 
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whence the thermodynamic potential of pure liq. B becomes 

f J ■= -xl-nr [i-iog {(.,)+io8 CW (^)'' 




On combining the expressions for the free energies of Liq. B and Liq. F we obtain 
for the free energy of the mixture and the free energy of mixing (for T > To) the 
expressions : 

' Vb 


F “ -NpXF-N„xl-Nj,kT log Alj,-N^kT [l-log f(sB)+log 

+«'2 ?K) j • • •]. 


(24) 


Al* = —kT 


log ^+Nglog 


‘OF 




(TA 

[FxJ 


(26) 


(26) 


Thence the potentials in the mixed state take the form 
t^F= -xl-Kf^F+kT log Al^-X'^^kT 

^[-t) - •]’ •• 

^ ^F-kT z;-iog s(5^)+iog + (i+x;) hcis,) 

+ (H-2X;)^[{(s^)]**(^')"\.... j, .. (27) 

which when combined with the expressions for the potentials of the pure liquids, 
eqs. (13) and (23), give for the partial vapour pressures 


^*-T' Avr. 

Pb 


^B + C(S^) (j^o/ 

- (I +2;) »,{(.,) I . . . 

for Tx<T < To, 

I - x;«p [ (.- xi-6.c(.,) (.+2;- (^)"- 

- I [«..)]' (1+22- -J^)(|)V....J, 


(28) 


(28') 
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for T> To, and 


g - i>ip I z.+z, ^ I W(<..) ■ 


11 


.. (29) 


It is important to note here that the distinction between the two temperature 
ranges 7\<T < Tq and T > T© above, as well ag in the following sections, has to 
be introduced only because the partial pressures tave been expressed in terms of 
the saturated pressures. Otherwise, the pressure bf Liq. B in the mixture is given 
by the same expression both above and below thf degeneracy temperature, jTq, of 
pure Liq. B. j 

The expression for the free energy of the i|iixture when substituted in the 
therinod 3 mamic relations quoted above gives foiif the energy U, entropy S, and 
specific heat (7, in units of R, the expressions ■ 


-s^x^T (P) V . . . . . 

S = log aIj,-X^ log £(b^)+X 5 log 

C^{s,X^+s^X,)+X, 


+ 633 . 


(30) 


(31) 


(32) 


From eqs. (32) and (21) we obtain for the jump in the specific heat at the A-tem- 
pcrature of the mixture the expression 






5. Liq. F Non-dbobnbratb 

In our considerations so far Liq. jP has been regarded as essentially Boltzmannian 
.in character* We shall now study the case when Liq. F is considered to be a non- 
degenerate ‘Fermi liquid ^ For this purpose we shall have to include the higher 
order terms in the scries expression for the free energy of Liq. F, i.e., eq. (4). The 
results of the preceding section then take the generalized form given below: 

(a) Behw the \-point: the free energy expression becomes 
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.. (38) 


which gives, on combination with ©qs. (8) and (9), for the free energy of mixing, 

AF, * 

A f = [log . ■ ■ ■ - • 

.. (36) 

In this case the thermodynamic potentials of Liq. F take the form 

[log «,)“+ • ■ ■ ■] (36) 

when pure, and 

[log Alj.+2h^Al^+^ • • •] - 

-X;fcT [l+htAlp+b» • • • •] (37) 

when in solution. Also, the potential of Liq. B, when in solution, takes the form 

-IcTX'^ (38) 

These then give for the partial vapour pressures the expressions 

Pb I ^ F 

g . z; »ip ^ ■ ■ ■ 1+ 

+ !6f(4f-^»+§([4f]-[<f]‘)+-'}]- ■■ (40) 

The expressions for the energy, entropy and specific heat (all in units of R) will, 
from eq. (34), come out to be 

- i M+^bXb)+<?bF(Sb+1) + 

+'^F*P [^+*244(,y+68 (-4oir)*+ ]. •• •• (^1) 

-8“ r ^(«B+2){(aa+l)(ir)*5 (XpF^+X3F^)+ 

+Z^ [l+a^-log (2a^-l) (. 4 ;^)*+ ....], (42) 

- V(a^+2){(a^+l)(fcr)*i» (ZyF^+Z^F^)+ 

+^[^-M;B-268KBf — ]• •• <*3) 


Pf 

^ = Z^exp 
Pf 


.. (40) 
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(6) Above the X-temperature: each expression will involve two series since both 
Liq. F and Liq. B (in solution) are non-degenerate in character. Thus the free 
energy of the mixture and the free energy of mixing {T > Tq)* will be given by 

f- [l-log | ■ ■] “ 

-N.kT [l-Iog {(.J+log 


d,F=^-NJeT 


[-(R) 






Eq, (44) gives for the thermodynamic potentials the expressions 

f (jY' (y)''"'- • • •]■ • • ' 


“ -xi-K [^*y'+M;F+68 (^„V)V. . . . j - 

-kT X'^+log 

+(i+2jc;.) • ] • • • 

which, applying the usual method, give for the partial pressures 

g = X. eip I -z;-x; ^ -x;{M;;,+is(4;,)‘+. . ■ . | + (0 




.. (48) 


* It may be noted that here, as elsewhere, the range T > Tq has to be specified because 
the range Tx<T pure Liq. B is degenerate and therefore the expression for will 
different according bm T > Tqov Tx<T ^Tq . 


fg- 
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for Ti^<T<To, 


I - z; eip [-r; ^ . . .}- 

- 1 «(..) (i+z;- i) (5)’"+ 1 ctwr (i+2z;- ^ j X 

X (If *+.... I ], .. (48-) 


for T >Tq and, 


I - zi «p [z; 1 1- +«w ( 1 )''+ 1 [£(4,)]“ (!)'*'+. . . . I + 

■■ «9) 

Using 6q. (44) we obtain for the other thermod 3 mamic properties of the mixture 
the relations 

^ ~B (^fXf+^bXb) [^+*2-^of+^8 ('^of)^+ ] ~ 

[— 1+W(«b) +*8[f(SB)f ^ + j, .. (60) 

+Xy [l+V-log x 4 ;^+ 62 («f-l)^;^+ I (2^-1) Kf)’‘+- •••]•■• (61) 

0 “ “64 ^0F+ J (^of)*'+- • • • +-’b^b [^1+64K-1)£K) 

+ T(^B“i)[i:(M]* (§)%•••]• •• (62) 


+ +--J- •• (62) 

IVom ©qs. (62) and (43) we get for ttie jump in the specific heat at the A-temperatnre 
of the piixture 

AO = Xb*b[i+6,£(Ab) (»b-1)+6*[£(8^)P(2b^~1)+. . . .]- 

- Wb+2) (ATaW (-^fI^f+^bO £(»b+1) . 


(63) 
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6. Liq. F Dboknbratb in the Pure State and Non-dbobnebatb 
WHEN IN the Mixture 

Evidently, this case is of interest only for very dilute mixtures at temperatures 
below the Fermi degeneracy temperature, 4*85®K., for the pure Fermi gas (with 
liquid density). Also it is important only in so fer as it is customary to express 
the partial pressures of the liquids in the mixture in terms of their saturated pressures. 
As regards the partial pressures themselves they would still be the same as in the 
previous case. As in the previous case we shall obtain two sets of expressions 
according as the Temperature is above or below th|> A-temperature of the mixture. 
Now, we have for the thermodynamic potential of |ure Liq. F 

^2 [*- T (D1 <“> 

\ ♦ 

The other thermodynamic potentials are unaltered |nd therefore only the expressions 

for would be modified. Combining eq. (54) with eqs. (37) and (46) we obtain 
Pf 

{a) for temperatures below the X-point : 

pI r(S^+i) W) 

and (5) for temperatures above the X-poini: 


pl~r{s^-Vl)\kT} 

x«p ^ {- 1 +W(..)@ °+H£('.)r (y) + 

If ■-<''+*) T(f)‘|] 

Further, the expressions for the other thermodynamic quantities are left un- 
altered since the expression for the free energy of the mixtui:e is the same as in 
Sec. 5. 
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In the extreme (Boltzmannian) case -> 0 and eqs. (66) and (66) reduce 
to the form 


p,_ -s; /jsv 

pO-J’(a^+l)UT; 


{(««+!) K 
JK) ^\T) I’ 


Vf _ 

p% n'r+>) 


(Wx 


xeip +''>[5(‘'j)r(3:) +••••[- 


(«,+l) hr 


ii‘-(V+>)T(D‘j]. 


respectively. 


7. Liq. F degenerate 


Now we deal with the other extreme case (.4^ ^ 1) • It is expected that this 
case will be of importance for mixture with very high Liq. F concentration, that is, 
mixtures in which the density of Liq. F is comparable with the density of pure 
Liq. F. We shall obtain two sets of expressions according as T '^T\ or 
Tx<T < 4*85®K. For T > 4*86®K. the expressions derived in Sec. 6 would apply. 
Hence, we find that 

(a) Bdow the X-poinl: the expressions for the free energy of the mixture and 
the free energy of mixing get modified to 

r - j (f )] - 

-Nsxl-Csr{a^)C{«s+WFK+NBK)^kTr^'^\ • • (67) 


AjP = 




-Os /’(«B)(fc 2 ’)**+^ . • • ( 68 ) 

respectively. Consequently, the thermodynamic potentials of Liq. F and Liq. B, 
when in the mixture, take the form 


H^o/J ^ «K) W ’ 

K K ^0 r, .IT*, . ,,/mq 

' *F +1 kT 6 ^ J J • • • 


mv] 
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These relations, when combined with the expressions for the potentials of pure 
Liq. F and Liq. B, give for the partial vapour pressures 


Fb 




(f)1 (|)‘] 


_ifd±)v- 

IW 'nw ■ ■■ 


(62) 


Again, the modified expression for the free enerjjy, Eq. (57), gives for the other 
thermodynamic properties (in units of JR) the expressions 


P - - 5 [>+ (i+M 7 (f )“] 

(X,F»,+X.O 


+ 




+c^r{3^+i)C{s^+i) 
s = t -r+~3^ r{s^+2)n^3^+i){icTf^ 


^0 


C = ^ f +0^ r(.3+2)S(«3+i)(*y)*« (x^vl+xy^). 


(63) 

(64) 

( 66 ) 


and (6) Above the X-point: Liq. B, when in the mixture, must be considered as 
non-degenerate so that the free energy of the mixture will be given by 

7^ s= •^N -|.5 


-N^T l^l-log C(-3)+log 


( 66 ) 


In the temperature range T > Tq the free energy of mixing will take the form 

A^' = ^fr*,T w [|-s]+r^ 3,{h-0 
-N^T [log ^ (i'»*.-n*»)+ 

+H^r •• 


3 
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Eq. (66) gives for the potentials in the mixed state 


0 ^B + ^F t fl /o J.1\ 

6 (£.) j- 

>-«(*.) (fC.))* (yf)'”’ • 1 . • • 


^ B 


( 68 ) 


l*B- -Xb- 


^'f K 


1+«F vl 

-kT 

bs 



t 11/ I 1 \ 

• ^0 + (it 

x;,-iog ^s^)+iog +h2£(«^)(i+x;) 


+i 




+ 


m 


Combining, as before, with the expressions for the pure liquids we have 

pI 


0 ^Bexp| £ «^+l + ( 6 r CK) \^a/ 


■>+.... 


for Tx<T<T^, .. 

-.0 
Pb 


»o^“ ^expj^^ir- +(«P+)6(^J |- 


\ 

\ 

(70) 




T 


^3 


[5(«b)]‘( 


+ 

1+2Z;- 


Tx\^b 


raviT 


for T > To and, 


l]. (70') 



■(•,+>), (-g 



(71) 


Further, eq. (66) gives for U, 8 and C (all in terms of B) the expressions 

- X +»i.O+T^^F V [!+(>+'<') 7 (f)‘] + 

l-W(*.)(y)*'-‘.[£Wr(y)*‘'-.-.]. .. (72) 


+X,t^ 
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m 2 hT r /T\^B , /2\\^b 

s log - 

- I (2«,-l)[f(-3)]^ (^) . . . |, . . (73) 

0 = ^ +^B^B 1 + M««-1)5(««) (^)'^ 

( m \2/S'^ 

Y) +••••]• •• (74) 

The last equation together with eq. (65) leads t^ the following expression for the 
jump in the specific heat of the mixture at its A-p#int 

aC 7 = [l + 6*K- 1) CK)+63(2.«-1) [£K) P + . . . . ]- 

-C^r(aB+2) C(3g+1) (Zy K-^X^K) • • • (76) 

As expected, eqs. (33), (53) and (75) show that the specific heat jump at the A-tem- 
perature of the mixture is the same whether Liq. F is Boltzmannian, non-degenerate 
or degenerate. The discontinuity in the specific heat is a property of the Bose 
assembly alone and therefore there is no question of it being ajBFected by the nature 
of the Fermi assembly. The difference in the AC for pure Liq. B and the AC for 
Liq. B in the mixture arises purely from the difference in the volumes of the Bose 
assembly in the two cases. 


8. Discussion of Results 


Recently, Bhagat and Katti (19546) have calculated the saturated vapour 
pressures of Liq. He^ and Liq. He^ on the basis of smoothed potential models of ideal 
Bose and Fermi gases. They find that the theoretical results are in good agreement 
with the observed pressures. On the other hand, there are many pronounced dis- 
crepancies between the theoretical predictions for an ideal Bose gas and the observed 
properties of Liq. He^. For instance, we have for the specific heat of an ideal Bose 
gas the expression C oc ^ as opposed to the observed relation C ecT^ (^ > 
0*6®K,) for liquid He^. This discrepancy may be due to the complete neglect of the 
interactions between the molecules in the liquid state. As pointed out by Dingle 
(19j52) a considerable improvement in the theory is obtained by the introduction 
of a ‘self-consistent* field, that is, by assuming that each molecule is moving in a 


field due to its neighbours. 


Thus, the ideal-gas spectrum. 



is replaced 


by an ad hoc spectrum, c = Bp ^^^ . This modification is assumed to take 
account of the interactions between the molecules. We do not wish to insist here 


on the details of this concept, which is certainly open to much criticism. It may, 
however, lead to a somewhat better description of the properties of mixtures of the 
liquids. The modification in the energy spectrum leads to distribution laws of the 
more general type : 


N(€)d€^ 
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Next, following Heer and Daunt, we introduce constant or smoothed potential 
wells. In other words, we consider the ‘liquid* as being a Bose or a Fermi gas in 
a constant potential well, each particle of the assembly being subject to a self- 
consistent field due to its neighbours. Thus we have written the distribution laws 


in the form : 


N(€)d€ = 


FCc 


s~i 


1 / € Y®\ 

T (jfcT ” 


This single-particle approximation to the liquids stresses the role of statistics, 
obeyed by them, in the behaviour of their mixtures. It may, therefore, be expected 
that when a large amount of experimental data become available our discussion 
would be of great importance for testing the influence of statistics of the two com- 
ponents on the properties of their mixtures. 

Below we discuss some of the important results obtained in the previous 
sections : 


(a) Variation of the X-temperature with Concentration. 


Tx 


Three values of namely, 3/2, 6 and 6, were used for computing — from eq, 

i 0 

(9). The molar volumes, as usual, were taken to be 27*6 c.c, and 37*6 c.c. for He* 
(Liq, B) and He* (Liq. F), respectively. The results are plotted in Fig. 1 as a 
function of the He* concentration, Xjp. Measurements of the A-temperature of 
He*-He* mixtures have been carried out by Daunt and Heer (1950) and by 
Abraham et al. (1949). Their results are also shown in Fig. 1. It is seen that the 



Fxq. 1. Plots of the A-temperature, Tx, against oonoentration, Xfb of He* in He* mixtuies. 

The curves are computed firom eq. (9) with 8/2 ( ), « 5 ( ) 

and « 6 ( — . — . — . — ). Experimental lesults are indicated by dots (Daunt ei al.) 
and by squares (Abraham et eU.), 
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experimental points are represented fairly closely by the curve for = 3/2, 
(which corresponds to the ideal gas case). For higher values of 8^ the theoretical 
curve deviates more and more from the experimental values. 

The slope of the vs. Xp curve for very low concentrations of He (i.e. 
Xp -► 0) becomes, from eq. (10), 

Vl 

=s — 1*986 for 4* f > 

= — 0*496 for 4s 6 . 

f 

These values may be compared with those obtained by de Boer and Giorter (1950), 
— 2*78, and by Stout (1949), —3*50, whereas the Observed value is —2*8. 

For very high concentrations (i.e. Xp ->“1) f 

-> 00 since > 1 . 

Hence the curve should approach the abscissae vertically in each case. The 
experimental points also indicate such a behaviour. 


(6) The Vapour Pressures 

Using observed values for the saturated pressures and p® , the total 
vapour pressure (pjr+p^) ov'er a 20 per cent mixture was computed from the 
theoretical expressions in the following cases: — 

(i) when Liq. F is Boltzmannian, with Sp = 3/2, 

(ii) when Liq. F is non-degenerate, with s^ = 3/2, 

(iii) when Liq. F is degenerate and Sp = 3/2, and 

(iv) when Liq. F is Boltzmannian and Sp = 6. 

In calculating the values of Pp for temperatures above no distinction 
was made between the regions Tx<T <,Tq and T >Tq, in fact, the expression for 
the latter region were used throughout the range T > The results are plotted 
in Fig. 2 as a function of temperature. Weinstock et al. (1950) have observed the 
total pressure over a 20*3 per cent He®-He^ mixture. We have included their 
results in Fig. 2 for the sake of comparison. Clearly there is very little difference 
between the curves 1a and II, corresponding, respectively, to oases (i) and (ii). 
However, curve Ib (case iv) has a discontinuity at the A-point, whereas curve 
III (case iii) is much lower than the experimental values. The agreement between 
the theoretical predictions in the first two oases and the observed pressures may not, 
however, be stressed. As pointed out in Sec, 4 the assumption G F entails a 
considerable error (Bhagat and Elatti, 1954a). 

In Fig* 2a are shown the plots of eqs. (28) and (28'), curves I and II respec- 
tively. In obtaining Fig. 2, as already mentioned, we used for p^, throughout the 
range T > an expression which is valid only for T > Tq, Fig. 2a shows, in the 
representative Boltzmannian case, how far this approximation is valid. ' 
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/•a /.}' *0 3-e Sf 


T"k. 

Fig. 2. Plots of the computed values of the total vapour pressure over a 20% He^ in He* 
mixture. Curve is for Liq. F Boltzmannian and = 3/2, curve for Liq. F 
Boltzmsoinian and « 6, curve II for Liq. F non>degenerate and = 3/2, and 
curve III for Liq. F degenerate and = 3/2. Experimental points (indicated by circles) 
are due to Weinstock et at. 



Via. 2a. Mots, of the total vmw preasuraa above a 20% He* in He* mixture in the tern- 
perature zwn^ <iT<;Tp,a» oomputed from eq. (28). ourve I, and eq. (28'), emve 11, 
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(c) The Distribution Coefficient, 

From ©qs. (17) and (18) and (27) and (28') we have, for dilute solutions (i.e. 

Np<N^), 


T<Tx 



(76) 


(77) 


where Xy and are the relative concentrations in the vapour and the liquid 
phases and for T\ <=« To have taken the observed value of 2‘186‘’K. In obtaining 

(76) and (77) it has been assumed that . This relation would hold also 

in the non-perfect gas approximation to the vapours provided that the partial 



Fxa. 8. Plots of the relative oonoentration ^ for very low oonoentrations (Xp 1) as 

computed from eqs. (76) and (77). Experimental points arerdue to Taoonia et dl, (circles) 
^d to X^e al, (trian^es). 
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have been calculated 


pressures are thought of as fugacities. Values of 

from eqs. (76) and (77) for two values of S^y namely, 3/2 and 6. The results are 
shown in Fig. 3. Measurements of the distribution coefi&cient of dilute solutions of 
He® in He^ have been carried out by Taconis et al. (1949) and by Lane and his co- 
workers (1949). Their results have also been shown in Pig. 3. The percentage 
error in the experimental results is so large that no decision can be made as to which 
law is preferable. However, considering more concentrated solutions Daunt, Tseng 
and Heer (1952) have reported good agreement between the 3/2 law and the 
experimental results. 


(d) The Specific Heat, 

In this case no experimental data are available for comparison. Theoretical 
values of the specific heat (in units of JS = i (N p+N^ ) have been computed for 
a 20 per cent mixture in the following cases: — 

(i) Liq. F Boltzmaimian, 

(ii) Liq. F non-degenerate Fermi liquid, and 

(iii) Liq. F degenerate Fermi liquid. 



« O-S" /•© f.f SLo 


r' M 

Fig. 4. Plots of the computed values of the specific heat, C/i?, of a 20% He^ ia He^ mixture 
against temperature. Curve I is for laq. F Boltzmaimian, Curve XII for Liq. F degenerate 
and Curve II for Liq. F non-degenerate. 
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In each case we have taken = 3/2. The results are represented by 

curves I, II and III, respectively, in Fig. 4. 

In case (i) as the temperature decreases from higher values towards the 
A-temperature 1'63°K,) C increases slowly from 1*6 to 1*6. At 1'63®K. it drops 
discontinuously to the value 1-15 and decreases slowly to 0*3 as the absolute zero is 
approached. For temperatures above about 1°K. the curve for case (ii) follows 
very closely the curve for case (i). Below 1°K. they deviate appreciably from each 
other and the former drops to zero nearabout For case (iii) C tends to zero 

as the absolute zero is approached and above the ^-temperature it increases slowly 
with the rise of temperature, ^ 

Table I below shows the various relations £br C at different concentrations. 
The relations clearly show that in the Boltzmanni^n case the specific heat increases 
with concentration at low temperatures. At temperatures above the A-point, 
however, it has, more or less, a constant value, |rw 1-5 E, the temperature terms 
liaving little contribution. In the degenerate caselC 0 as T 0 for temperatures 
below the A-point whereas in the non-degenerate ^ase C rapidly decreases to zero 
at T'— 0*5°K. Thus the behaviour of G for tempe|ature below 1°K. is very sensitive 
to the nature of Liq. F being considerably different according as Liq. F is Boltz- 
mannian, non-degenerate or degenerate. Experimental measurements of the 
specific heat in this region would therefore give An indication as to the nature of 
He8. 

In passing, we may point out that recent experiments of Fairbank et aL (1953) 
on the magnetic susceptibility of He^ indicate that He^ behaves as a classical liquid 
even down to the lowest temperatures. 

(e) The Entropy of Mixing. 

In the case where Liq. F is taken to be a degenerate Fermi liquid we obtain 
for the entropy of mixing, from eq. (58), the expression 

~ ~ §T ~ +*®rms involving temperature 

^ . .... (78) 

As already pointed out by Daunt and Heer (1951) we note that A 0 as the absolute 
zero is approached. This leads us to expect an unmixing of the liquids as the 
absolute zero is approached. This may be in accordance with Taconis* hypothesis 
that He® mixes only with the normal part of He* so that at the absolute zero, where 
no normal He* atoms are present, there would be a complete unmixing of the 
liquids. Also, it is clear that eq, (78) is in accordance with Nemst’s theorem. The 
classical expression for AS, however, does not show such a behaviour, that is, AS 
does not vanish at the absolute zero. 
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SUMMABY 

Smoothed potential models of the type used by Heer and Daunt are considered when the 
distribution laws have the generalized form introduced by Kothari and Singh. In the mixture 
the liquids are assumed to form statistically independent systems. The thermodynamic pro- 
perties of mixtures (both above and below their A-points) are derived when the * Fermi liquid* 
is (i) Boltzmannian, (ii) Non-degenerate and (iii) Degenerate. Comparison with observed 
properties of He* -He* mixtures is carried out. The behaviouT of the Efpeoidc heat, below 
l^K., is found to be very sensitive to the nature of the Fermi liquid. 
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Introdtjotiok 

In a series of articles, R. S. Dean and others (1934) have pointed out the 
importance of the study of mineral physics and showed that such studies can greatly 
help in the magnetic separation of economically important minerals. They have 
also announced the remarkable discovery that the hysteretic characteristics of 
minerals with even very feeble magnetic properties are susceptible to development, 
modification, and control through the development of interfacial area and mechani- 
cal and heat treatment. Thus today, in all advanced countries the beneficiation 
by magnetic separation of low grade minerals by alternating current treatment, 
preceded by modification of its magnetic properties by sizing, heating and packing 
to different sizes, temperatures and densities has now been adopted as a standard 
method of separating useful economic minerals. 

The application of these ideas to a similar study of the physics of minerals 
occurring in our country has been engaging the attention of the authors for some 
time. They have confined their attention in this paper to the studies on the manga- 
nese ores of the Visakhapatnam district only. 

The purpose of the present paper is thus a preliminary study of the mineral- 
physics of the ferruginous manganese ores of the Visakhapatnam district. The 
hysteretic parameters determined in the present studies will be coupled with the 
results of heat treatment and application of alternating current magnetic separation 
in the later investigations and then it will be possible to show how far these studies 
are useful in actual beneficiation. ^ 

Accordingly ferruginous manganese ores from two different localities (a) 
Garividi, and (6) Garbham (Visakhapatnam district) are collected. Of these, two 
representative samples are powdered and washed in running water. They are then 
chemically analysed for the total iron and manganese percentages by the usual 
methods (Low, 1927). 

The average of five analyses for Garividi ore and six analyses for the Garbham 
ore are given in the table below, along with the average values of the previous 
workers. 




Present analyses 

Average values of 
(Krishnan, 1961) the 
previous workers 

(a) Garividi ore — 

Iron . . 

. . 

18% 

11-22% 

Manganese 


41-2% 

42-96<% 

(6) Garbham ore — 

Iron .. 

. . 

6-3% 

9-99% 

Manganese 

.. 

46-»% 

46-39% 


VOL, 21, A, No. 1. 



PHYSIOS OP THE PEBBXTGINOUS MANGANESE ORBS 


46 


The powdered samples are passed through sieves of various meshes and the 
mean sieve size is taken as being representative of the grain size for each fraction. 
Each fraction is labelled according to its grain size. In all, four different grain 
sizes for the ore from Garividi and five grain sizes for the ore from Garbham are 
studied. 


Apparatus for the measuremenh of hysteresis 

The apparatus of Bruckshaw and Rao (1960) if employed for the measurement 
of the magnetic properties of these ore powders* This is an inductive method 
employing the oscillographic technique. The speJmen to be examined is placed 
in a uniform magnetic field, and the secondary fiefl induced into it, which is pro- 
portional to the energising field is then investigated! 

Fig. 1 shows the principal parts of the apparatus. The two energising coils B 
and D are designed to give a magnetic field of 250 lersteds per ampere. The maxi- 
mum safe cur#nt that can be passed is 1*5 amperes giving a field of 375 oersteds at 
a point midway between the coils B and 2>. AlteJnating current is employed and 
this induces e.m.f.s in the three nearly identical coils A, G and E, The specimen 
in the form of a two- centimeter cube is placed within the pick-up coil G with its 
centre coinciding with the geometrical centre of the coil system. Without the 
specimen in place, the number of turns of these detecting coils is adjusted so that 
the e.m.f. in G is balanced by the sum of the e.m.f.s in A and E. When the speci- 
men is introduced, the flux through G is modified accordingly and an out-of-balance 
e.m.f. is set up, its magnitude depending on the magnetic characteristics of the 
specimen. 



Fig. 1. 
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The induction at any instant in the specimen is given by B = fl^+4ir/. The 
contribution arising from the term H is identical with that obtained without the 
specimen is compensated by the initial balance. The out-of-balance e.m.f. 

is proportional to 4w ^ or 47r ^ X ^ . This e.m.f. after amplification is impressed 

on the vertical deflection plates of the cathode-ray oscillograph, the horizontal 
plates of which are joined to the ends of the resistor in the energising circuit. The 
instantaneous deflection, is then proportional to the field. Thus a combination of 
the vertical and the horizontal forces gives a graph on the oscillograph between 

Hn cos <ot and Hq sin a»t, where Ho is the peak field. 
dH 

This graph on the oscillograph is photographed on a 36 mm. film. The follow- 
ing exposures are taken for each specimen : — 

(a) with the specimen inside the coil C, 
lb) without the specimen, 

(c) with the F-sweep removed, giving a horizontal reference axis, and 
Id) with the X-sweep removed, giving the Y axis. % 


Method of Measurement 


The photographs are enlarged to ten times their original size and the X axis of 
the enlarged picture is divided into twenty equal parts. This X axis is taken as 
representing the field axis and the twenty equal parts are named as 0, 0*1 

0*2 Hq, Ho* At each of these points ordinates are erected and the 

difference in ordinates between the trace with the specimen and the trace with- 
out the specimen, after correcting for the non-linear magnification in the 

n U . r dl dl dH dl „ . O 

oscillograph, is a measure oi or or — , Hq cos cut. So, these values 


dH 
dl 


dt dH' 


divided by cos tot are proportional to — and are plotted on the Y axis against the 


field. The curve is then integrated from 0 to -ff and this gives I at various values 
of H, The I and H curves are drawn from these values and the arbitrary units of 
I are transferred into absolute units from a previous calibration of the oscillo- 
graphic deflections. 

The chief advantages of this method are: 


1. The apparatus readily gives the hysteresis loop at any desired field strength 
and from this aU the magnetic properties can be read. 

2. The laborious calculations are very much simplified. 

3. The packing density of the powder on which the magnetic measurements 
mostly depend is readily determined and can be varied over a considerable range by 
mixing with a magnetically inert material. 

4. This method can conveniently be used in the case of rock specimens as well 
as in the study of mineral powders. 

6. This requires comparatively small amounts of powder (10 to 16 gms.) and 
can be used with advantage for minerals available m small quantities. 


The ore fractions of the various grain sizes are weighed and mixed with known 
quantities of plaster of Paris, used here as a magnetically inert material and also as 
a cementing agent. This mixture is wetted slightly and the paste is put in a two- 
centimeter cube mould. By weighing the prepared cube and by knowing the 
amounts of the ore and the plaster of Paris used, the packing density is calculated. 
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By varying the amount of plaster of Paris, various packing densities are obtained. 
Apart from the nine fractions of varying grain sizes mentioned previously, six 
fractions with different packing densities for Garividi ore and four for Garbham ore 
are also studied. 


Experimental Results 

Employing the above method, I and H curves for all the nineteen fractions of 
the ferruginous manganese ores from Garividi and! Garbham, are drawn at a peak 
field of 376 oersteds. The I-H curves obtained h^ the above method have been 
omitted from the list of figures given here, but th| magnetic properties read from 
those curves have been tabulated. ; 

Tables 1(a) and 1(6) give the values of 47r/ a|d permeability at various field 
strengths differing by 37*6 oersteds, for various grain sizes. Table 2(a) gives the 
values of 4tvl and permeability for (—20+40) mesl at six packing densities for the 
Garividi ore and Table 2(5) gives the same data for (—40+60) mesh Garbham ore, 
at four packing densities. All the values for the| magnetisation per unit area of 
cross-section in the above four tables are expressed as 4ir times the intensity of 
magnetisation, as has been done by Gottschalk and Wartman (1935). 47r/ has 
been called by Gottschalk and Wartman as magnetisation density corresponding 
to the intensity of magnetisation 7. 

The curves in Pigs. 2 to 6 pertain to the ore from Garividi area and the curves 
for Garbham ore can be obtained from the data available in Tables 1(6), 2(6) and 
3(6). They are found to be similar to the curves in Pigs. 2 to 6 and so are omitted. 
Pig. 2 represents the variation of permeability with grain size. These values of 
permeability are corrected for a standard value of packing density. Pig. 3 shows 
the variation of * magnetisation density * with packing density at different field 
strengths. Examination of Pig. 3 shows that the variation of the magnetisation 
density with packing density is more linear for higher fields than for lower fields. 


Table 1(a) 

Variation of magnetisaiion density and permeability vyith field strength 
(Qarividi Ore) 



Fraction 1. 

Fraction 2. 

Fraction 3. 

Fraction 4. 

H 

— 20-1-40 mesh 

— 40+90 mesh 

— 60+80 mesh 

— 120+140 mesh 

Oersteds 

4trtJ 

Perme- 

47rl 

Perme- 

4wl 

Perm©- 

4wJ 

Perme- 


Ganssos 

ability 

Gausses 

ability 

Gausses 

ability 

Gausses 

ability 

0 

62-3 


60-98 


60*98 


21*79 


37*6 

91*6 

3*4 

91-47 

3*2 

91*47 

3-44 

39-42 


76-0 

117*6 

3*2 

113-20 

2*66 

113-20 

2*61 

63*17 

1*82 

112*5 

148*1 

2*32 

136-10 

2*21 

136*10 

2*21 

82*77 

1*76 

160*0 

174-3 

2*16 

166-80 

2*06 

166*80 

2*06 



187*6 


2*06 

174*30 

2*00 

174-30 

2*00 


1*64 

226*0 

217*8 

1*98 

191-70 

1*90 

191*70 

1*90 

135*10 


262*5 


1*90 

209-00 

1*81 

204-70 

1*78 

160*30 

1*67 

300*0 

262*6 

1*84 

222-20 

1*74 

216*60 

1*71 

161*20 

1*64 

337*6 


1*80 

235-30 

1*70 

226*60 

1-67 

169*90 


376*0 

283*1 

1*76 

239*60 

1*64 

235*30 

1*63 

174*30 

1*47 


Fe gma./om.B 0-416 0-320 0-1806 

Mngnui./cm.s 0-9443 0-7283 0-4111 

Qndn dze in mioronB 476 264 211 















48 


B. S. R. RAO & V. L. S. BHIMASANKARAM : STUDY OF THE MINERAL 


Table 1(6) 

Variation of magnetisation density and permeability with field strength 
{Oarbham Ore) 


H 

Oerst>eds 

Fraction 1. 
-20+40 
mesh 

Fraction 2. 
-40 + 60 
mesh 

Fraction 3. 
-60+80 
mesh 

Fraction 4. 
-80+100 
mesh 

Fraction 6. 
-100+120 
mesh 

47,/ 

Gaus- 

ses 

Perme- 

ability 

477/ 

Gaus- 

ses 

Perme- 

ability 

477/ 

Gaus- 

ses 

Perme- 

ability 

477/ 

Gaus- 

ses 

Perme- 

ability 

477/ 

Gaus- 

ses 

Perme- 

ability 

0 

16*2 


22*7 


19*80 


20*6 


17*0 


37*6 

44*3 

2*1*8 

42*6 

2*14 

32*40 

1*86 

30*7 

1*82 

23*9 

1*64 

760 

64*6 

1*72 

62*8 

1*70 

34*10 

1*46 

37*5 

1*50 

28*97 

1*39 

112*6 

64*8 

1*57 

63*1 

1*56 

40*90 

1*36 

47*7 

1*42 

34*08 

1*30 

160*0 

75-0 

1*50 

71*6 

1*48 

49*40 

1*33 

52*8 

1*35 

39*20 

1*26 

187*6 

83*6 

1*45 

78*4 

1*42 

66*20 

1*30 

69*6 

1*32 

42*60 

1*23 

226*0 

90*3 

1*40 

86-2 

1*38 

61*30 

1*27 

64*8 

1*29 

44*30 

1*20 

262*5 

97*2 

1*38 

90*3 

1*34 

66*60 

1*26 

68*2 

1*26 

49*40 

M9 

3000 

102*0 

1*34 

95*4 

1*32 

71*60 

1*24 

[ 71*6 

1*24 

61*10 

1*17 

337*5 

107*4 

1*32 

08*8 

1*30 

74*98 

1 -22 

! 76*0 

! 1*22 

! 64*68 

1*16 

376*0 

110*8 

1*296 

102*2 

1*27 

80*10 

1*21 

77*5 

1*21 

67*90 

1*15 


Fe gms./cm.3 

0*0848 

0*1066 

0*0829 

0*0798 

0*0694 

Mn gms./cm.® 
Grain size in 

0*7600 

0*9344 

0*7336 

0*7062 

0*6142 

microns 

476 

264 

186 

143 

114 


Table 2(a) 


Variation of magnetisation density and permeability with field strength at various packing densities 

(Qarividi ore —20 + 40 mesh) 


H 

Oer- 

steds 

Fraction 1. 

Fraction 2. 

Fraction 3. 

Fraction 4. 

Fraction 6. 

Fraction 6. 


Perme- 

ability 

477 / 

Gausses 

Perme- 

ability 

4nl 

Gausses 

§■&* 

§3 

S A 

m « 

0 

Perme- 

ability 


§ 

§ 3 

OQ 

5i 

§ 

Perme- 

ability 

0 

69*7 


62-3 


34*9 


22*2 






37*6 

100*9 

3*90 

91-6 

3*4 

66*3 

2*74 

47-9 

2-3 

45-08 

2*16 

30*86 

1*82 

ma 

148*1 

2*97 

117*6 

3*20 

91*6 

2*22 

69*7 


69*70 

1*92 

47*96 

1*64 

112*5 

182*9 

2*63 

148*1 

2*32 

113*2 


82*8 

1*78 

82*80 

1*74 

60*98 

1*54 

■Idjli] 

217*8 

2*45 

174*3 

2*16 

139*4 

1-03 


1*72 


1*67 

69-69 

1*48 

187*6 

248*3 j 


■ Higll 

2*06 

166*8 

1*84 

122*2 

1*66 

113*2 


82*77 

1*44 


274*5 


217*8 

1*98 

178*6 

1*82 

139-4 

1*63 


1*677 

91-47 

1*41 

262*5 

mm 

K8' 

235*3 

1*90 

191*7 

1*73 

166*8 

■g?9B 

139*40 

1*63 


isa 

mmSm 

318*6 

2*09 

262*6 

1*84 

tMsl 

1*70 

173*8 

1*68 


1*49 

■ftiiguta 

ila 

337*5 

335*8 

1*99 

270-1 

■gill 

217*8 

1*66 

182*9 

1*64 


1*48 


Us 


339*8 

1*89 

283*1 

1*76 

226*6 

1*60 

196*0 

1*62 

169-90 

1*46 


m 


Fegms./om.’ 0*85 0*32 0*2740 0*2126 0*176 0*134 

Ma gaxe^JcmJi 0*7968 0*73 0*6236 0*4837 0*3982 0*3050 
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Table 2(6) 

VaHaHon of magneUsation density and permeability with field strength at varums packing densities 

{Oarbham ore —404-60 mesh) 


H 

Oersteds 

Fraction 1. 

Fraction 2. 

Fraction 3. 

Fraction 4. 

4:i,I 

Perme- 

47r/ 

Forme- 

4ifJ 

Perrae- 

47*/ 

Perme- 


Gausses 

ability 

Gausses 

ability 

Gausses 

ability 

Gausses 

ability 

0 

■PI 




27^3 


17-04 


37-6 


2-27 

42-6 

2-14 

37 

16 

2-00 

25-60 

1-68 

76-0 


1-82 

62-8 




1-61 

34-08 

1-45 

112-5 


1-66 



52 

8 

1-47 

40-90 

1-36 

160-0 

83-60 

1-66 

71-6 

1-48 

55 


1-40 

46-00 

1-31 

187-5 


1-61 

78-4 

1-42 

601^6 

1-36 

61-10 

1-27 

225-0 

102-20 

1-45 

86-2 

1-38 


^6 

1-32 

56-20 1 

1-25 

262-5 

108-10 

1-41 

90-3 

1-34 

76 

^7 

1-29 

59*60 

1-23 

300-0 

115-90 

1-39 

95-4 

1-32 

8l 

^8 

1-27 

64*80 

1-22 

337-6 

120-8 

1-36 

98-8 

1-30 

si 

1*2 

1-26 

69-90 

1-21 

376-0 

124-40 

1-33 

102-2 

1-272 

93*6 

1-24 

73-30 

1-196 


Fe gms./om.s 
Mn gms./om.s 


0-0825 0-0787 0-0742 0-0636 

0-7000 0-6966 0-6666 0-6628 



Fio. 2. 


4 
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Fio. 6. 



Table 3(o) gives the coercive force and remanence values for four fractions 
from Garividi and Table 3(6) for five fractions from Garbham. The average grain 
size in the packing densities at which the measurements are m^e, are 

also shown in these tables. 
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Table 3(a) 

Variation of coercivt force, remctnence and retmtivity itnth gram size and packing density 

(Qarividi ore samples) 


Grain size in 
microns 

Coercive force 
in Oersteds 

Remanence in 
Gausses 

Retentivity* 

% 

Packing density 
Fe gms./om.* 

476 

60*0 

62*3 

13*0 

0*4150 

264 

72*6 

60*98 

26*45 

0*3200 

211 

82*0 

60*98 

32*0 

0*1806 

63 


21*79 


* • 


Table 3(6) 

Variation of coercive force, remanence and retentivity with grain size and packing density 

(Qarhham ore samples) 


Grain size in 
microns 

Coercive force 
in Oersteds 

Remanence in 
Gausses 

Retentivity* 

0/ 

/o 

Pa<iking density 
Fe gms./cm.® 

476 

70*76 

10*2 

8*3 

1 0*0848 

264 

71*26 

22*7 

12*6 

0*1066 

185 

78*76 

19*8 

17*66 

0*0829 

143 

84*40 

20*6 

23*1 

0*0798 

114 

86*26 

17*0 

29*26 

0*0694 


As can be seen from the Tables 3(a) and 3(6), the coercive force increases as 
the grain size decreases and that this relation is linear can be seen by plotting the 
values of against grain size. However, it is found more convenient (Gottschalk, 
1935) to plot the coercive force against the specific surface of the powder. Specific 
surface is the area of the surface divided by weight. For spherical particles, it is 

TTfl^ ^ and for cubic particles Qd^/md^ 6/md where m is the density 

of the particle, d the diameter or the length of the side, as the case may be. The 
specific surface can thus generally be taken to be inversely proportional to the 
grain size (fc/d). 

The nature of the relationship between the coercive force and specific surface 
can be seen from the fig. 4 where the coercive force is plotted as ordinate against 
specific siirface expressed in reciprocal microns. In fig. 5 is plotted the remanence 
against the packing density for the (—20+40) mesh fraction from Garividi. The 
remanence increases with packing density and it is found that the retentivity ex- 
pressed as 4 ir / at zero field divided by 4 tt / (max.) expressed per cent, is more 
linear with the packing density. The retentivity per cent is also plotted in Pig. 6. 

A relation between specific surface (expressed in reciprocal microns) and 
retentivity is shown in fig. 6 after correcting for the variation of packing density. 
It can be seen from figure 6 that retentivity is a linear function of the specific surface. 


* This oolunin gives the retentivity per cent after reduoinfl for fixed packing density (Fe is 
0*^82 gms./om.* for Garividi ore and 0*0694 for the Garbham ore). 
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Discussion on Results 

The results obtained are summarised as follows : — 

(1) The permeability decreases as the field strength increases; 

(2) The coercive force increases with decrease in particle size ; 

(3) The remanence increases with decrease in particle size ; and 

(4) With the packing density, the remanence and the intensity of magnetisa- 

tion both show an increase. j 

The above results are in conformity with thofe of earlier workers (Gottsohalk 
and Wartman, 1936). ? 

In the curve showing the variation of permeabSity with grain size at 40 microns 
a sudden increase in permeability is observed by ^ttschalk and Wartman (1936). 
This sudden kink is predominant between thirty J: to hundred oersteds and above 
that field, the permeability curve is almost horizontal to the grain size axis. In 
the present investigation the minimum grain size [obtained is only 114 microns in 
the case of the Garividi ore and 63 microns in the c^se of the Garbham ore. Smaller 
grain sizes could not be obtained as the proper flfieves are not available. So the 
knee in the permeability grain size curve, which is predominant in Gottschalk’s 
measurements cannot be expected to appear in the curves of the present investiga- 
tion. 

The dependence of the coercive force on the grain size has been proved by the 
dispersion theory (Dean, Gottschalk and Davis, 1934) of magnetic hardening and 
also by the magnetic measurements of Nagaoka (1896) on iron amalgam. The 
observed decrease in coercive force with increasing grain size constitutes additional 
evidence in favour of the above-mentioned dispersion theory. 

The linear variation between retentivity and specific surface is significant and 
is in conformity with the results of Gottschalk (1936). 

These values of magnetic hysteresis measured at low fields represent the lower 
limits, since the saturation has not been obtained. Another apparatus working 
on the same principle and suitable for measurements at saturation fields of approxi- 
mately 1,500 oersteds has been constructed and, it is hoped, it will yield more 
interesting results. 

The nature of the relation of heat treatment and chemical composition to 
magnetic properties of these ores is also under investigation and the results will be 
published shortly. 
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Abstract 


The magnetisation properties of ferruginous manganese ores of Garividi and Garbh^ 
mines of Visakhapatnam district have been examined initially, to investigate the possibilities 
of developing a method for separation of these ores by alternating current magnetic techniques. 
The method of measurement used here is the osoillographic technique of Bruckshaw and Bao. 
The results obtained show, in conformity with those of earlier workers, that the hysteresis pro- 
perties of the mineral powders are susceptible to development, modification and control through 
the development of the interfacial area of the powders. t 
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ON BALLISTICS OF COMPOSITE CHARGES FOR POWER LAW OP 

BURNING 

by S. P. Aogabwal and A. K. Mhhta, Defence Science Laboratory, New Delhi 
(Communicated by R. S. Vatma, P.N.I.) 

[Received Angnst 31, 1954 ; read Mnuary 2, 1955) 

1. iNTRODUOTIOlr 

1 

The composite charge, which consists of a i^ixture of grains of two or more 
nominal sizes with the same or different composition, is of considerable importance 
in designing successive charges of a gun. The thebry of composite charge has been 
discussed by Corner (1951), Hunt, Hinds and Clemonow (1950) and Venkatesan and 
Patni (1963). 

An approximate solution has been obtained by Comer and Hunt, Hinds and 
Clemmow by reducing the problem to a single equivalent charge with adjusted 
propellant parameters. Venkatesan and Patni have given a direct treatment of 
the problem based on the Hunt-Hinds system of internal ballistics on the following 
assumptions : 

(i) the covolume of the gases equals the specific volume of each 

propellant, 

(ii) 71 = 72 = y. since 7 is practically same for all propellants, 

(iii) a linear law of burning : r = )Sp. 

In this paper, making the above assumptions about covolume and 7 and 
taking a power law of burning, the authors have given a direct treatment of the 
problem for two tubular [9 — 0) propellants having the same index of rate of 
burning. Three sets of propellants having the same index of rate of burning, are 
given below : 


• 

PropeUcmt 

a 

/S 

W 

0-97 

116 

HSC 

0-97 

1-63 

MD 

0-91 

1-60 

NFQ 

0-91 

0-79 

WM 

106 

103 

ASN 

106 

069 


The treatment is obviously applicable to a number of oases in which composite 
charge of the same propellant is used. 

2. FtmDAMBNTAI. EQUATIOKS 

The fundamental equations with a single charge for a power law of burning have 
been derived in H.M.S.O. Publication (2) and in case of composite charge they 
become 

FiCiZi+F^^t = p{A(a:+Q } +i (y— 
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where 


m,, = 106 w+^ + ^ 


WiV 


dx 


! Ap 


= (i-/iHi+0i/i) 




where Ci, Fi, Du refer to the first charge 

and C2, F^y ^2* ^2» ^2> / 2 » ^2 refer to the second charge. 

Making the following dimensionless transformations, 

X 


f=l + 


Vi 


I 


ii==p 

I2-P 

Ml == 


vADi 1 
FiCtPi \ 

^FyCi\-' 

, Al J 

vADi j 
FzCiPz ' 

fFiCzV’ 

\ Al J 

Al 

PFyCi 


Al 

^ FfCz 


a^d\ 

(f^gA 

FxCyf,w, \ Al 1 

AWl 

•nt yy nlZ. 



2-2a 


5-2a 


^2 = 

the fundamental equations in dimensionless variables become 

y -1 2 


a I ^2^2 


ni 




^2 1 

if 

if ■ 

Zi. 

Z, 


: ifsCi . . 


( 1 ) 

(2a) 

(26) 

(3o) 

(36) 
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/a 

^ - -Cl 


72 


^ r (X 

di ~ “ 


The variable rji can be eliminated quite easily. 
Differentiating (1) and using (2a), we have 


67 

(4o) 

(46) 


d(Zi+BZ^) = f dCi+rCt di 
where j 

• * 

• • 

.. (5) 

p _F 2^2 1 

1 

Dividing (2) by (4) we get | 




dvi _ Tu r ’ 



.. (6a) 

If 

•• 

• • 

. . (66) 

Equations (4) can be written as, 

wa d$ 

.. 


. . (7a) 

- r« 

^2 d/2 



. . (76) 

Equations {6a) and (7a), and (6b) and (7b), then give 




|;k|) 



.. (8a) 



*• 

.. (86) 


3. Constant bubnino subfagb with oovolttmb oobffioibnt nbolbotiid. 
The energy equation (5) can be written as 

dZi + RdZi = -yd (CiH (9) 

> 

Also sinoe ;= 0 

Zi = l-/i 

Z2= 1-/2 




' '“*> 


80 that equations (8) become 
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To find the relation between Zi and Z 2 , divide (4a) by (4b) to get 


This at once gives 


dfi _ 02^1 
df 2 ihPz 


= T (say). 


_ rn 

dZ^ 

or dZ^ — Y^dZi 


Equation (9) can be re-written as 

QdZ, = e-^dU^iy) 

where 


Now make the substitution 


Q= i+f = 1 


F2^2^2^1 

F 1C1P1D2 


lX\^ I Y 


(11) 


wherein the values of m and 7i have yet to be chosen. 
Then 


and 



or 





Y^-^Mr^dY .. 


(12) 


On substituting in (10a), and choosing n = 
simplifying, 


1 

(3-.2a) 


m 


2n 


y—n 


, we obtain, after 


XY 

If further we put 


d^X (y 


dY^ 


y~1)nr/dXY , , 

(y-n) \dr/ “ M^-n) ■ 


the resulting equation becomes, 


F = 


il±^Z 

n(y—n) 


2XZd‘X 2w(r-l) „ldXY,^dX , 

1 +n dZ^ ~~ (l+n)(y_«) ^\dz) 


(14) 


Equation (14) is valid so long as both the charges are bu rning The equation is 
not solvable analytically and only a numerical solution can be obtained by 
step-by-step methods such as that of Runge and Kutta. The solution dependfa 
upon y and oc and the initial conditions, which depend upon Q, representing the 
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file 

loading conditions. In the solution one tabulates X and ^ corresponding to 

dZ 

dififerent values of Z. 

We can consider two cases according as the shot-start pressure is jGnite or 

zero. 

For the first case 

Xq Q 

1 

It/f 

and 


n{Y—n)M f n 

(i-4 


where the suflSix zero refers to the conditions obtaining at the instant of shot-start. 

dX ^ 

The initial value of ^ is determined from |ihe condition that initially the 


velocity is zero. By substitution in (4a) we obtain* 


Vi 




dX 

dZ 


(16) 


dX 

so that ^ is zero initially. 


In the case of zero shot-start pressure, which is considered hereinafter, 

Xq=^Q and Zo = 0. 


dX 1 

The initial value of as obtained from (14) is /r and satisfies (16), 
dZ y 


The extension of this treatment to the case of finite shot-start pressure presents 
no difficulty, simply the solution of equation (14), depending as it does on the 
initial condition, will be different accordingly. 

A series solution of (14) for Zq = 0 can be developed. The expansion up to 
first four terms is 


y ^ O . z _ a -n){Y+n)Z -^ r _ {(l-w)(7+.3w)+(y-l ) (7-5w)}jg ] 
2(3+»)(y-M)Q3 L 3(5+»)(y-«)Q8 

dX 

This series helps us in checking the early stages of the calculation of X and ^ in 


d^X 

terms of Z and also in finding the value of for the initial conditions. 

dZ2 


4. Conditions for simultaneous and non-simultanbous burning out of 

THE two charges. 

Now two cases arise : 

(i) when both the charges burn out simultaneously, 

(ii) when the two charges bum out at different times. 

To determine the conditions for the two oases, we consider the equation 

dZi — 'T dZ^ 

which on integration gives 

Zi « TZg 

(initially, when the burning starts, both Zi, and Z^ are zero). ' 
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If both the charges burn out simultaneously then at that instant Zi ^ \ 

so that the condition for simultaneous burning out is iT = 1. 

When the two charges burn out at different times, suppose, for the sake of 
definiteness that 6i bums out first. Then at that instant Zi » 1 and let 
jgjg =* Z^t so that 

7 -i 

" 2 > ii ji 

since Z^, is a positive proper fraction, T must be greater than one. Similarly if 
Cz burns out first, 

T<1. 


5. CONSIDBBATION OF OASB (i), i.e., T = 1 


We now proceed to find out the expressions for maximum pressure, muzzle 
velocity, and the velocity and shot travel at ‘ all burnt ’ position. 

Maximum Pressure. 

We have 





m 


for ti to be maximum, 


dZ 


= 0 , 


dX _ nX _ y—nX 
’ dZ ymZ 'ly Z 


(16) 


Equation (16) can be solved numerically. If X], Xj bo the solution of equation 
(16), then the maximum pressure is given by 


= 



’(l+«)Zi' 


n(y— n) 


.Q 




mym 


AU-bumt. 

From (12) we have 



= /(Z) 


where /(Z) is a function which can be tabulated for a specific case. 

Equation (17) expresses the fraction Zi, of the charge Ci, burnt. Since 
Zi a» TZt “ Zz (in this case) the fraction of the charge Cz burnt out will aim be the 
same. This fact is otherwise also obvious. 


At all-bumt, 


Hence the shot^trayal at all*biimt is 
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Velocity 


FtC^i l Al y 
ADi \FiGJ 


FiGiPi AHD{ 
ADi [jF^Cj/SX 


,8 T»a-») 




where 


F(Z) = 




[• Z 1 r n 1*^^ ^ 

[y— nj 


and can be tabulated for a specific case. j 

After all-burnt, d(Zi+RZ^) = 0 and from (9) if constant and equal to its value 
at Xz, ^ 2 . The energy equation then gives 

\ 

- 1 r ' — 1 f I ii-y 

i(y-l) _ 1-Jif - f 

which determines the muzzle velocity. 

The solution in this case is thus seen to be based on three numerioal tables 
viz, X(Z), I{Z), V{Z). 


6. OONSIDBRATION OF OA8B (ii), i.e., 7'>1 
When Cl bums out first, Zj =a 1 and (16) gives 






Corresponding to Zf,^, we can find and tables for case (i). 

and (— ] determine the distance travelled pressure behind {Pt^) and 
\dZlf^ 

the velocity of the shot at that instant. Also from the relation Zi = TZ 2 , we 
find that the value of Z^ at that instant is — so that the remaining charge (<72, *j) 

and web (D,, ti) of <>8 «re Cg (l— and D, ’‘ospootively. 

In order to obtain the final solution we have to consider the single charge 
with the above initial conditions. We get the differential equation (14) with the 
following transformation for X and Z : — 


X > 2n 

=® C 
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where 

_ pAl 

F 2 C 2 , H 

f)AD2,tr 

Al ) 

-PgC'z. \ / 

dLST 

Equation (14) is solved numerically with give^i initial values of X, Z, and , known 

OfL 

from pt^ and The solution is tabulated as before and in order to find 
pressure, shot travel and velocity at any instant after Ci is burnt out, we have to 
proceed in the same way as indicated earlier. 
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Abstract 

This communication presents a direct treatment, based on Hunt-Hinds system of 
internal ballistics, for composite charges consisting of two tubular propellants with the same 
index of rate of burning. 
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EFFECT OF SHOT-START PRESSURE ON MUZZLE VELOCITY, MAXIMUM 
PRESSURE AND ALLIED QUANTITIES FOR COMPOSITE CHARGES 

by S. P. Aooabwal, Defence Science Laboratory, New Delhi 
(Communicated by R. S. Varmla, F.N.I.) 

{Received AtigvM 31 y 1934 ; read J canary 2, 1955) 

1. Introduction ? 

I 

The main problem of Internal Ballistics is thd calculation of muzzle velocity 
and maximum pressure for given loading conditio^ in a gun. Various methods 
have been devised for the solution of the equations of internal ballistics. Hunt- 
Hinds system (1951) is based on the characteristio assumptions (i) the linear rate 
of burning, and (ii) the circumstances of band engraving may be represented by 
the use of shot-start pressure (the pressure at which the shot starts its motion). 
Venkatosan (1962) obtained explicit expression for the maximum pressure in terms 
of shot-start pressure for S = 0, considering a single charge, which the author of 
this paper generalised for all values of 9 (Aggarwal, 1954). Further Mehta and 
Aggarwal have recently given the ‘ Dependence of Muzzle Velocity and Allied 
Quantities on Shot-start Pressure*. 

In this paper the author has derived explicit relations between muzzle velocity 
and shot-start pressure; and, maximum pressure and shot-start pressure for the 
more complicated case of composite charges. The shot-velocity, pressure and shot- 
travel at the point where one charge is burnt out, when two charges bum out at 
different times, at all burnt and also for any position of the shot after all burnt, 
have been expressed as explicit functions of shot-start pressure. These relations 
have been obtained for tubular propellants for a linear law of burning with the 
usual assumption of neglecting covolume correction. 


2, Basic Equations 


The basic equations of the internal ballistic, for tubular composite charges, are 

+ .. .. 


where 


Wi sm 106wf + y 


II 

.. .. (2) 

Zi = (!-/,) .. .. 

.. (3a) 

Z, = (!-/,) .. .. 

.. .. (36) 

Di ^ - -PiP 

. . . . (4a) 



.. (46) 
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where (7i, jSi, Zi refer to first charge, and ft, /> 2 » /s. -^2 refer to 

second charge. 

The initial conditions at the shot-start are 

a; s= 0 ; v » 0 ; /i =/io ; A =/2o i ~ ^10 1 ^2 = ^20 


Hence from equation (i) we see that, 

F iCiZ\Q~\- F^C^ZijiQ 


Al 




where po is the sliot-start pressure 

or Zio+ Zio = -^Tn n 

From (4a) and (46) we get. 


M?7 -JL 

FiCx *“ JfiCi 


dh 

df2 


t wherej8' = ^. B" 


ft 

D2‘ 


( 6 ) 


Also from (3a) and (36) we get. 


dZ2 df 2 P*' 


= T (say) 


dZ\ sss T dZ2 % 


Integrating this equation and applying the initial conditions we get, 

Zi^TZ2. 

Equation (5) becomes, 



<7 . ■R/7’ 

"10 * 


where 

n - -^2^* 

* i'.c. 


or 


0 = 1+1 

or 

„ Al 



This shows that Zio represents the shot-start pressure. 

We can also transform Zj© in terms of Z 20 by the relation 

Zio « TZ 20 

Now we will express muzzle velocity, maximum pressure and other quantities in 
terms of Zio or Zfo 


3. Case I. When both the ohaegbs bubh out simultaneously, i.e., T « 1 
Dividing equation (2) by (4a) and integrating we get, 

pwi 


( 8 ) 
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At the position of all burnt = 1 




This expresses all burnt velocity as an explicit function of Z^q the shot-start 
pressure. j 

Venkatesan has given the relation between shci|;-travel and velocity as, 


-iter(4-.)i 




where 




ah SB ^ ^ 8^2^20 

y— 1 wi 


At all burnt, equation (9) becomes 


ft \ »•!*(»+») 




Substituting the value of from (8) we get an explicit expression between 
shot-travel at all burnt and shot-start pressure. 

Also k(a-v) (b+v) 

Also ^ Al t 

This becomes at all burnt, 

«;x *(«-*'») (*+»») 

'’•“ 35—5 ™ 


.. (11) 


Substituting the value of and we get pressure at all burnt as an explicit 
function of shot-start pressure. 

4. Muzzle-velocity in tebms of shot-stabt pbessube 

We have expressed earlier as explicit functions of shot-start pressure 

^ 10 * After all burnt, the motion of the shot is governed by the propellant gases 
behind it. Let a?, v, 6 be the shot-travel, velocity and pressure at any instant after 
all burnt. Since we are neglecting heat losses the expansion of the gas will be 
adiabatic. 


.. ( 12 ) 


5 
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The dynamical equation of the shot is. 


dv Al 
V = — jP* 

di wi 


or 

which gives on integration, 


vdv ss 


Wi ^y’ 


from (12) 


f^-vl 


2Alp^$l l_y. 

(l-y)Wi 


At the muzzle 


We have, 


f ^ ~ ^’3* 


^^^PX(Ai-y ^i-y) 
(l-y)wi V s f 


.. (13) 


(14) 


Substituting the value of which have been expressed as explicit 

functions of shot-start pressure, we get muzzle velocity as an explicit function 
of short-start pressure. 


5. Case II. When the two ohabges burn out at dippebent times 


In this case let us suppose that charge C\ bums out first and let us represent 
with suffix (2, 1) the position at which Ox is just burnt out. 

The velocity at the point where Gi is just burnt out is given by (8), as 




(16) 


This equation (15) gives va, i as explicit function of shot-start pressure. The 
shot-travel f 2 > i Is given by equation (9) as, 

1 

\ h { a ^ b ) 


(i+U ] 


(16) 


This equation gives fa* i as an explicit function of shot-start pressure. The 
pressure pa* i is given by equation (11) as. 


„ _ wii(o— t>,,i)(6+r8,i) 

(^1 

This equation gives p^, j as an explicit function of shot-start pressure. 

So we have expressed e,. i» i and pg, i as explicit functions of shot-start 
pressure. 

When Cl is burnt out and only O 2 is burning we have from <2) and (4b), 

j[ 

^ ** * * • * • • • • (18) 
5» 
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Let US denote the position when Cz is also burnt out by sufiSx (2) and dashes. 
The velocity at all burnt, is given by, 




A 


[l_?!o1 i 

L rJi •• 


(19) 


This represents explicitly in terms of shot|Btart pressure Zjq. During the 
time when only charge is burning, Venkatesan l|as shown, 

1 




(“i+6x) 


(20) 


where 


*1 = 


y-1 


a-i—hi 


IFzGzp" 
h A 


At all burnt position, 


Uibi s= 


F}Ci-h FzCzZzo 

wiki 


1 


fa = ^2. 1 




LI / 



. . (20a) 


Equation (20a) represents in terms of f,, i, Wg, j which are all explicitly ex- 
pressed in terms of shot-start pressure. Hence fg can be represented explicitly as a 
function of short-start pressure. 

Also, 

«»ifci(«i —»)(&!+») 


At all burnt, 


P2 


(bi+v^ 

iz 


( 21 ) 


This represents explicitly as functions of shot-start pressure. 

After all burnt we have to proceed exactly as in section 4, and we get, 
velocity, pressure and shot-travel after all burnt explicitly as functions of 
shot-stait pressure, and 


^ ^(1— y)«;i \*8 ^8 / 


( 22 ) 


Since on the right hand side p, and are explicit functions of shot-start 
pressure, this expresses muszle velocity as an explicit function of shot-start 
pressure. 
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6 . Maxhium Pbbssubb 


The following oases may arise when maximum pressure occurs. 

(ffl) Both the charges are burning. 

(6) Cl is burnt out and Cz is burning. 

(c) At the position of ‘ all burnt ’. 


Caae (a) 

Venkatesan has given that, 


Pi 


wi k(a—vx) (b+Vi) 

Al $1 


where Vi = 


k(a—h) 

2ifc+l 


and is the value of f obtained by putting v 
Now 


«i 


k{a — 6) 
2fe+l 


y~i 

2y 


(a—b) 


Vi in equation (6). 


1 \ FiOiP' , 
yL A A \ 

__FiCi^' L.FzCzP’] 
-^aF V'^FiGip'] 


_ QFiCjP constant). 


is an explicit function of shot-start pressure. Here pi is expressed as an 
explicit function of shot-start pressure. 

Case (b) 

Wikiai^Vi) (bi+Vi) , 6i) , . , . a a ^ a ^ • 

Pi ass --i --i-i where Vi = - a," - — " which is a constant but is 

A.I gi 

a function of shot-start pressure. is obtained by putting v = Vi in equation (20). 
Hence pi is expressed as an explicit function of shot-start pressure. 

Case (e) 

In this case the maximum pressure can occur (i) when both the propellants 
are burning or (ii) at the point of all burnt. 

Case (i) has already been dealt in case (a). 

Case {ii) The condition for this case are, 

/ii 0> fei = 0 
which ruduce to fto' ‘ 

A 2k+l 


fio 


jS'tOi k{a—b) 

~T 2k+l 


and the mazimam pressure in this case can be expressed easily in terms of shot, 
start pressoxe. 
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7. SUMMABY 


In this paper* the author has derived explicit relations* between muzzle velocity and 
shot-start pressure; and* maximum pressure and shot-start pressure. The shot-velocity* 
pressure and shot-travel at the point where one charge is burnt out* when two charges bum 
out at different times, at all burnt and also for any poedtion of the shot after all burnt have 
been expressed as explicit functions of shot-start pressure. These relations have been obtained 
for tubular propellant for a linear law of burmng with, the usual assumption of neglecting 
CO volume correction. ; 
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THE EFFECT OF EXCHANGE POTENTIAL ON TBE MASS-RADIUS 
RELATION FOR COLD BODIES 


by M. S. Vakdya, Ddhi University 
(Communicated by F. C. Auluck, F.N.I.) 

{Received November 1, 1954 ; read January 2, 1956) 

1. In recent years, the internal constitution of the planets and white dwarf 
stars has received considerable attention. An excellent review has been made by 
Wildt (1947). The work has been further extended by Ramsey (1948, 1950 and 
1961), Bullen (1949o, 19496, and 1960), Brown (1950), Mestel (1962a and 19626) 
and others. 

We, in this paper, propose to investigate the mass-radius relationship of 
spherical cold * bo^es, taldng into account the electron-exchange potential. 

Kothari (1938), on the basis of the theory of pressure-ionization, calculated 
the mass-radius relationship of cold bodies. He assumed that the material is com- 
posed of atoms of one kind only. Regarding the chemical composition of the 
material, the following alternative assumptions were made: 

(i) The material is hydrogen: referred to as assumption H. 

(ii) The material is iron: referred to as assumption F. 

It is satisfactory to note that the known mass-radius values of the planets are 
in the region bounded by the curves drawn on the assumptions H. and F. The 
theory led to a maximum radius for cold bodies and it also seemed to indicate that 
the two major planets, Saturn and Jupiter, are predominantly hydrogen planets. 
However, Kothari ’s theory does not take into accounf the exchange interaction 
between the free electrons and it also neglects the internal temperatures of the 
cold bodies. 

2. Let us consider a completely degenerate (i.e. temperatm^ is zero) electron 
gas with nV electrons in volume F, half of them of each spin. It is assumed that 
the volume is filled with a uniform distribution of positive charge to make it electri- 
oally neutral. The maxi m u m momentum of the Fermi-distribution is given by: 



where H is Planck’s constant. 

The exchange potential can be conveniently stated in terms of the ratio rj = 
P/Pq, P being the magnitude of the momentum of the electron. Dirac (1930) found 
that: 

the exchange potential energy =s — e*(4Po/li) P(ij) (1) 

vhere F (ij) « |(i+ij)/(i_,j)j . . . . . (p) 


* Matter will be considered cM or dtgeneraie whenever the free electrons present form a 
degenerate gas. 
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Slater (1961) suggested that we may use this result to produce a good approxi* 
mation to the exchange term' in the Hartree-Fock equation by averaging over the 
momenta P of the various electrons. This gives, 

( 2 ) 


the exchange potential energy =s — , 


For a degenerate electron gas at temperaturi^ 0, Zirin (1963) found that the 
exchange potential energy is given by: ^ 


the exchange potential = — , 


(3) 


where jS is a function of (hOJe^), k being the Boltzi^nn constant and €o the energy 
of the top of the Fermi band. | 

We will use the expressions given by equation! (2) and (3) later on. 

3. The Virial Theorem states that for an assembly of particles interacting 
according to the inverse square law of force, 


2T+W « 3pF, 


(4) 


where T is the total kinetic energy of all the particles, W the total potential energy, 
V the volume and p the external pressure to which the assembly is subject. 

Let us consider materials composed of atomic weight A and atomic number 
Z, compressed to such an extent that pressure-ionization takes place. Dividing 
the material into similar spherical cells, each containing a nucleus of charge Ze at 
its centre and Z electrons uniformly distributed throughout the cell, we have the 
radius of the cell a in terms of the density p, 


a 



(5) 


where is the mass of an hydrogen atom, and is a factor of the order of unity. 
Its exact value depends on many factors — ^particularly on lattice structure. 

Now, we will derive, first the mass-radius relationship of a spherical aggregate 
of cold matter, taking into account exchange energy at zero temperature and then 
applying second approximation, we will derive the above relationship for higher 
temperatures. 

4. Mass-Radius relation at zero-temperature , — ^Let us estimate the total kinetic 
energy T. The kinetic energy of a degenerate gas, for zero-temperature, is given 
by the usual relation: 



where n* is the total electron concentration, m the mass of an electron, and N the 
total number of electrons. Substituting Zjy^a^ for w*, Z for N and eliminating a 
with the help of equation (5), the kinetic energy per cell is given by: 


r 


10m\8wyjy^mJ ^ 


(7) 


Here V, is a factor of the order of unity. Multiplying T' by (pVIAmg), the total 
number of cells, the total kinetic energy is given by: 

3 1i«/3 Zp \Kpy 
10 m ySir j Antg ‘ 


T 


( 8 ) 
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The total potential energy W is the snm of two parts — Wp being the electro- 
static potential energy and We the potential energy due to the exchan^ of electrons. 
We wiU ttnantwA that the total potential energy is obtained by niultipl3dng the energy 
per cell by the total number of cells. It is not easy to calculate Wp accurately. 
Approximately, we get; 



-W'p 




4wa:%*c dx 


9 

”10 a ’ ■ ■ 


(9) 


and hence, eliminating a with the help of equation (6) and multiplying by {pVIAin„), 


we get, 



The expression for the electron exchange potential energy at zero temperature, 
as calculated by Slater, is given by equation (2) : 


exchange potential energy = —Se® 



( 2 ) 


An 

For the sake of simplicity, we will take n* = Z I — a^, the concentration of 


total electrons in place of n, the concentration of free electrons, in the above 
expression. Substituting this in the above expression and multiplying it with 
(pVIAniff), the total number of cells, the total exchange energy is given by 


-WE = 3e8 


/ 9 Zp Y pV 

\327r^yj^AmffJ Am^j 


( 11 ) 


Comparing Wp and We we find that, 

^ ^ i . /121 

Wp (12n»)*Zi 

Thus, we see that in the case of hydrogen the ratio Ws/Wp will be maximum, i.e. 
it will be nearly equal to unity and will be smaller the higher the atomic number of 
the element is. In the case of iron, it will be equal to about 1/228. Hence, ex- 
change potential energy cannot be neglected for hydrogen and other low atomic 
number elements. 

The pressure in degenerate matter effectively depends on the free-electron 
concentration and is given, at zero temperature, by the expression: 



where n is the number of £ree-eleetrons per unit volume. 

Let us define p, the mean molecular weight per free electron, by the relation: 

P 
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If the material is r times Ionized, 

= 

Thiifl, the value of fi gives a measure of the degree of ionization. If the matter is 
fully ionized, ft = ftQ = A/Z. Eliminating n between equations (13) and (14) 
we have : 



II 

(16) 

where 

^ 

16 m \ oTTm^j 1 

. (16') 

Substituting equations (8), (10), (11) and (16) i|L equation (4), we get: 



^ r (y,y2)*/A^z\f 1^’ 

.. (17) 


L y,* 1 P 


where 

A = [2.3*7r*me2m„7A8]*, 

. (17') 


Po = AjZ 

. (17") 

and 

(12^2^6)* 

. (17'") 


As a rough approximation, put and equal to unity. Then equation (17) reduces 
to: 




.. (18) 


If p* denotes the density of the material in a singly ionized state, then 

^ _ (AAZ)7,/ 

^ (]-l/Z^)® 

Hence, we may write the equation (18) as. 


r’u 

i'-(?)'(-ar 


( 20 ) 


Nov ve will consider the case of pressure-ionization in hydrogen and in iron. 
For a given value of p. the density p can be calculated by the help of equation (18), 
and knowing the value of p, and p, the pressure p can easily be found out by equation 
(16). Figure 1 gives the plot of log p— log p in the case of hydrogen and iron. The 
dotted curve gives the plot of log p— log p in the case of hydrogen, when exchange 
potential is neglected, i.e. when 1; the corresponding curve for iron does not 
differ appreciably firom the case when exchange potential is taken into account 
as is evident from Table I. The ladder of p. values has been marked on the curves. 
The straight lines pal and p » 66/26, would give the relation between log p— 
log p at complete ionization, i.e., when p = AjZ, for hydrogen and iron, respectively. 
The log p-^log p vidues for atomic or metaUie hydrogen as obtained by Ramsey 
(19S1) are indioat^ by crosses ( x ). ' 
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Fio. 1. The continuous curves show the relation between pressure and density of hydrogen 
and of iron, when exchange potential energy is taken into account. The dotted curve gives 
pressure-density relation of hydrogen, when exchange term is neglected. The ladder of n values 
has been marked along the curves. 

The straight lines in the figure would represent the pressure-density relation if the ionization 
did not vary with density but was complete (i.e. fi = AjZ) at all densities, for the case of hydrogen 
and iron. 

Kamsey’s (1961) calculated values of pressure-density for metallic hydrogen, have been 
marked by crosses ( X ). 

Table I 


Hydrogen 




Withoi^t 

exchange 

potential 

With 

exchange 

potential 

log p 

logp 

log p 

logp 

2-637 

6-728 

1-662 

8-262 

2-637 

7-392 

1-662 

8-916 

2-665 

9-106 

1-680 

10-629 

1-729 

9-713 

1*644 

11*238 

1-180 

11-044 

0-044 

12-568 

T -563 

11*974 

0-478 

13*499 

1-739 

12*151 

0-654 

13-842 

1*990 

12-789 

0-906 

14-314 

0*381 

13*500 

1*296 

15*024 

M 36 

14*820 

2*050 

16*344 


Without 

exchange 

potential 


With 

exchange 

potential 


log p log p 
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We may approximately regard, 


P == 


ZM 

4:7rR^ 


where M is the mass and R the radius of the spherical aggregate of matter. 
Then equation (18) reduces to 

_ Po ' 






r 


( 21 ) 


( 22 ) 


where © is the mass of the sun. I 

The radius of a spherical aggregate of cold matter of mass M in equilibrium 
under its own gravitational forces is given by the ^lell-known relation due to Milne 
(1932). (neglecting the relativistic mechanics effeol, which is justified so long as 

f 

co*W',' 


R 


(23) 


where 


I = ^ 2-79 X 10» cm. 


(23') 


2»W5 QQ 

Here is a constant (2'1219) characteristic of Emden’s solution of Emden’s equa- 
tion of index 3/2 and G is the constant of Gravitation. 


Eliminating /x from equations (22) and (23) we get 


R 



J 

/©^ 



f 4:7T \ 

l30j 

\\^AZ)^ 

f©\i 

i®) 


70\» 

W 


±;/Q\* 




(24o) 


(246) 


Equation (24) shows that there is a maximum radius Rmax at a particular mass 
Jlfo- By differentiating with respect to M, we get. 


3©\i 




jgl) 


4^] p*i' 


and 


ifo **/4w\* I 

I* /4fl-\* 1\* 


(26o) 


(266) 


(26a) 
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We now proceed to numerical work. We have to make some assumptions 
regarding the chemical composition of the cold bodies. We make the following 
al^mative assumptions: 

(i) The cold bodies are composed of hydrogen: referred to as assumption H, 

(ii) The cold bodies are composed of iron: referred to as assumption F, 

In the assumption Fy we can either take p* as given by equation (19) or can identify 
it with the density of the ordinary metal (7*8iB g./cm.®); we will refer to them as 
assumptions Fa and Ft respectively. Figure 2 gives the calculated values of the 
radii at different masses. If we neglect the exchange potential (as done by Kothari, 
1938) we get the dotted curve KH--H in the case of hydrogen, but there is no 
appreciable difference in the case of assumption whereas in the case of the 
results are identical as is evident from Table II. This is what we had concluded 
earlier as well. The observed mass-radius values of the planets and white dwarf 
stars are indicated by crosses ( X ). 



Fig. 2. The plot shows the theoretical relation between mass and radius. The continuous 
curves H—H, Fa— F, and Fj—F are for hydrogen, iron-assumption F®, and iron-assumption 
Fh respectively, when exchange potential energy is taken into account. The dotted curve 
KH--H is for hydrogen, when exchange potential energy is neglected. 


Mn = Moon 
Mp ^ Mercury 
M = Mars 
V as Venus 


F = Earth 
U = Uranus 
N = Neptune 
F = Saturn 


J Jupiter 
Eft, sr Os Eridani B 
8w — Sirius B 


It will be observed that the two major planets, Saturn and Jupiter, are pre- 
dominantly hydrogen planets. Uranus and Neptune lies neater to hydrogen our^e 
than to iron durve. The terrestrial planets lie near to the iron curve, indicating 
that they are composed of heavier substances lOce iron. 

The values of jBmac and Jfo/O on different assumptions can be readily obtained 
from equatum (26) and equation (26) respectively, and are given below. The values 
under the heading ‘observed’ have been estimated from the run of the observed 
mass-radius values. The values oi Rm»x and Jfc/0 when exchange potoutial is not 
tidEMi into account, is also given for the sake of comparison. 



ON THB BfASS-EADIITS BBLAHON FOB COLD BODIES 


77 


Tabus U 




Calculated log B 

Without exchange 
potential 

With exchctnge 
potential 

H 

B a 

hb 

\ 

H 

Fa 

Fb 

Moon 

8-668 

8-866 

7-811 

f 

i^-114 

8-661 

7-809 

8-114 

Mercury 

7-081 

9-039 

7-986 

f-288 

8-734 

7*983 

8-288 

Mars . . . . 

7-620 

9-186 

8131 

1-434 

8-881 


8-434 

Venus 

6-387 

9-469 

8-419 

■J(hI 

9-168 

8-147 

8-721 

Earth 

6-479 

9-469 



9-198 

8-447 

8-760 

Uranus 

6*646 

9-864 

8-827 

$-117 

9-669 

8-826 

9-117 

Neptune 

6-714 

9-872 

8-848 

|»-137 


8*847 

9-137 

Saturn 

4-456 

10-036 

9*066 

;9-328 

9-792 


9-328 

Jupiter 

4-980 

10-091 


9-416 

9-894 

9-189 


O 2 Eridani B 

1-644 

9-656 


8-995 

9-546 


8-996 

Sirius B 

1-982 

9-446 

8-879 

8-888 

9-440 

8-879 

8-888 


Table III 



Without exchange 
potential 

With exchange 
potential 





Mo!Q 

‘ Observed * 

Assumption H 
Assumption Fa 
Assumption Fb 

8xl0» 
12-6 Xl0» 

1- 96 X10» 

2- 77 X 10» 

1-6 xlO"® 

1- 41x10'® 
7-90x10'* 

2- 77 xlO'® 

8xl0» 
8-76 xl0« 

1- 96 Xl0» 

2- 77 X 10» 

1 - 6 xlO"® 
4-04x10'® 
7-96x10-® 

2- 77x10"* 


6. Maas-Radiua relation at Non-Zero Temperature , — ^Now we will apply the 
second approximation. We will denote the quantities in the case of non-zero 
temperature by a bar over the symbols, that differ from zero-temperature case. 

Let us calculate the total luetic energy. The kinetic energy of a degenerate 
electron gas to the second approximation is given by 


m 

‘"“a©' 

Here B is the tempontQre in absolute units. Substituting for n*, Z for N 

and eliminating a by the help of equation (5) and multiplying it by {pVlAmj,), the 
total number of e^, the total kinetic energy is given by the following expression; 
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■where 


2 ’ = 


10 m \8»r yiy 2 Anijj 




IL 

Amjj* 


^ “ T [3 A* J ' 


( 28 ) 

( 28 ') 


The total electrostatic potential, as before, is given by: 



Introducing Zirin’s modification in the Slater’s formula for exchange potential, 
the total exchange potential energy at non-zero temperatures is given by: 




(30) 


where jS is a function of kd/cQ, cq being the energy of the top of the Fermi band. 

The pressure for a Fermi-Dirac electron gas, to the second approxinaation, is 
given by; 


8irA2 




16 m 


where 


io ■ 


2m \S7T, 


:)‘ 


(31) 


(31') 


Here we are taking n instead of n*y because in degenerate matter the pressure 
effectively depends on free electron concentration. 

Eliminating n from equation (31) by the help of equation (14), we get, 


where 

and 


L 8 




L = 


16 m ^ 8 jrj» 


3 \l 

inmjjJ ’ 


.. (32) 

.. (32') 

.. (32") 


Substituting equations (28), (29), (30) and (32) in equation (4), -we obtain 


po(yiy2)yji+(- 

— ) (yiy2)^®®| 

2 

S 

r (ym)* ( c^AZ\ 
L rj* ' P ' 


1- 

1 

+ 

H 


J 


( 33 ) 


whrae 

and 





1 + 


S)3 

(12w*Z6)*’ " 


.. (33') 

.. (33") 
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As a rough approximation, we replace Yi and Yz by unity. Then we get, 




f. 

fUM 

1+ 



J 


(34) 


If p* denotes the density of the material in singly ioiized state, then. 


3 * — 


(AAZ)V 




(35) 


As this equation cannot be exactly solved for 0, we replace p* by p* as given 
by equation (19), on the right-hand-side of equation (35), as an approximation. 
Then, 

(AAZ)v/ 


1 - 


= 


Hence we may write equation (34) as: 

-IHiP ! 




(36) 


i+(e^)V 

We may regard, approximately that. 


(37) 


3Af 


(38) 


The radius iJ of a spherical aggregate composed of cold matter is given by 
(Milne, 1932; see equation (23)): 




(39) 


Substituting the value of p from equation (38) and then eliminating jS from 
equation (34) by the help of equation (39) we get. 


R> 




f 4ir 
,30 



'+"11 

f*0* 

f4v) 

l»Oj 

|*(AAZ)*| 

ro\ 

,mI 


4ir\WO^ 

30/ 

1 1» 

1*5* fl* 


.. (40a) 
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Since equation (40) cannot be exactly solved for we, as an approximation, replace 

B by By as given by equation (24) on the right-hand-side of the above equation. 
Then we get : 


I /47r\* 


^)' (§)* V^+I'O* (§)' 




22 V 


3 (f )* I ' + (fe)* (i)* ^ i 


,(^)(l) 


I /to\i/0\i .. ]_ 




r +liQi 


imw 


22V . , 


We now proceed to numerical work. We will make similar assumptions as 
in the zero-temperature case, regarding the chemical composition of the cold bodies. 
The calculated values of radii of cold bodies at temperatures 0®A., 10* ®A. and 10® °A 
are tabulated below : 

Table IV 
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Thus we see that the radii of the cold bodies increase with increase in tempera- 
ture (excluding the case of assumption Fi, which we will consider presently). The 
increase in the radii of cold bodies is appreciable in the case of assumption H but 
in the case of assumption the increase is very small, in the temperature-range 
considered. This is due to the fact that the value of )3 (see equation (30)) varies 
appreciably at the three temperatures considered in the case of assumption H, 
whereas it remains more or less constant (i.e. equal to unity) in the case of assump- 
tion Fa at these temperatures. Coming to the cUse of assumption Fb, wo notice 
that the radii of the cold bodies, taken in order their increasing mass, increases 
for smaller bodies but decreases for heavier bodiejs, with increase in temperature. 
This is due to the fact that whereas the value pj in the case of assumption Fa 
assumes different values at different temperature^, it is constant in the case of 
assumption Fb. »’ 

I 

Concluding, I take this opportunity to expifess my sincere thanks to Prof. 
T). S. Kothari and Dr. P. C. Auluck for suggest!^ the problem and for constant 
help and encouragement throughout the work. I am|Rlso thankful to the Government 
of India for the award of a scholarship. 


Abstract 

The mass-radius relationship for cold bodies, has been calculated, based on the theory of 
prossure-ionization, taking into account the exchange potential of the electron. The theory 
has been developed for zero-t/omperature as well as for non-zero temperatures. 
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INTEGRALS ASSOCIATED WITH HYPERGEOMETRIC FUNCTIONS OP 

THREE VARIABLES 


by Shanti Sabak, Department of Ma/thematica ani Statiatica, I/ueknow Univeraity 


(Communioated by N. R. S«p, P.N.I.) 

(Received May 11 ; after revision November '^5 ; read October 20, 1954) 

In a recent paper (Shanti Saran, 1964) I have defned the hypergeometric functions 
of three variables and deduced the important properties of these functions includ- 
ing some integral representations. In this papei| I obtain the single, double and 
triple integral representations of these functioi*. The integrals are either of 
Pochhammer’s double loop type or of Mellin-Bame*s type. The &st type of integrals 
is useful in the integration of the system (if partial differential equations 
satisfied by these functions and the latter type in Mellin’s investigation of the 
hypergeometric functions. 

In Pochhammer’s double loop type of integrals [oi, a 2 , . . . a„; bu b^, . . . . 6,] 
is the notation for the double loop which contains Oi, aj, . . . . o„ within one loop 
and hi, hi ... . b„ within the other. It is understood that all other singularities 
of the integrand are outside the contour of integration. 2 “ is interpreted as 
exp (a log 2 ), where log 2 is real when 2 is positive, and continuous on the contour 
of integration. 

It will be assumed that x, y and 2 have such values that the infinite series 
occurring in the analysis converges. Exceptional values of the parameters which 
would make some of the gamma functions become infinite are tacitly excluded. 
The general validity of the results follows by analytic continuation. 

The integrals deduced are either of the form 


J (“O'*"' («-i)’”V(«) m dt 

where is a function of x and t, and v of y,z and t ; 
or (t-l/'VC®) dt 


where « is a function of x, y, z and t and the contour is [1-f-, 0-1- ; 1 — , 0—]. 

In the first, one can say that Euler’s transformation factorizes our hyper- 
geometric equations / and g, each of which satisfies the ordinary differential equation 
(or Appell’s hypergeometric differential equation in the case of g(v)). 

In § 2 single integrals of Pochhammer’s type have been deduced and lastly in 
§ 3 single, double and treble integrals of Mellin-Bame’s type have been investigated 
for these functions. 

Following the notation given in (Shanti Saran, 1964), we define the hyper- 
geometric fimctions of three variables as below : 


’ *’ 


2 


(»i, m-f »+p) Oi, m) (jSz, B-fp) a;*yV 
(1, m) (1, n) (1, p) (n. m) (Vt, n) (n. t) 


( 1 . 1 ) 


VOL. 21, A, No. 2. 
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and 


Fp (*i« *i> *1' Pf Pi> A ' yi' y*' y* • ®» y> *) 

^ V (« 1 . m+n+p) (jSi, w+j?) (j8a. n) 

(1, m) (1, n) (1, p) (yi, m) (yg, n+p) 

^ 2 * ^8 » yi» y®' y* » *» J'* ®) 

2 (ai, m+»+j>) (ft. m) (/St, n) 0?s. P) 

(1, m) (1, «) (1, p) (yi, wt) (ye, n+j)) 

ir («i. *s> «2» /^i. ^ 2 . ; yi. Yi> ys ; *, y, z) 

2 («i, m) (gg, n+p) (^i, m+j?) (Pe, ») 3ry*z^ 

(1, m) (1, n) (1, p) (yi, m) (ye, n) (yg, p) 

^ u (*i» *2> * 2 > Pv Pi> fill yi. y 2 » y 2 ; ®, y, z) 

^ V («i. m) (ttg, n+y) (^i, m+p) (fij, n) x^y’z’' 

(1, m) (1, n) (1, p) (yi, m) (yg, n+p) 

^ N (*i> * 2 . «8. fii, fiz, fii ; yi, y 2 , y 2 ; y, *) 

^ "V («ii w) (ttg, «) (gg, y) (j8i, m+p) (jSg, ») aS*y*zf 

Z, (1, m) (1, w) (1, p) (yi, to) (ye, n+2>) 

^ P («ii « 2 . «i. ^ 1 . fit : yi, ye, ye ; a:, y, z) 

^ y («i, w+J>) (ttz, n) (fij, m+n) (fig, n) a^y^zP 
Z (1, m) (1, n) (l,p) (yi, to) (ye, n+p) 

Fg («1, Otg, ai, fii, fii, fii ; Yi> ye, ye ; », y, z) 

_ y («i, m+p) (og, n) {fii, m+p) (fit, n)ai" y'zf' 

Z (1, to) (1, n) (1, p) (yi, m) (yg, n+p) 

Fg (tti, ag, ag, fii, fiz, fiz ; yj, yi, yi I ®, y, z) 

_ y («i. m) (gg, n+p) {fii, m) (j3g, n) (ffg, p) 

Z (1, to) (1, n) (1, p) {Yi, m+n+p) 

Fp (ai, ag, ag, fii, ^g, pi ; yj, yj, yj ; X, y, z) 

y («i, to) (gg, n+p) ($ 1 , m+p) (fit, n) 

Z (1, to) (1, n) (1, p) (yi, m+n+p) 


( 1 . 2 ) 


(1.3) 


(1.4) 


( 1 . 6 ) 


( 1 . 6 ) 


(1.7) 


( 1 . 8 ) 


(1.9) 


(1.10) 


IJe triple summation in the above series extends over all positive intetcral values 
of m, n, p from zero to infinity. e 

^ As proved in (Shanti Saran, 1964), the domains of oonvergenoe of the above 
senes are given by p 


J’g:r+(V«+\/<)* = l 

Fq : r+a ■. 

r+< : 

Jf’„: r+«' 


;} 


K * 


ra I 


* (l-a){a—t) 

(l-r)(l-«) 


F^ i s(l-f)+i(l_s)»o 


IB 
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F pi i rat 




(«<—«—<)* 
1 . 1 


1 ^ 5 : — + — = 1, J'y sai i ■= r— r 8 +« 

where | a; | < r, | y | < « and ] z | < <. 

§2. We know the following integral representations (Erdclyi, 1963) for F 2 , 
Fs and Ft, viz. 

Fi (p+Pi- 1 ; P, Pi ; y. n ; *. y) « 

X J (-t)"" («-!)“'’* gfi (p,P; y.jj ^1 (pi, Pi -.Yil . . (2.1) 

where | > ja:] , ] 1 — | along the contour.* [ 

F ^ s B ■ r(i-p) r(iLpi) r(p+pi) 

■^8 (®» P> pi > PtPi » y) ~~ (2ei)® ^ 


X J (t-1)'’^*' 2 F 1 (a:, Pip; tx) zFi (aj, Pi; py, (1 -t)y) dt (2.2) 


and 


F l» B- ^ ^ • r u\- A2-y-yi) „ 

Fi (a, p > Yt yi t ®» y) (211^)® ^ 


xj(— y+yi“i; 


(2.3) 


where 


X t/ 

- < 1 along the contour.* 

t A ■“ t 


From the definition of F^, we get 
(ai, m) (pi, m) 


cc 

p « V (?i 

Using (2.3), we get 


F4(ai H-m, ; Yi> 73 ; y> 


oc 


F _ V Wl. 

A (1, 


(tti, m) (pi, tn)x" r(Ys) rjys) A 2 — yg—ys) 


mas 0 


( 1 , m) (yi, m) 


(2fri)^ 


X J(— *)~*’* (t— 1)”’’® 2.^1 ys+ys—ij 

- ^( y®) A2--y2-y8) J x 


(2iri)® 




♦The contour of integration is a Poohhammer’s double loop type (l+s 0+» 1— > 0—) and 
etc., have their principal values. 



86 


SHANTI SASA17: IKTBGBAL8 ASSOdATBD WITH 


1/ IS 

Since the series for m is absolutely convergent for|a:|+ 


< 1, the 


change in the order of integration and summation is permissible and we hare 


(*i> “i» *!• Pi’ Pi’ Pi ’ yi> y« * ‘ 


Ays) Ay«)A2--y£— yg) 
(2wi)* 


X J (-<)•’'* (<-!)•’'* ; Pi, Pz ; Yi, ys+ys-i ; f + (2.4) 

I V z i 

~ + - — - < 1 along the contour.* 
t 1 I 

Also, rewriting as - 


oc 


(«!> W) (Pz, ») 


fg (ai+»; Pi, Pz+n; n, vz : ». *)y*. 


2 El; 

(1, n) (yg, n) 

and using (2.1), we get 

p _ («i. n) (fe, n)y' r(p) r{pi) r{2-p-pj) 

E (I, n) (yz, ») (2r*)® 

X J*(— sA (z** » yi 5 y) 

where] 1 1 >|*|, |1~*|>|*1 along the contour and ai = j»+pi — 1. 

As before, 

p r(p)r(pi)r(2-p-pi) ^ 

~ {27Ti)i 

X J (—<)”*’ (<—1)"*’* 2-f i^p» Pi', yi ; * yz, yz : . YHj ) ^ 

where uj *= p+p^-l and|<| > |a:| , and j\/ j^|+|V^ ^ **1® contour. 

Using aimilar methods we can easily prove the following formulae : — 

Fp(ai oil, »i. Pi, Pz, Pi : yi. Yz, Yz *. V, *) = Ayr) ^(y2^ . A2— yi—yg) ^ 

X {«-!)-’'• Fi («i ; fit. Pi ; yi+yg-l 1 . f + (2.6) 

' X z \ 

where 1 1 — t j > j y j and j+jzii 1 ^ contour. 

p/-, - » fl p ft • ^ — Ap) Api) A2—p-*Pi) .. 

(J (*i» ft* ft* ft » yi> yz* ys > y> “* (2^)* ^ 

X J (-t)"" (t-i)''’^ 2 a(p. Pi-, yi', f) a(pi ;Pt.Pz;Yz-, * (2.7) 

where ai“p+pi— 1. 1<| >1»|» 11~M> 1^1 ““6 |1— (j >|8j along the contour. 

♦ The contour of integration is a Pochhammer^s doable loop type (l-f-, 0+, I—, 0—) and 
l^g etc., have their principal values. 
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« 2 . * 2 . Pu Pz, Pi ; yi. Y 2 > ya : y. *) =» ^ 

^ {^”■1) 2-^^i ^p» «i i yi ; ■^|■^’2^«2; Pz>pit yz>ya\ (2*8) 

where |i| >|a:|and < 1— |y| along the contbur and )3i = p+pi—1. 

* 2 . “ 2 . A. Pa, Pi ; n. 72. 72 ; «. y. *) * " ■ — ^ 

X J(-<)'" (i-i)""* 2 ^i(p, «i ; 71 ; f) Fi^a ; Pa. Pi ; 72 : y. (2.9) 

where Pi = p+pi — 1 and | > |a:| and 1 1— l] > |z|along the contour. 


P fnr rr ft R R R • ir v • -r -1 

® 3 > Pif Pti Pi 9 Vii y2> y2 > •*'> y* ^ 

X J* (—0^”^ ^ aF i(« 2 , Pa. P’> ty) F i(Pi ; aj, as ; yi, pi ; x, (1 —t)z) dt 

.. ( 2 . 10 ) 

where yj = P+Pi and | x [ + | ( 1 — <)2 1 < 1 and | | < 1 along the contour. 

Also, 


xJ',(«2,«8; Ps’fii’ yt’ 


dt .. (2.11) 

where Pi — p+Pi — 1 tw^d | i | > | « ] and 1 1— 1 1 > | z | along the contour. 

F (ft ft ft R R R ■ -U V v-rw V 

j.(«i. « 2 » «i. Pi. Pi. Pa . 7i» 72. 72 . y. *) — (2wi)2 ^ 

X J(— (<— 1)'“*"^ ■Pjr(/52. Pi. Pi. * 1 . « 2 . «i ; Pi. p. 71 ; (1—0 z. ty. 

.. ( 2 . 12 ) 

where yg SB p+pi and « =s (1—r) (1— «) with |a:|<w,l<y|<«,|z(l—01<»' along the 
contour. 

Also, 

Fg{*i,cit.tti,PuPt,Pi; 71.72. yt; ^ 

X J*(— 0”^ (<— 1)“^^ F jgr^p, « 2 » pit Pi. Pa. Pi '. 71. 72 . 72 1 "J. V. 

.. ( 2 . 13 ) 


where «, p+p,~I, «(l-f)+tt(l-«) e 0 with <r, <«, |y| < «alongthe 

contour. 
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V Ay2) r(2—yi—y^ 

(2wi)2 


X J (/—I)"’'* J’s^ai, tt2, Pi, Pz; n+ya— 1 ; 


.. (2.14) 


where 


y 

l^t 
Also, 


< 1 and 


‘JC z 

- + - — < 1 along the contour. 
t 1 ■“ t 


xi’ 4 («i. Pi ; yi> Pi : *. {i-‘t)z)dt . . (2.i5) 

where y, = p+pi and |\/*l + |V(^^ 1 < 1 and ] i/« ] < 1 along the contour. 

IT / o a a . . ^ — Al— p) Al— Pi) Ap+Pi) 

5 (^ 1 * ^2f ® 2 > p2} Pz y yiy Vl* Vl » 2 /> (27rt)^ ^ 

X r( — (i— > PJ M ■^^l(« 2 » ^ 2 > ^S> Pi » z{l—t))dt 

.. (2.16) 

where yi = p+pi and | te | < 1, | y(l —t) | < 1 and 1 2(1 —t) | < 1 along the contour. 

... ft, ft. ft ; n, n, n ; *. % .) = Dlr£ltoi£!£±fl)x 

X J( — ^ ^2> ^2^ ^2» A > P> Ply Pi I Vy (l‘^t)z)dt 

.. (2.17) 

where yi = p+pi, r+w=l, 5=1 ; andlte|<r,l (1— % |<5,| {l-^t)z\<t along the 
contour. 


We know that ♦ 

F j,(0Ci, a2, a2, ^2» A I yi> yi> yi > ^y Vy 2f) 

=s ( 1 — F^^au cL^y a2> P2> yi— ^1— ^2 ; yi» yi> yi ; ^y T^)* 

Using (2.16) we get 

r, _,i .^-oc,^(l-.p)^(l-.pl)^(p+pl).. 

J?’^~(l- 2 ) ^ X 

X J(-«)‘*-' (t-l)"^-' 2 J'i(ax. jSi ; P ; te)X 

^ i|«a ; Pt, p+pi—Pi—Pz, pi ; (i“t). 

where | tel <1 andl (1— *)| < I.|i-“U*“*)|<1 ®lo>igthe contour and yi = p+pi- 


* (Shanti Saran, 1964). Use (6.16). 
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§ 3. Mbllix-Babkb’s CoBTOtrs Intbgbals 

In this section I have deduced single, double and treble integral representations 
for these functions. I give the detailed deductions for only and similar methods 
give the integral representations for the other nine functions also. 


(f ) Single Integral representation 
From the definition ofF^, we have 

F^idi, ai, ai, Pi, Pi, Pi ; Yi, Yi, Yt, x, y, z) 


= (t‘r)(ni») ft • >'«■ ■ y- 


Using the relation (Appell, P. et Kampd, J. de F^et, 1926) , namely 
^^^Ft{a,P;Y,Yi-,x,y) 


27ri 


r+ix) 


-ioo 


iFi{ai+t,p+ti y; (-V)* > 


we obtain 


r{»i)r(pi) _ _L V _( 
r{Yi) ^ 2viA(l. 


(Pi, m)x" 


p+»oo 


morO 


«*) (yi, m) 


r(<x, i+m+f) r{Pi+t) 

r{Yi+t) 


X 


XiFi(a.i+m+t, Pi+t; Yi ; y) Fi—t) (— z)* dt. 

Changing the order of integration and summation which is easily justifiable 
for|a;|+|y|< 1 , we get 

/*+»00 


r(xi)r{Pi)p _j_ 
FiYz) " “ ■ 


® “2wt 


Pit ^2+^ i ^2 > y) ^ 

o 

x^2f!±a^+ar(-()(-*)-di .. .. 

Similarly, by rewriting F^ as 

V («1. W) (fe. m) . y^, y, . 

(i» »») (ya> »») 


(3.1) 




and using the relation (Appell, F. et Kampd, J. de Feriet, 1926) 

(« ;P,P^ ; y, yj ; », y) 

^ (.+1, P-.y.r) (-,)• 
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we obtain 


r(«i) m) p _j_i 

r(yj' «”27rt 

J -ioo 


Pz ! ^1* ^8 » ®» *) X 


X 


r’(ai+<) r{Pi+t) 

nvt+t) 


n-t) {-yV dt 


(3.2) 


(2) Dovhle Integral represeniation 
Using the above integral for F 2 in (3.1) we get 


r(ttj) m) m i)p L-, 

I'iTz) r{Yz) ^ (2wi)2 


/• + 100 /•+f 00 


gJ’i (<ti+s+t, ^i+t ; Yi; x)x 


icO*f -»00 


X A «1 +^+t ) £(Pi +^)7'(i^2+ i ) r(-s) r{-t) (-a:)* (-zy dt . . (3.3) 

f^(ri+a) r(Y 3 +t) \ I K i\ > y > 

A similar double integral follows by using the relation of ^^4 in (3.1). 


{3) Triple Integral representation 


From (3.3) we get 


r(ai) m) m) „ _ 

-r{y^yr(y^) 



+tco 


—too 


2 -^i(*i+*+^> ^ 2 +^ »■ Y 2 ; y) X 


r(a 3 +s+<) m+«) m+o 

r(yi+«) r{Yz+t) 


n-s) n-t) (-*)* (-«)' ds di. 


Using the relation (Appell, P. et Kampe, J. de Feriet) 


m m 

Ay) 


zF i(a, P ; 


y; .r) 


J_p*Aa+£[A^ 

2 wi Uly+s) 

V mmi<X) 


r(-s) i-xyds 


we got 

Aai) m) m) 
nyi)r(y^) ~r(y^) ^ 


1 

*+tOO 

’*+4*00 

/"(ai+^+^+O •^(^^1+^) -^(^2+^+0 

(2wi)3 

a 

— 400* 

— 400* 

r(Yi-\-r) r{Y2+a) AVs+O 

— 400 


X 


X r(-r) r(-. 5 ) r(-0 (-a?)*- (- 2 ^)» (-«)* dr ds dt. 
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ON THE INTERNAL BALLISTICS OF LEAKING GUNS 


by S. P. Aqgabwal, Defence Science Laboratory, New Delhi 
(Communicated by R. S. Varma, F.N.I.) 

{Received December 27, 1954 ; read, March 4, 1955) 

1. InTRODTJOTIO]! 

Comer’s (1947 and 1960) theory of leaking g§ns, which is applicable to worn 
orthodox guns, smooth bore mortars and recoilLtes guns has, in addition to the 
usual assumptions in the theory of internal bauistics of orthodox guns, made 
the assumption that the setting up of the ga| flow through convergent and 
divergent nozzle can be represented by the classictfl one-dimensional approach and 
the flow starts at a certain pressure called the noezle-start pressure. The system 
of equations formulated on these assumptions can always be integrated numerically. 
Comer gave a simple solution for the case where the rate of burning is proportional 
to the pressure, having the same accuracy as Hunt- Hinds. A still simpler method 
consists in a reduction to an ‘ isothermal ’ model, which is closely related to Crow’s 
method. Dr. Thiruvenkatachar and Mr. Venkatesan, on account of the values of V 
involved being small, successfully attempted to solve the general equations for a 
leaking gun for tubular charge, i.e. = 0, by a method of successive approximation 
based on an expansion in powers of *F. This method gives reasonable simple means 
of obtaining all the ballistic information of interest, i.e. the velocity, the maximum 
pressure, and the relation between shot-start and nozzle-start pressure. 

In the present paper the author has extended these results (for tubular 
propellant) to the case of charges of any shape, i.e. for any value of 0. 


2. The Fukdambntal Equations fob a Leaking Gun 


In formulating the fundamental equations for a leaking gun we make the 
following assumptions : — 

(i) the rate of burning is proportional to the pressure, 

(ii) the initial resistance is represented by a shot-start pressure, 

(iii) the setting up of the nozzle-flow can be represented by the use of the 

equations for quasi-steady nozzle-flow beginning instantaneously at a 
certain pressure called the nozzle-start pressure, 

(iv) no unbumt propellant is lost through the nozzle. 


During burning, when the nozzle is open and shot is in motion, we shall have 
the following equations ; — 




W 


BS Ap .. 


(la) 

(15) 


where 

* 
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Wx - W+ikCN 


9 9 


(Ic) 
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D%=-0p .. .. 



• • (W) 

Z =: {l-m + ^f) 

. . 

. . (le) 

1 

II 



(1/) 

d{NT)_ Apdx dZ 

dt ~ ’cRdt^ °dt 

rl,8p{RT)* 

CR 

•• (Ifl-*) 


These equations are different from those of corresponding conventional gun in 
three respects. Firstly, the altered Lagrange’s correction factor occurs in (la) and 
(Ic). Secondly, an additional term appears on the right of the energy equation 
(Igr) to account for the loss of energy by the gas-flow through the nozzle. And 
lastly {If) is the nozzle-flow equation. 

For the reduction of these equations to non-dimensional parameters the 
following transformations have been used : — 


Al = Ko- 


C 


^=i+f 


di 


T’ = 
M’ = 


AD dx 


dr C^RTo dt 

L 

To 


P^RToW 

y/_ 

pC(RTo)* 


Thus equations (1) reduce to 


'’'^1 


^ + 


kCN \ 

6WJ 

kCN\ 


dr~ ^ 


(2a) 

(26) 

(2c) 

m 

(2e) 

( 2 /) 

(2g) 

i2h) 

(за) 

( зб ) 

(3c) 

m 


* Heat loss to the barrel is taken into account by changing y into J? in the first term. 
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dr d/r 






.. (3e) 

.. (3/) 


Denoting the shot-start pressure and nozzle-start pressure by 27o 
pectively, we have 

ri =s a ioT Z ts Zq (4a) 

N =s Z foT Z<Zif. .. .. .. .. (46) 

Combining (36), (3c) and (2c) we get 


M_\^ 

km dr 


dri dri 

'^M~dr 


Since the factor l + — ^ ~ has a value close tof unity throughout the period of 

burning, we may replace it by average value a (or^l). 

Thus 

dr a dr 

Integrating the above differential equation and using the initial condition/ = /o 
when == 0, we have 

V = -(fo-f) (6) 

From equation (le) we get 

^^(£-l)±VV±ll!^ 

*• •• •• •• 
Equation (6) becomes 

•• •• 

Since is always positive we have to choose the positive sign in equation (8), 
whether 0 is positive or negative. 

Hence 


Again from (3c) and (Sc) we get 

dr dr dr 

Substituting for ^ from equation (35) we have 


.. (8o) 
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Integrating the above equation. 


r (TM-i 1 

N’^Z-'P \—~J=======\dZ 


Using equations (36), (3c), {3d) and (3/) we obtain 

dr 


.{NT') = -^^v'2 + 4 -W')*- 


dZ 


(9o) 


(10) 


M '' dr ^ dr " dr 

Assuming that the nozzle opens before the shot starts, the integration of 


equation (10) gives 


NT' - 

2M 


r 


-‘-EjTuSbBl'" ■■ ™ 

Substituting for rj and N from (8a) and (9a) we get 

where 'sj {6+1)^~-4 :BZq. 

Equation (106) can be written as 


where 


A{Z) = Z-\ [o- V(g -h l)»-4gzf 


(11) 


If the nozzle opens after the shot starts equation (10) is valid with S' = 0, up to 
the instant of nozzle opening. The solution of the system of equations (3) is thus 
reduced to the solution of the single equation (10c) for T\ When T' is obtained 
from (10c) as a function of Z, we find N from (9a) and NT from (10a). To obtain 
{ we eliminate { between (3a) and (36), Thus 


dri MNT'/^kGN\ 

’«"T-T(‘+6rj 

Integrating we get 

1 ^ 3<t 

^ “ (2+a)Jf 

Using (8a) and (6) we obtain 


_{2+o)MNT' 
”30 ^ • 

{'^'ndrt 

NT" 

J 0 


, , 3JIf f a dZ 

^ “ 2fla(2+a) J { ^(0+l)»^m "}nT’ ‘ 

The pressure ( is given by (3a), as 


^_(2+a)NT' 

^ CB — 3 — 


( 12 ) 


( 13 ) 
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3. The affboxiuate solctiok of the equatioh 


Introducing a new variable u defined by 



equation (10c) becomes 

I •• (15) 

For the solution of the above equation we substitute for u an expansion in 
powers of Wy 

= (16) 


and determine the coefficients of the successive terms in this expansion by 
comparison of coefficients of powers of W on both sides of equation (15). Since W 
is small in most of the practical cases, we neglect the terms involving and 
higher powers of W. 


Thus 


so that 


2[(0+1)*-4O^](^)' = ^(2) 


(17) 


(18) 


Z{(fl+l)2_4eZ}^-i 


L z \},^[A(Z){{e+if^m\ 


-y 


\ z{( 0 +if-m} V r r A(Z) V 


(19) 


To the same order we have from (9o) and (10a) 

jVx-Z-!p[ \—i==M2===\dZ 

“ L(Z){(e+l)®-40Z}] ^ 
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>rr.AiZ)-yrf 

Equations (20) and (21) give N and NT as explicit functions of Z, from which 
the variation of T' with Z can be derived. Substituting the value of NT* from 
equation (21) in equation (12) we get ^ as a function of Z and thence J is given by 
(13). Thus all the ballistic parameters can be determined by evaluating a few 
integrals. These integrals can be easily evaluated by the use of any of the stan- 
dard formulae for approximate quadrature, e.g. Simpson’s Rule. Assuming Zq and 
Zjv to be small (which is the case), the integrands of these integrals can be expanded 
in powers of Zq and Zn and we need retain only the terms up to the first order in Zq 
and Zsi then the resulting integrals can be evaluated. Since this latter procedure 
is very laborious, it is convenient to evaluate the integrals by numerical quadrature. 


4. Maximum Prbsstjee 


The maximum pressure occurs when — Differentiating (13) with respect 


to Z we get 


^ (2+cr)ri d 

dZ^ 




or 


^ (ifr ) - ifr 4 (log f , = sr A (i„g o. 


Substituting for log i and NT* from equations (12) and (21) and denoting the 
value of Z for maximum pressure by Zj we get the following equation for the 
determination of Zi 


A'(Zi)-yy 


r A{Zi) ] 

i _ 3M 

« ,1 


2^0(2 -f-<^) 



( 22 ) 


The solution of (22) may be obtained by the method of successive 
approximations. Neglecting the term in W and solving the equation we determine 
Zi to the first approximation. If we substitute the value of Zi in the coefiScient of 
V in (22) and again solve for Zj, we obtain Zj to the second approximation. In 
this way Zx can be calculated to any desired accuracy. 

The peak pressure h is then calculated from (21), (12) and (13), 




5. Nozzlb-staet PEBssiniB AND Shot-start Pressure 

Now we oonsider the relation between maximum pressure and nozzle-start 
pressure for a given value of shot-start pressure. If the shot starts after the 
nozzle opening, (Zs<Z^)t it is clear that the instant of the shot-start will depend on 
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that of the nozzle-start for a given shot-start pressure. From (13) we obtain 
for Z " Zf), 

»- 0 , 1 = 1 , 

and hence from (21) and (11) we get 

{o = [Zfi-¥f¥{ \/(fl+l)*~4<?Zo-V(<>+l)2-4<?Zw}] . . (24) 

The variation of Zs with Z(, for a particular Value of fo is expressed by the 
above equation. It may be noted that the relation is not linear, except when 
0 ss 0, i.e. for tubular propellants. < 

Abstbact f 

V 

In this paper the author has extended the results lobtained by Thiruvenkatachar and 
Venkatesan (1963) for the tubular propellants to the gon«kal case of a propellant of any shape, 
i.e. for any value of 9. > 
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THERMODYNAMICS OF IRREVERSIBLE PROCESSES APPLIED TO 
THERMAL TRANSPIRATION 


hy R. P. Rastoqi, Department of Chemistry, and R, C. Srivastava, Department of 

Physics, Lucknow University 

(Communicated by B. N. Srivastava, F,NJ.) 

(Received November 23, 1954 ; read March 4, 1955) 

1. Inteoduotion 

A large number of non-equilibrium phenomena have been successfully treated 
by the thermodynamics of irreversible processes (Denbigh, 1961 ; de Groot, 1952). 
Recently the Soret-eflFect in certain binary mixtures has been interpreted in terms 
of non-equilibrium thermodynamic functions such as heats of transfer (Rutherford 
and Drickamer, 1954). In previous communications (Srivastava, Rastogi and 
Varma, 1964; Rastogi and Srivastava, 1955) expressions have been deduced for 
thermal effusion and thermo-molecular pressure effect for species involving isomeric 
reactions or the reactions of the type X„ ^ nX. Expressions for the chemical 
aflSnity and the deviation in concentration from the equilibrium values have been 
derived for each chamber in the steady state. In the present paper we propose to 
extend the treatment to the reaction of the type xA ^ yB+zC, which is more 
common. 


2. Entropy proditotion and thb stationary state op the first order 

Our system consists of two chambers, I and II, communicating with each other 
through a narrow opening or a capillary. The two chambers are maintained at 
different temperatures, chamber II being maintained at a higher temperature. 
We suppose that the system contains a mixture of species A, B and C, amongst 
which the reaction xA ^yB+zG takes place, where x, y and z are the stoiciuo- 
metric numbers. The superscripts I and II refer to the quantities in the corres- 
ponding chambers. Following the terminology as used in previous papers, we get 
the following expression for the entropy production : — 

^ “ (AT/Tv.- 

+(AmJiMA"JT^^)Jii ( 1 ) 

where A refers to the difference of the quantity in the two chambers, and the sub- 
scripts 1, 2 and 3 refer respectively to the chemical species A, B and C respectively. 
The respective flows are deflned as follows : — 

o 

Ji - -'2,LuMpklT)-Liu(ATjT») 

k m I 
8 
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8 

8 

Ju * - 2^-«*A(/i**/!r)~A»(A5r/rs) 

1 

j/ « LcciAm T 

.a ( 2 ) 

The affinity A is defined by the relation A =5 >2/13, where fi is the chemical 

potential. In the above expressions Lik and i^jjlrepresent the phenomenological 
coefficients. Lee and are the coefficients asso^ated with the chemical reaction 
rate J. | 

Inserting equation (2) in equation (1) and njaking use of Onsager reciprocal 
relations we obtain I 

<r - Liii Ml*ilT)}*+Lii{ Ml*2lT)}’‘+Ln{MklT)V+L,u{ATjT}^ 

+2LizA(hiIT) . MfH/T)+2Li3MhilT) . A W^) +2^28 AWT) . AWT) 

+2ii.A(Mi/T) . (^^TIT^)+2Lt,MlhlT) . {AT/T2)+2i8.A WT)(AT/T*) 

(3) 

We shall consider the stationary state of the first order when AT is kept 
constant. Corresponding to each of the independent forces, A(fii/T), 

A(iizlT) and {A^jT^) we have the conditions 

_n. ^ _A. _n. _n IA\ 

8 AWT)“''’ SaWT)""^’ 8 aWT)~ ’ •* 

Bat these forces are related by the relation 

^"/T" = A^IT^+x . A(fiilT)-y . A WT)-* • A WT) . . (6) 


Using equations (4) and (6) we obtain the following set of relations from 
equation (3) ; — 

•i'uA(/ii/T)4-I'i* A(WT)+i)i8i^(f*8/T)+Xi,( AT/T*)— ice • * • “ 0 

i)l2A(/*l/T) + If2*A(fl*/T) + i83A(jt*/T)+Xr2»(AT/J’*)+Zf„.y.-^ sas 0 

) (®) 

T-isA WTl+ijsA WT)+X'a8A WT)+Xr8,( AT/T*)+L„ .3.^ = 0 
. 4^/T^+i;* . ^"/T" = 0 

For such a three>oomponent system the chemical potential may be written in 
the farm 


A(fi*/T) » -*»(Ar/r*)+e*(AP/T)+ 


V /§M*\ ^ 

,4i\9cJ T 


Ml /fc« 


<*«1,2.3) 


wi|^ere t^d are the partial specific enthalpy and partial specific volume of the 
component k, and «« is the mass Iraotion of the species «. , 

a 
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On solving equations (6) we obtain 
1 




AjT T(vidi+V2d2+Vi,di) 




( 8 ) 


Aci 

lt" 


[(/il +Li) + (Ag+X. 2 )(t>l^-i> 8 |^) 4- ih+Ls) 


TiVidi+Vzdi+vM 


( 9 ) 


Acg 

AT" 


(^l+I>l)(t>8|g-»^3|^) + (^2+X>2)(i^3|g-t>l^)+(fe8+i>8)(t>l|g-«2|g)] 




.. ( 10 ) 

1 J^cc ^ r r I r r t ^ ^Lec ^ r r i r r n 

•• ( 11 ) 


whore 


Li^ 


(fl^l/>lit + 6iZr2^ + ClL3j7yfc . ■/>cc+ (g2-^lu4*fe2^2tt4‘C2-^8tt)(^cc4‘-l^cc) 


XLcc • Lcc"^ y (Lcc-^rLcc) 

L =s * ^cg‘4*(fe2^1« + ^2^2tt"i"/2^8tt)(^gg"f~^pc) 

XLcc • -^c<?+ 3^ {Lcc~\^Lcc) 

^2« + 1 ^3tt)^gc * ^cc+ (<^2^1^4“/2^2it"l"y2-^8M)(^C6 + i>cc ) 

®1 = 2^L22“2j/2£(28 + y*Z/8S > ®2 ■l'22l^33“1^23 

6l a=a ^2JX2S“f‘^yJ^33 > ^2 ~ -£'13-Z>23““ -^12-^33 

~ y^^l2 2/^-1^13"l“ir2/v22 > ^2 = -1^12-^28“* ^-'13^22 

ei == z2Lii+2a;2Z/j 3 +2:2X33 ; e2 = 

/i “ > f2 ~ ^12^13 — -^ 11-^28 

gfj ss t/2iyii + 2xyLi2+a^^i22 ; 9^2 = LuL^Z^-LI^ • 

X =ss —a2a;2— 62^2— gr222+262a7y+2C2X2:— 2/22/2 

r sa XiiZ/23 + X22i^j3 + I'83-^12 LiiLziLss ~ LizLi zLzz 

^ — ( ?il2 _ ^El ?^i§\ 

* \9ci ' Scj dct ' dci) 

( ?tk _ ^ 

\dci ' dcz 3ca ’ 9ci/ 


d.. 


A — ( ^tL ?!lis. _ ^a<b \ 

*** “ \0ci • 9 c2 dcz ■ ac,/ 


The equations <8), (9), (10) and (11) are fairly complicated and cannot be used 
in practice. As shown previously we can get an expression for affinity which d<fe8 

2B 
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not involve phenomenological coefficients. Thus, from equations (8), (9) and (10) 
we get 

Li 

L.2 



I Aci 

^at' acj'^ 

Ac2 dfii 

'"at - 9c2. 

-hi 

. . (12) 


A Cl dii2 
^at' aci‘ 

, AC2 dfJ2 
AT • 9c2. 

— ^2 

. . (13) 


A Cl dfis 
^AT' dci' 

. - A ®2 9/13 

''at- dczj 

— A-a 

. . (14) 


Substituting the values of Li, and in efquation (11) we obtain 

i [’’ • ff ■ H (* If +» If ^■) 


c+ivc, 

+T 


AT \ 


AC2 / 9/^3 ^2 

dC2^ dC2 


-X^^^*i^{zh2+yh2—xh.i) .. .. (16) 


If we consider a mixture of perfect gases, the above relation may be further 
simplified. For then, 

ET 


*’* . P 


and can also be evaluated. For enthalpy we have earlier (Rastogi and 
Srivastava, 1954) used the expression 


K 


5 /RT\ 


Strictly speaking this is true for the translational component of enthalpy. Even 
in a monatomic gas the atoms possess internal vibrations, but the vibrational 
energies are almost negligible and hence the above equation is correct for at 
least monatomic gases, particularly at not too high temperatures. For diatomic 
molecules there are three degrees of freedom of translation and two of rotation 
about the two axes perpendicular to the line joining the atoms. If we do not take 
into account the structure of atoms, wo have 

1 RT 

Similarly for a triatomic gas we have, 

, 4RT 

since a triatomic molecule has three translational and throe rotational degrees of 
freedom. In this case we do not consider the vibrational degrees of freedom since 
the vibrations are usually not fully excited. 

Thus for diatomic molecules equation (16) yields 

1 _ Lee i? r A log P / 2 2 ^ x\ 

L,,+Lcc ' ^ la log T Mj 
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Prom the definition of affinity it follows that 
^ . Sci [^+-^1 +RThc^ 

for Sci «c\ and hc^ < < where 8c^ is the deviation in concentration in a 
particular chamber. Thus from equations (16) and (17) one can obtain a relation 
between the deviation in concentration of the respective species in a particular 
chamber and the temperature, pressure and the concentration prevailing in the 
two chambers. The above relation (16) can be easily checked provided suitable 
experiments are performed. In the next section equation (16) would be used to 
calculate the free energy change in either chamber for the thermal decomposition 
of deuterium ioSide. 


3. Thermal decomposition of deuterium iodide 


The kinetics of the reaction 2D/ ^ 2 ) 2 +1^2 he&n recently studied (Taylor 

and Crist, 1941). The advantage in using this reaction is that Lee aud Lee can be 
readily calculated as the specific rate constants for both the forward and back 
reactions have been experimentally determined. In the following calculations 
experimental data for two temperatures, viz., 666 ‘8°K. and 698*8°K. have been 
utilized for which the equilibrium concentration in moles/c.c. is given. We assume 
that chamber I is maintained at 666*8°K. and chamber II is maintained at 698‘8®K. 
We further suppose that equilibrium concentrations and pressures are not affected 
significantly if the two chambers are connected by a narrow opening. For the case 
of thermal decomposition of deuterium iodide we shall have the following equation 
for affinity ; — 



1 _ L'ce 

■-[ 

/a log P ' 


qil' 

Lcc+Lcc 

n 

\A log T 

V\m^^ M 2 . MrJ 


Here 


1 

A log f ^ C 2-2 A log c,) 




k'WW 

represents the mass at equilibrium and k and h' are the specific rate constants 
for the decomposition at the two temperatures, and The following table 
gives the values of affinity for different pressures and concentrations in each 
chamber : — 

Table I 


= eae'SOK. ; r" = 698‘8'’K. 


(atm.) 

pTf 

(atm.) 

< 


< 




A 

(oal.) 

1*099 

Hi 

0*867 

0*00621 

0*1202 

0-8642 

0*00771 

0*1280 

270*61 

1*023 

■ 1 ^ 


0*00991 

0*1027 

0-8816 

0*00984 

0*1084 

63*06 

1*064 



O^OOS^B 

0*1200 

0-8702 

0*00868 

0*1213 

11*21 

1*180 

m 

liil 

0*00630 

0*1460 

0-8663 

0*00689 

0*1362 

-188*71 
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Abstract 

The non-equilibrium thermodjnaamics of thermal transpiration of species involving the 
reaction of the t3q)e xA ^^B+zC has been developed jby using Onsager reciprocal relations. 
Expressions for afiftnity which do not involve phenomenological coefficients are deduced for 
either chamber. The equilibrium data for the thermal decomposition of deuterium iodide 
has been used to calculate the value of affinity in ordei to have an estimate of the shift from 
thermodynamic equilibrium. I 
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INTERNAL BALLISTICS OF COMPOSITE CHARGES WITH NON-LINEAR 

LAW OF BURNING 


by G. C. Patni, Maharaja’s College, Jaipur 

(Communicated by R. S. Varma, P.N.I.) 

(Received June 26, 1954 ; read March 4, 1955) 

1. iNTEODtrCTION 

The problem of using composite charges in a gun has been discussed in the 
‘ Theory of Internal Ballistics of Guns ’ by Comer (1950) and in the ‘ Internal 
Ballistics’ (1951) by reducing the problem to one of an equivalent single charge. 
In ‘ Internal Ballistics ’ (1961) only a particular case of two charges with different 
shapes and web sizes of the same propellant is considered and an approximate 
solution is given by making use of a modified form factor. Comer (1950) considers 
the more general problem of two charges of different shapes, sizes and compositions. 
The problem is reduced to that of a single equivalent charge with adjusted 
parameters. 

Venkatesan and myself (1953) have, however, given a direct treatment of the 
general problem based on the Hunt-Hinds system under the assumptions that the 
co-volume correction is negligible for each propellant and that V is the same for 
both the charges. 

But in all these works, the linear law of burning has been assumed. In the 
present paper, I have discussed the problem of two composite charges (of different 
shapes, sizes and compositions) under the non-linoar law of burning and for any 
values of the form-coefficients and The treatment comes out similar to the 
Clemmow’s system (1928 ; 1951) for a single charge. 

2. Assumptions 

The following assumptions have been made in the discussion of this paper : — 

(i) That the co-volume of the gases equals the specific volume for each 

propellant, i.e., the co-volume correction is negligible. 

(ii) That Vj s= Vg = V- This assumption is justified by the fact that V is 

practically the same for most of the propellants. 

(iii) That the pressure-index law is the some for both the propellants, i.e., 

ai s= «2 = «• 

Under the above assumptions, the theory is also applicable to a very large 
number of cases in which composite charges of different shapes and sizes and of the 
same propellant are used. 

3. Basic Equations 

The classical basic equations of Internal Ballistics with a single charge have 
been derived in ‘ Internal Ballistics ’ (1951) and in our case they become, 

FiC\Zi-{-FiP%z^ I , y~l , • 

3i ■■ 
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where . «’x **• 1 06 m;+ ^ ^ (lA) 

and Al = Kf^— (IB) 

2i = (l-/i){l + Vi) (3A) 

*2 = (1-/2)(1+^) .. (3B) 

Di^=-PtP'^ .. I (4A) 

I 

= .. I .. (4B) 


where Oi. Fi, Pi, Du Oufi, refer to the first ch^ge, and C^, F^, Pz, D^, 0 z,f 2 , «2 
to the second charge, the letters having the usual toeanings. 


4. Solution of the Basic Equations 


In order to make the quantities dimensionless, we 
Bubstitutions : — 

make the following 

(i+f)=f .. 

(6) 

FiCipXai) •• 

. . (6A) 

AD 2 (^2^2\ 

FiCsPzX AlJ 

.. (6B) 

tW 

II 

. . (6C) 

Al y 

JP 2.^2 

. . (6D) 

A^D\ /p fi \2-2« 

1 .|£i^) =ifi .. 

FiGi^i^i \ Al / 

.. .. (6E) 

F^CsfilwiX Al ) 

. . (6F) 


Then the equations (1), (2), (3) and (4) become 

(**■*■ 

' dri^ 

(8A) 
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‘*’'2 w r 

= 

. . (8B) 

2] = {i~/i)(iWi) •• •• 

.. (9A) 

** = (1-/2)(H- W • • 

. . (9B) 

II 

1 

«rt 

8 

. . (lOA) 

II 

1 

to 

. . (lOB) 

Differentiating (7) and using (8B), we get 


dU+^zX^idU+yl^ 


II 

1 

.. (11) 

Equations (8A) and (lOA) give 


Wi ~ 

.. (12A) 

and equations (8B) and (lOB) give 


%f »i-« 

dft “ 

.. {12B) 

,*. from (12A) and (lOA), we get 


d /,« d4\ „ ,1-a 

r. tJ “ ■■ •■ 

Similarly 

.. (13A) 


. (13B) 

Initially when the shot starts, we have 


a; = 0;»«=0;3) = po;^=*l;/i -ho\h “/so J ) 

*1 “ *10 > *2 “ *S0 > ’Jl “ ’ys “ 0. ) 

. . (14) 

.. .. 

. . (16) 

Dividing (4A) by (4B) we get 

dh ^ jS' 

c^s jS 

(16) 

wMoh, on integrating and using initial conditions, give 


^'/8-j87i“^'/so-r/io .. .. 

.. (17) 

Using (9A) and (9B), equation (17) becomes 



^ ( 46* ) “ P" ^ *1 [a/I 1 (^®) 
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I j I 4^2 


Equations (9A) and (9B) give 

d/i*- 


1+^1 ‘ Vi — * 1*1 


From (18), we get 


d/*=- 


1+®* a/i- 


f 

'^l—kjZi = A\/l — 


i-t l±^?i 

and /* = V 1— * 1 * 10 — A'v/l~*i *20 

Clearly when ignition takes place, 

zi = 22 = 0. 

equation (21) gives /i = 1— A 

Hence =* 1— A 

an expression giving the relation between Ziq and 220 - 

We can easily get with the help of (21) 

^ FiCi , 2AA>^/,—r— 

22+^;^«1 S ^+ I / 22 - ■^ Vl -* 2*2 


Now let 


y _ h 

F^Ct'hi 

F^ h 

^ F 2 P 2 

iks 

v' = 1+A* ~ 

•F2C2^ki 

= 1+A2.A' 


, 2AAV /r-T— 


— Zj , say , . 




(19) 

(20A) 

(20B) 

(21) 

(22A) 

(22B) 

(22C) 

(22D) 

(23) 


(24) 


(26) 

( 26 ) 
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Then equation (11) becomes 

d(Zz)^^^-UYi .. 

From (13B), (20B) and (26), eliminating /2 we get 


(1+02)® j^A'A/i+ZV^l — k%z^ {A'A/i+v'\/l — lc%z^} dZ^ 




From (26), we have 

A'A/t + v'V 1—1^222 = «*V 1 — 6^2 


where 


a = A'2AV®+»''®+it2/iV' 


(30A) 


h = -^-v' 
a 


hZi ^ Z 

and 

bYi = ht,i^=Y .. 

Then equation (27) gives 

and equations (28), (29) and (31) give 


.1-2IX 


(31B) 


T 2 J 

where the dashes ' and " denote first and second derivatives with respect to Z. 
From (32), we have 


f' Y" 

(y-l)| = ^ 


.. (34A) 


i’ ~ Y” y— 1 * Y' 

From equation (31), we have 

II 

Y (-Y Y-l’ Y' • 


.. (34B) 


, . (34C) 


Eliminating i', and J'l from equation (33) with the help of (31), (32), 
(34A), (34B) and (340), we get 


[ ynr y/t yrl -i /y/\2-2« 

.. ( 35 ) 


where 


y(l-a) j ^ Msiy-1) 

n saa — j- and Q ** 

y-l (l+ 02 )*o 5 ®“®« 
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^an equation similar to that obtained by Clemmow (1961 ; p. 123) for a single 

charge. 

The equation (36) can be integrated numerically to give a series of values of 
r, r', and r" in terms of 7j for any specific given propellant (i.e. y and a given) 
and a given value of representing the loading conditions. 

The initial conditions are : — 

(i) when a finite shot-start pressure is assumed : 


then 


Zq = bZ^Q = 6 ^; 




Po 


(r)o = land(r')o = 0 f 

and (ii) when the shot-start pressure is taken to |be zero 
then ^ Zq = 0 ; I^o ^ 0 

(r)o=land(r% = 0 

The shot-travel is obtained from (32) as 




dY 

dZ 


i.e., 

and the pressure from (3 IB) as 

?2 = 


1 

i[{rY~^ -1 


i.e., 


P 


6(7'^ 

F2C2 

Alb 


21 


Then equation (7) gives 


(7- 


y_ 

xV-l 


or 


l^-r] 


(Y—l)bwi 


(i) 


(ii) 

(37A) 

(37B) 

(38A) 

(38B) 

(39A) 

(39B) 


The equations (37 A), (38A) and (39A), (or (37B), (38B) and (39B) repectively) 
giving the shot-travel, pressure and velocity in terms of Z, Y and the derivative 
y are valid so long as both the propellants are burning. 


6, Diffbbbnt Casks of All-btjbnt 

Following Yenkatesan and Patni (1953), we see from (17) that if 

(i) i^'/so < )8"/io, then cannot become zero before /i. Hence charge 
must be burnt out first. 
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(ii) iS'/ao < fi cannot become zero before /e- Hence charge O 2 

must be burnt out first. 

(iii) py^o = P f 10 * charges will have to be burnt out 

simultaneously. 

Hence we see that two diflFerent cases arise, viz. — 

I. The two propellants burn out at different times. 

II. Both the propellants bum out simultaneously. 

For the sake of definiteness, let us call that propellant which will bum first 
as Cl. 

Case I : — ^We have to consider this in two parts : — 

« (i) When only C 2 is burning (and Oi has been burnt out). 

(ii) When is also burnt out. 

Case /(i) ; — In this case, equation (7) becomes 



which on differentiation and using (8B) gives 

(41) 

Let the suffix (2, 1) denote the position when the charge Ci is just burnt out. 
Then the initial conditions for this case are : — 


X 

Zt 


= 0:2,1; V = V2, 1; Zi = 1 ; 22=^2; 2,1 ^ 

! = 22;2,1; ^ = ^2,i; '72 = '72;2,l®'^^f2=52;2.1 ) 
The equation (21) gives the value of Z 2 s»t this position (2, 1) as 

■■ •• 

Also from (31) and (26), we get 

= 

Then is, i, Is -.i.i and % ^ by (37A) (38A), and (39A). 

Let 

FsCs'^^* 

and is(^ — Fsf as before 

Then (42) gives 

diz^)^e'^dYs 

Proceeding, as for equations (32) and (33), we shall get here 




and 




(42) 


(43) 

(44) 


(45) 

(46) 

(47) 

(48) 

(49) 
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where 

, JP tCi+F iCiki 

FtCi 

. . (60A) 


^ 

” o' 

. . (60B) 



.. (60C) 

and 

^ = = i 

. . (SOD) 

Hence the corresponding equation (35) becomei in this case 



y//+(w 2)y, +ayj gi. Q y//y2a-l 

• • (51) 

where 

t 

and O'- 

- y_i ana y “ o'(6')»-2a(i+^5,)2 •• 


KX ss 

with initial conditions 



^ = ^2.1 = ft (^^(.^+ 22 : 2 . 1 ) •• 

. . (63A) 


1-1 

II 

II 

. . (63B) 


= 

. . (63C) 

and 

r'-(F")2.i 

.. (64D) 

— ^tho quantities i, (r') 2 , i, {Y") 2 , i being obtained from the numerical integration 

of equation (35) when Z = Z 2 , i- 

Then the shot-travel, pressure and velocity at any point between the position 
when Ox is just burnt out and the position when <72 is also burnt out, are given in 
terms of Z, T and T' by the equations 




.. (54A) 

i.e. 

1 

* = ^(rr'-i] 

. . (64B) 


r _1. ^ 

“ “ 6' r 

. . (66A) 




i.e. 

^2(72. Y 

AW _>!, 

[F'F-i 

. . (55B) 

and 

2_ 23f2 r„ r] 

’?2 - 6'(y_l) 7'J 

. . (66A) 

i.e. 

21’2C^8 Y] 

' - (r-i)«..y r rj •• •• 

. . (66B) 
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TFie quantities X 2 , P 2 and V 2 corresponding to the all -burnt position are obtained 
by putting 

and the corresponding values (¥)2 and (F ')2 of Y and Z' as obtained from the 
numerical integration of equation (51) in equations (54B), (65B) and (66B). 

Case I (ii) : — In this case, the equation (7) becomes 

A 

Differentiating (57) and using (8B), we get 


= 0 


$25 = constant = $ 2 ; 2 C 


i.e. 


$2 = 


$2i2$a 


(58A) 


or 


V 




(58B) 


where ^ 2 > C 2 ; 2 . ^ are the values of I 2 all-burnt position, obtained 

from equations (54Aj, (55A) and (56 A) as 


^2 

C 2 ; 2 “ 


{Y'h 

(F)2 

y 

y-i 


and 


hX{Y\] 

2 M 2 
(y~i)6 

From equations (57) and (58A), we get 

2 M 2 


2 

^2; 2 ' 


’K-rlrJ 


< = V-l 


F2P2 ~h Y'l C X ^2 ; 2 ^2 


F2C^ 


2^2 


K-l 


or 


iFoC 


2^2 




F202"\‘F\Ci ^2^2 ; 2 


FoC 


2^2 




(59A) 

(59B) 

(69C) 

(60A) 

(60B) 


The equations (58B) and (GOB) give the values of pressure and velocity at any 
point after all-burnt position in terms of i and the various elements at the com- 
plete all-burnt position. 

Ca^e II : — ^Both the propellants are burnt out simultaneously, 
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At complete ‘ all-burnt we shall have from equations (31) and (26) 


(Zh = 6 ^ 2:2 = b 

\ ^^2 

Then from equation (35), (F )2 and (F') 2 , the corresponding values of Y and Y' are 
calculated. Then equations (37), (38) and (39) give ^ 2 > 52; 2 ^^nd »? 2 ; 2 > the values 
of i , C 2 V 2 ^t the complete ‘ all-bumt ’ as 


C“(F)2 

. . (61) 

r i 

'= 2 , 2 — 1 y 1 

. . (62) 

[(3^')2f~’ i 


’^2:2 |y^J •• 

. . (63) 


After all-burnt, the values of (giving pressure) and (giving velocity) at 
any point are given by equations (58A) and (60A), 


6. Muzzle VELOoiry 


Case I , — (When the charges burn out separately) : — 

The muzzle velocity is given from equation (GOB) as 

2Al i FjCz+FjCi Pz^l 
^3 (y~l)wi Al dV-i 

where Pg ^2 obtained from equations (59B) and (59 A). 


(64) 


Case II . — (When the charges burn out simultaneously) : — 

In this case the muzzle velocity % is given by the same equation (64) but 
Pg and Ig are obtained from equations (61) and (62). 


7. Maximum Pbbssube 


The following cases may arise, viz., that the maximum pressure occurs when — 

(а) both the charges are burning ; 

(б) Cl is burnt out and Cz is still burning ; or 

(c) at the position of simultaneous ‘ all-burnt ’ of both the propellants. 
Case (a ) : — From equation (38A), 

(38A) 


or p 


Y 

Alb ' v_ 

[FF-i 


(38B) 



114 


Q. o. fatni: INTBBNAL BAUJSTIOS 07 


The pressure is maximum when 


Y' Y" 

T~Y^'Y' 


(65) 


The equation (66) can be solved numerically for Z from the tabulated values 
of JZ, 7, 7' and 7" as obtained from (36) and then the value and the position of 
maximum pressure (i.e. and and the velocity Vi at that instant can be deter- 
mined from equations (38B), (37 A) and (39B). 

Conditions : — ^The conditions for the occurrence of maximum pressure in this 
position are 

i.e. i 1 < 1 and 22 ; i < 1 J ^ ^ 


where Zi ;i and 2:2 ;i are the values of Zi and Z 2 at the position of maximum 
pressure. 

With the help of equations (29), (31) and (21), the conditions (66) reduce to 

•• •• (67A) 

[c*- •• •• (87B) 

where (Z)i the value of Z obtained as the solution of equation (65), and 


Ceue (6) Here 
Equation (66B) gives 


v^+AAV 

a 


b* 

c* 

d* 


V® 

A-x/o 

t±E 

X-\/a 


j8'/2o>r/io. 


p 


FtCi T 
Alb' * JL 
[r']y-i 


.*. pressure is maximum, if 


r 

T 


JL-ll 

y~l r 


. . (68A) 

. . {68B) 

. . (68C) 
.. {68D) 


(56B) 


( 69 ) 


This equation ean be solved numerically for Z from the tabulated values of Z, 
T, Y' and Y" obtained from equation (61). Then the value of maximum pressure 
can be found out from equation (55B). 
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Conditions : — ^The oonditions for the ooourrence of TWATimnni pressure in 
this position are 


/i ; 1 = 0 and /sj 1 > 0 j 
i.e., Zi; 1 = 1 and 22, i< U 


(70) 


But in view of the condition P'fgo >)S"/io «*d equation (11), fz-, 
equal to zero. 

Theli with the help of (21) and (60G), the oon|Utions reduce to 

P'fio>p’'fio ; 

fx+XVT^z < \/i|^ 

and i 

Fs,Cs(Z)i—FiCi 

b'F^Ci 1 

where (Z)i is the value of Z obtained as the solutfin of equation (69). 
Case (c) : — Here ’ 

/s'/zo^r/io- 


cannot be 


(71A) 

(71B) 

(71C) 


In this case the maximum pressure pi is given by the equations (65) and (38B). 
Conditions : — ^The conditions for the occurrence of ma xim um pressure in 


this position are 



and 

V 

. . (72) 

or 

8li 1 = x = 1 J 


These conditions are reduced to 



^a*-Vl-(Z)x] [b*+Vl-{Z)i] = • • 

. . (73A) 

and 

[d*+ Vl-(Z)i] = . ■ 

. . (73B) 


where a*, b*, c* and d* are given by (68A), (68B), (680) and (68D) and (Z)i has 
the same value as in (67A) and (67B). 


8. A Sfboial Cash, (ffi 

When both of di and or any one of them be zero, some of the equations 
derived above present some difficulty as they may take the nndetennined form. 
Accordingly those equations are to be modified. For a long tubular propellant, we 

***** ^ 

generally take 0 s 0 ; but as is theoretioally determined, this B : ; so even if 

■^0 

Ho (i.e. the length of the grain) be 209-600 times the annulus (Bo— ro), 6 is 
greater than ‘002 and we may not ne^eot it. With this device, the theory 
developed in the previous sections is equally appHoable to tubular propellants also. 
However, we give here principal equations which differ firom those given above 
when $i and 6f both are takmi exactly zero. 

I^oe 


■* 62 (^1 ^ 
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Theoquations (18), (21), (26), (32) and (33) become here 



= P'%o-p’zso 

. . (74) 


^ i5' _ , rzio-P'zsa 

Zi — Z2T‘ 

. . (76) 


F^Ct *1 “ ^*®*+/** “ ^ 

.. - (76) 


1 

1 

.. .. (77) 



.. .. (78) 

where 

J._ !+?>&£ 

.. .. (79) 



. . (80) 

and 

II 

. . (81) 

Accordingly the fundamental equation (36) becomes here 



Y'" . ox Y" . Y' (r)2-2» 

Y>r 2) y, -fa Y —Q ■ y„y2a-i 

.. .. (82) 

where 

n= andQ*= .. 

.. (83) 

and the independent variable is Z = 



The equation (82) does not contain the independent variable Z explicitly ; it 
can, therefore, be solved numerically by treating F' as a function of Y, 

With zero shot-start pressure, the series solution of (82) takes the form as 
given by Glemmow (1961, p. 124), 


where 


r- .?[ll , {3-2«-n(2-«)}(Z*)« 1 

4-2a’*' (6-3a)(4-2«) ^ J 

Q*Z>-** 




(3-2«)(2-«) 


(84) 

( 86 ) 


The quantities i, (g and i/, giving the shot-travel (a:), pressure {p) and 
vdooity (v) when both the charges are burning, are given by 


^ dZ 



[Ff*^ 


( 86 ) 

( 87 ) 
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and 


2_2ifs r r] 

’»2-7ZT[^-rJ 


(88) 


where Z, Y and !F' have the values obtained from (82). Clearly the equations (86), 
(87) and (88) correspond to equations (37A), (38A) and (39A) of the general case. 


9. Different Cases of All Burnt 

V 

Case I (i). — (When Ci is burnt out and C 2 is|Btill burning.) 
The initial conditions for this case are 


22 ; 2, 1 == 




r 

I 


^20 




and fj. j, Sj • 2. 1 and g ^ are given by (86), (87)^ and (88) for the value 


(89) 

(90) 



^ = ^2, 1- 



Now let 





-'^FzC\ ^ 1 


. . (91) 

and 

II 



Then here 

we shall have 




il 

T 



. • (92) 


52 , * 

-2a 

.. (93) 

and the equation corresponding to (61) is 




•pr/// y// y/ 

~+(«-2) 

(7')2-2n 

y"y2a-i 

• • (94) 

where 





n = -y and Q'* = 

3f2(y-l) 

. . (96) 

The equation (94) is similar to (82) with Q'* for Q* and with initial conditions 


Z ^ Z2,1 1 




== fe ; 2, 1 ^2 1 \ 



and 


1 

. (96) 

F" = (r")2.i 1 




=s the value of 7" corresponding to Zss j. 

The quantities f, C, and tj, are given by (86), (87) and (88) but now the 
qnuitities Z, 7 and 7' are given by (91) and (94). , 
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Case I (it). — (When <7j and 0* both are burnt out.) 

In this ease Jg and rj^ (giving pressure p and velocity v respectively) at any 
point after all-burnt are given in terms of i by equations (68A) and (60A) where 
(», ii; 2 and rjj.j (the values of Cg and ijg respectively at the complete all-burnt 
position) are given by equations (86), (87) and (88) for 


Z = (Z)* = 


flCl +.^2^2 

FsPi ’ 


and for Y and Y' obtained from equation (94) with the above value of Z. 
Case IJ . — Both the propellants are burnt out simultaneously, i.e. 


or 


)S'/2o = /S7io. 

P *10~P *20 =* P —p • 


At ‘ all-bumt we have from equations (86), (87) and (88) 


and 

where 



(Y'h 

(Yh 

[(FOaf'’'-' 




(Z)2« 


F^i 


and (y)g and (F ')2 are 


(97) 


obtained from equation (82) for this value of Z (Z )^ . 

After ‘ all-bumt ’ position, {g and (^ving pressure p and velocity v) at any 
point are given in terms of | by (68A) and (60A) with fg , Jg, g and ijg. g as given 
by (97). 

10. Maximum Pbbssxtbb 


Case (a ) : — When both 
given from equation (87) as 


subject to the condition 


the charges are burning, the maximum pressure pi is 


Pi 


FiCi 

Al 


Y 

y 

(r)r-i 


(98) 


r'_ y H! 
T~y^' r 


(99) 


which should be solved numerically from the tabulated values of Z, Y, Y' and 7" 
as obtained from equation (82). 

Conditions : — ^The conditions of equation (66) for the occurrence of maTimnm 
pressure in this position are simplified with the help of equations (76) and (76) 
as follows : — 


(Z)i < 


(^h< 


pf A*-l 



(100) 
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i.e. (Z)i, the value of Z obtained as the solution of equation (99), should be less 
than the smaller of 

A*+/i* 

and 


/O! \ 

\ /?' A*-lf 


Cas6 (/>) : — Here the maximum pressure pi is given by the same equations (98) 
and (99) but the latter equation should be solve^from the tabulated values of Z, 
Y, Y' and Y" as obtained from equation (94). 

Conditions : — The conditions of equation (70)|for the occurrence of maximum 
pressure in this position are simplified to ? 


and 


j872o >i87io 

FiGi 


(2)i < 1+ 


( 101 ) 


FiCi 


Case (c ) ; — Here both the charges are burnt outf simultaneously, i.e. fS'/ao P"fio 
and the maximum pressure occurs at ‘ all-burnt ’ position. 

In this case the maximum pressure is givin by the same equations (98) 
and (99). 

Conditions : — ^The conditions of equation (72) for the occurrence of maximum 
pressure in this position are simplified in this case to 


i872o = )87jo 

and (Z)i = X*+n* 

_ P"X* II* 
/S' A*-] 


( 102 ) 


where X* and n* are given by equations (79) and (80) and {Z)i has the same value 
as found from equation (99). 

11. Stjmmaby 


In this paper the problem of using composite charges in conventional guns has been dis- 
oussed. A solution of the basic equations of Internal Ballistics when non-linear power law 
for rate of burning is assumed, is derived for any values of the form*ooefficients under certain 
conditions, viz., the value of y— the ratio of speciBc heats — ^is the same for both the charges 
and the powerundex law also is the same for both the propellants. 
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Intboduotion 

The theory of w-meson production has been worked out by various authors 
under different assumptions in order to explain the various results of observations. 
Heisenberg, and later on, Lewis, Oppenheimer and Wouthysen (1948) put forward 
the theory of ‘multiple production’ of mesons. Heitler and Janossy (1949, 1950), 
on the other hand, proposed the ‘plural theory’ of meson production on some plaus- 
ible assumptions. The results of cloud chamber observations as well as the nature 
of stars recorded in photographic plates are in many cases in qualitative agreement 
with the plural theory. Recent experiments of Schultz (1964), however, lend more 
support to the theory of multiple production of meson showers. A quantitative 
comparison between the theoretical and observed results, however, is not feasible 
without making considerable improvements in the theoretical as well as obser- 
vational results. 

It is now evident from various results of observation that the development of 
the nucleons and mesons should follow a cascade process. The most uncertain 
factor in the theoretical development is the form of the cross-section for the energy 
loss of the nucleon and that for the production of mesons in the nucleon-nucleon 
collisions, which are usually deduced from the theory of meson production. 
Hamilton, Heitler and Peng (1943) calculated the cross-sections, which were, how- 
ever, mo^ed later by Heitler and Walsh (1946). Peng (1944) used the results of 
Hamilton, Heitler and Peng and estimated the number of nucleons and mesons 
through the cascade process, but ignored the effect of j8-decay. Chakravarty 
(1947) calculated the average number of nucleons and mesons generated by a 
primary nucleon of given energy passing through a given depth of material. The 
development of the showers followed a cascade procesa and the form of the cross- 
section given by Heitler and Walsh was used. The effect of j3-decay in the scheme 
of the cascade process was also taken into account. The results obtained by 
Ohakravarty differ considerably from those of Peng.and is due to the difference in 
the form of the cross-sections assumed and also partly due to the neglect of decay 
of mesons by Peng. To avoid the uncertainties that are inherent in the theory of 
meson production, Heitler and Janossy (1949) have derived the cross-sections for 
the enei^ loss in a nucleon-nucleon collision in a phenomenological way, which 
compares well, except in details, with those deduced previously. Heitler and 
Janossy have used this cross-section in estimating the absorption of nucleons in 
matter. Messel (1951) has used a different cross-section also suggested by Heitler 
and Janossy and has taken into account the production of recoil nucleons. Ws 
cross-section, however, gives an average energy loss of the order of 6/24thB of the 
primazy into the meson component. As such, the results obtained by Messel in the 
estimation of the size of the nucleon cascade is much larger than that obtained by 
Heitler and Janossy. In a later paper, Messel has, however, used a (Afferent cross* 
section for the production of mesons and recoU nucleons. 
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Detailed theoretical results on the various theories of meson production are 
essential for a proper comparison with the observed results and thus one should 
also know by how much these results vary with the choice of the form of cross- 
section. In the present paper an attempt has been made to estimate the number 
of nucleons as well as mesons produced by a primary nucleon of given energy 
in passing through nuclear matter. We have also taken into consideration, follow- 
ing Heitler and Walsh and Chakravarty, the effect of the decay of mesons. In a 
later section, we have compared our results with l^ose of Heitler and Janossy €ttid 
also of Messel, which will show, on the one hand, thc^effect of the form of cross-section 
on the size of a nucleon and meson shower and, on^ the other hand, will indicate the 
possible nature of meson production when compand with the different results of 
observation. \ 

Following Heitler and Janossy (1949) we have Itesumed that a nucleon of energy 
E may lose an energy between € and c+dc in a sinde collision with another nucleon 
and the probability for such an energy loss, 1 

4>(E, €) dc = a(l-€/J^)f deJE (1) 

We have also assumed that the average croajl-section for the production of a 
recoil nucleon of energy between c' and €'+dc' by a nucleon of energy E^ losing an 
amount of energy between e and €+dc is given by tf${E, c, c') de dc' when the mescm 
produced takes the energy €— c' where 

i.{E,€,e')d€de' = aL(l-efEf^{l-^'IEf»^ .. . . ( 2 ) 

and a = 15, ft = 2, ft = 1 


Consider a layer of the substance on the surfiace of which a primary nucleon 
with energy Eq impinges normally. We propose to find out the energy distribution 
of the mesons and nucleons at any depth below the surface of the layer. The mesons, 
together with the recoil nucleons, are produced by the fast nucleons and they are 
absorbed through ionisation and j8-decay. The unit in which depth or thickness is 
measured is the average distance between two consecutive collisions and has been 
defined as collision units by Heitler and Janossy. Let P(E, t) dE be the total 
number of nucleons at depth t having energies between E and E+dE and M(Ey t) dE 
the total number of mesons having energies between and E+dE. Then the 
dilBFusion equations may be written as follows : — 


a 

dt 


P{E, t)j-p ^ P(E, <) * f P{E', t) 4>{E', E'-E) dE’-P{E, t) f 4>{E, W) dW+ 

J E *^0 

f oo 

P{E\ 

E 


t)Vi{EIE')^ .. 


. (3) 


and 


where 


iM(E,t)-Y^M{E,t).>^8(E,t)^^^M(E,t) .. .. (4) 


1 - |.E' 


.. ( 6 ) 


8{E, 


, 0 “ [ W t) XW) dE’lE' (6) 

J B I 
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SO that 


J s 


.. (7) 


j9 and y are the rates of ionisation loss of the nucleons and mesons and 6 is a 
quantity which depends on the proper lifetime of the mesons at rest and for the 
atmosphere b 9*5 in natural meson units. 

In order to solve equation (3) we introduce a function defined by 

p(s,t)= [ E‘-^P{E,t)dE (8) 


By Mellin’s transform then we have 


1 

E->p(8.t)dB .. 


where a is such that when It(s) > a, p(s, t) is analytic. Multiplying equation (3) by 
and integrating with respect to E from 0 to oo we have 


^ 0+i8(s-l) p{8^h t)-^(M+N) p{B, t)+a p(3, 0 = 0 . . (10) 


where 


^ l+ft r(s+ft+j8*+2) 


.. ( 11 ) 


In the present paper w© shall neglect the ionisation loss and estimate its effect 
in a later paper. We then have 


where 


BO that 


= P(s, t)+K,p{», 1) » 0 . . 


p{8,t)^Ce'f^^ 


.. . .. ( 12 ) 


.. (13) 


(14) 


IVir an incident primary nucleon of energy Eo, we have P{E, 0) *= S{Eo^E) 


and hence p(», 0) — E‘~^, so that 


P{«, <) “ ^''e"*** 


.. (16) 


P^E.t) 


Ju r*" 

priiPo \ff/ 

V 




.. (16) 
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The energy spectrum of nucleons at a depth $ gm./om.‘ of the absorber is then 
given by P(E, $) wher* 

P{E, 0) * f P(B, t)F(e, t)dt (17) 

J 0 


F{6, t) being the probability for t to lie in the interval dt when the nueleon 
traverses 6 gm./om.* of material (Heitler and JanoKy, 1949). 

Also i 


where 


pA'+to 

m »-^\ . 

J A^—fcO 


exp {A/4?/(A)} dA . . 


m 




.. (18) 


(19) 


and p is the average number of collisions when passing through a thickness B and 

is equal to 6n4>j^ • . • • • • . • . . . * . . . . . . (20) 

being the geometrical cross-section and n the number of nuclei per gram. 
Substituting in (17), we have 


P{E, B) 


dt 

Jo 


27ri 


'A'+foo 

J A'^ico 


exp {A<— gf(A)}dA 


1 



e~^^da 


(21) 


1 

2iriEQ 



e-PWd» 


.. ( 22 ) 


We assume a power law spectrum for the primary nucleons so that 


P{Eq, 0) =» — ITT"* -^0 > Fc 

«r 

■ 0, Efj < Ee 


(23) 


where Ee is the latitude cut>o£P energy. 

Then the number of the nucleons in the energy range {E, E-{-dE) at any 
depth 6 is Pi{E, 6) dE given by 


Pi(E. 9) 



P{E,ff)dEo.PiBt,0) 


y 

^niEe 





da 

y— 1 


( 24 ) 
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If Q(E, B) be the total number of nucleons above a certain energy E, at & depth 
0, then 

/•« 


Q{E. <?) = j 


Pi(E,0)dE 


2'rri I \-fi/ (^" 

*1 O^too 
/•a+io 

J a—ioi 


-i)(y~«+i) 




(26) 


v) ds 


where 


B{a, p) = (8-1) log, J -p/(JSr,)-log, («-l)-log, (y-8+1) 


(26) 


Heitler and Janossy have taken a in the cross-section to be of the order 10*5 
and so for the purpose of comparison we have also taken a == 10*5 for calculating 
Q(£/, 6) and the results obtained are given in Table 1, together with those of T(E, 0) 
obtained by Heitler and Janossy (1949). 


Table 1 

Total number of nucleons Q(E, $) at a depth $, T(E^ 0) represents 
the same expression obtained by Heitler and Janossy. 



log Q ( E . 0) 

log ns . 0) 

p 

-2 

-1 

0 

-2 

■ 

0 

10 

- 0*4 

~116 

-20 

- 0-6 

H 

- 2-26 

20 

- 1-8 

- 2-6 

- 3-6 

-206 

-3 a 

- 4-46 

30 

an 

mi 

- 5-9 

- 3*9 

-616 

- 6-6 


The table shows clearly, as is expected, the contribution of the recoil nucleons 
at the difiPerent depths. 

If now N{E, t) be the total number of nucleons at a depth with energy greater 
than E, produced by a primary of energy Eq, then 

N(E, 0 « [ i) dE 

J E 

<2’) 

J o-in 

To compare the results of the present paper with those of Messel and of 
Cihakravarty, we have oalouloted the values of N(E, t) for three different values of 
log, {EofE), viz. 2, B, 8 and the results have been shown in Fig. 1. As expected, 
KSessel’s analysis gives a larger multiplication and a slew-rate of absorptioii. The 
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values derived by Chakravarty are less than those of the present paper and this is 
possibly due to the difference of the cross-section assumed. 



Fig. 1. Total number of nucleons at different depths ( Present Paper; derived from 

the analysis of Messel; — • — deduced by Chakravarty). 


Substituting the value of P{E, t) in (4) it can be shown that 


M(E, t) «= 

^ ^ J a 




dt' 






where rj = E+yt . . 

and y is the rate of ionisation loss of the mesons. 

Using (6) and (16) and after making some simplifications we get 


where 


jf/i r (v-yt'\dE' 


.J_H 

lJL. 

-^1 


'^«+2 

«+4j 


Equation (30) can be written in the form 


mu. 0 - (!)’■ i j ,, <•) „ 


(28) 

(29) 

(30) 


(31) 


(32) 
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where 


W{En, V, O 


1 

297t 



e-^^Fsds 


1 

2tri 


J a^itc 




yo being equal to log« 



. . (33) 

.. (34) 


The integral in (34) is evaluated by the saddle point method for some integral 
values of t, viz., ^ « 0, 1, 2, 3, 4, 6, 6, 7, 8, and 10 and for different yo’s. 

The equation (32) can be simplified without introducing much error and we 
can take 

^ b 

M(E, t) il.er W(E9, V,t')dt' (36) 


b 


The error in putting 1 is only to the extent of 10% even when ij is 

small. We have checked by calculating the values for two cases where JEo = 10® 
{E SB & and E s 60). The values are found to be 52*6 and 10*2 according to for- 
mula (32) as against 68 and 11, found by formula (36). The integral in (36) is then 
solved by applying a process of numerical integration. 

If M(Ei, t) be .the total number of mesons above a certain energy Ei, at a 


depth t, then 

If 


^ f 

0 a.*<ao 

(36) 

1 

f -“' aj (r) ,*+«_„•). •• 

/ 0 J a-^irx> ^ 

(37) 

Again, 

If 



r dE 

\?/ {E+n—yt'y 

Jfi, 



-r aW'— *” 




(38) 


I V ^ f V 

J *i+y< 




in powers of - and 


neglecting higher powers of 
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The integraod in (38) 


“ «-l <7<+y*'] 


Substituting in (37) we have 


Jo J <»-*<30 

+2sr.r” ^■.*] (39) 

J a-ioo I 

We have evaluated (39) by the method indic^d before and the results for 
M{E, t) and M(Ei, t) have been given in Tables 2 ai|d 3. 


Table 2 | 

Values of M{E, t) x 10»i 
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Tabus 3 


Values of M(Ex, <). 



t 

10* 

10* 

10* 

10» 


2 

‘497 

1-252 

1-467 

M82 


3 

•421 

1-438 

2-503 

3435 

5 

4 

•369 

1-368 

3145 

5-538 


5 

•311 

1176 

2-973 

6-952 


6 

•280 

1036 

2-712 

6-629 


The results for t) show as is expected, that with higher energies the 

maximum intensity occurs at greater depths. The values of M(E, t) obtained here 
are larger than those given by Chakravarty (1947) but there is a general tendency 
of agreement between the two sets of results. These results can be used for the 
estimation of the meson intensity at different depths of the atmosphere for a proper 
distribution of the primary nucleons incident on the top of the atmosphere. A 
comparison with the results of observation on the size frequency distribution of 
meson showers will then indicate how far the cascade production process can explain 
the observed results and also whether any other generation process should be taken 
into consideration. 

Abstract 

Nuoleon-nucleon colliBions are responsible for the production of mesons and the energy loss 
in the process is partly taken over by the recoil nucleons. The average cross-sections for the 
energy losses through meson production and through production of recoil nucleons have been 
obtained by Heitler and Janossy. In the present paper an attempt has been made to study the 
effect of different cross-sections for the energy loss as well as meson production on the size of the 
shower. The diffusion equations for the average number of nucleons and mesons have been 
solved. The integral and differential meson spectra have been evaluated for an incident primar/ 
nucleon. 
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A NOTE ON THE FRAGMENTATION OF CONICAL ‘LINERS’ AND ITS 
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t 

1. IntboduotionI 

In a previous note (Kothari and Singh, 1963, ta be referred to as I), a fragmen- 
tation-pattern on a mild steel ‘witness-plate’ was {obtained by base detonating a 
‘shaped-charge’ having an ‘inverted’ mild steel cbnical liner of angle 45°. The 
fragmentation-pattern consists of ‘radial streaks’ qpnfined within a rather sharply 
de^ed annular region (see Fig, 2 of I). From thcf dimensions of the pattern, the 
values of velocities of collapse have been calculated, which agree (to order of magni- 
tude) with those of Eichelberger and Pugh (1962). 

In this note results for the fragmentation of 46° mild steel conical liners of 
different calibres and of 80° mild steel conical liner are presented. The formation 
of ‘radiad streaks’ in the fragmentation-pattern is treated in some detail. 

2. Experimental Wobe 

A. Conical ‘liners’ of angle 45° and of different base diameters (referred to as 
calibre and denoted as D, thickness of liner 0*032i>) were machined from rods of 
mild steel. The ‘inverted ’ conical liner was soldered at one end of a gas pipe. The 
liner was snug fitted (bearing-fit) in a recess machined in a massive mild steel block 
(Fig. 1). High explosive (70 TNT, 30 Tetryl) was cast in the equipment. Ota base 



Fxa. 1 . Lay-out of the equipment wi^ an inverted 45’ mild steel oonioal liner, ith)ohi 
hearing-fit in a reoess machined in a adld steel block. 
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detonating the equipment, the recess wsrs found to have enlarged and the liner was 
also recovered. The recovered liners are photographed (Pig. 2). The cracks on 
the surface of the recovered liners are nearly parallel to the axis of propagation of 
detonation and the liner splits up into wedge-shaped strips. 

B. The experimental set-up was the same as described in Part I, except that 
the conical liner was made of two metals (half of the conical liner towards the base 
made of copper and the other half towards the apex of mild steel or vice versa). 
On base detonating the equipment, the fragmentation-pattern (Fig. 3) was obtained 
which consisted of two annular rings. The outer ring is formed by fragments of the 
metal towards the base and the inner ring by fragments of the metal towards the 
apex of the liner. 

In another experiment, annular rings of metal were removed at predetermined 
places in the mild steel 'witness-plate’. On base detonating the equipment, a 
fragmentation-pattern (Fig. 4) was obtained. 

C. The equipment having an 'inverted^ conical liner (material-^mild steel, 
calibre — 2*0 in., angle— 46® and thickness — 0 032D) was detonated on a cardboard 
‘witness-plate* (placed one above the other and clamped together). The fragments 
penetrate deep into the cardboard target and the co-ordinates of the holes were as 
expected by the mechanism of collapse of the liner (refer Part I). In some holes, 
one fragment was found and its surface was dull (slight bluish tinge) ; in some others, 
many fragments were recovered from each hole and often it was possible to fit these 
together to form a single fragment (the broken pieces had a clean surface 
appearance); and m the remaining holes, many tiny (passing 14 mesh, B.S.S.) 
fragments were found. Some of the fragments at the periphery of the pattern 
penetrated as much as 3J in. of cardboard. The fragments were separated into 
different sizes and photographed (Fig. 6). The percentage recovery of fragments, 
i.e. total weight of fragments/weight of original conical liner was about 66%. 

D. The equipments having ‘inverted’ conical liners (material — ^mild steel, 
angle— 46® and thickness — 0 032Z)) of different calibres were detonated on mild 
steel 'witness-plates’. The dimensions of the fragmentation-patterns indicate 
that the angles 8o and Sj (8 represents the angle between the collapsing liner element 
of the liner and normal to the original liner stuface, 8^ and 8x denote the value of 
8 for the liner element near the base and the apex ofthe liner respectively) are 94® 
and 44® respectively and are independent of the calibre within the experimental 
error. 

E. The equipment having an ‘inverted’ conical liner (material — ^mild steel, 
calibre— 3 0 in., angle — 80® and thickness — 0096 in.) was detonated on a mild 
steel ‘witness-plate’ (distance of the base of the liner from the witness-plate = 
4*6 in.). A typical fragmentation-pattern, which consists of a ring is shown in 
Fig. 6. The metal in the ring is scooped out in a radial direction and each radial 
streak has got a scaly appearance. The calculated values of 8^ and 8^ are 9*7® 
and 8 4®. 

3. Discussions 

A. In the experiments described in section (A) abov^, on base detonating the 
equipment, there takes place a plastic expansion of the cone material but the 
expansion of the cone ^ retarded by the mild steel block. In the recovered conical 
liners, there are cracks which are nearly parallel to the axis of propagation of detona- 
tion. We assume, that in case of those experiments, wheii we get a i^gmentation- 
pattem on a mild steel ‘witness-plate’, the material of the cone undergoes plastic 
expansion and the cracks appear parallel to the axis of propagation of the detona- 
tion wave and thus the liner splits up into many wedge-shaped strips.^ On further 


* Dr. S. Fatsrson {1984) also suggested in a personal oommunioation to Professor D. 
Kolhari the radial streaks ate out by wedge-ahaped stripa of the oonioial liner. 






SlN^H. 


Pnx*. Niit. Inst. Sci. India. 21. A, Plat(‘ I\' 



Pjc. ,*}. Typical fraf^m<*ntation'patt(Tn on a mild stpcl ‘witness-plate’ l)y detonating a 
‘ shaped -eharge ’ having an inverted hi-metallic conieal liner (half of the eonieal liner 
towards the base made of <*opper and the other half towards tho apt^x made of mild 
steel). 


Singh. 


Pn 


Xnt. Inst. Sci. India. \’(il. lil. .\, Plate V 



Kk;. 4. 'ryjwciil fr»j>iii«ntation-patterii on « mild stfcl ‘ witti<‘.sM-plul(* ’ (four aunuliir 
f|uartcr ring.'! of metal were removed from the witneaw-jdate before the firing). 
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expansion, each strip fragments and as such on striking a mild steel ‘witness-plate’ 
forms a fragmentation-pattern having the scooping of the metal in a radial direction. 
As the detonation wave takes a finite time to travel from the base of the liner to the 
apex, so the fragments arising from the base of the liner start first as compared to 
that from the apex. 

B. The experiments indicate that the outc;r and the inner circumferences of 

the ring are due to the impact of fragments from the metal near the base and the 
apex of the liner respectively. The fragmentatio|i-pattem (Fig. 4) indicates that 
by cutting a slot in the centre of the ring, the ti^vel of radial streaks cannot be 
stopped and that adjacent fragments do not affecM each other appreciably so far as 
their impact on witness plate is taken into consideration. This also indicates that 
the velocity with which a fragment travels is alsc| independent of the velocities of 
the neighbouring elements. | 

C. The experiments on the collection of fra|^ents on a cardboard ‘witness- 
plate’ indicate that there are two types of fragmipnts. In such cases, where only 
one fragment is found at the bottom of a hole and the surface is dull (slight bluish 
tinge) the fragment is denoted as a ‘primary fragment’. Obviously the primary 
fragments arise by the breaking of the liner wl^n the explosive detonates. In 
those cases where many fragments are recovered from one hole and their clean 
surfaces can be joined to form a single fragmeni, the fragments are denoted as 
‘secondary fragments’. Obviously a single fragment after striking a cardboard 
target and/or while penetrating the target breaks into many fragments. It is 
these tiny fragments, which strike the mild steel ‘witness-plate’ at a tremendous 
velocity (of the order of 2 to 3 km./sec.) that produce a fragmentation -pattern. 

Pearson and Rinehart (1952) recovered the fragments of Jow-carbon steel 
cylinders, which were internally loaded with explosive charges. The authors have 
not published the experimental details of the method of recovery of fragments and 
also have not discussed the two types of fragments, i.e. ‘primary’ and ‘secondary’. 

D. The experiments on firings of 45° mild steel ‘inverted* conical liners 
indicate that the velocities of collapse of the base and the apex of the liner are 2-6 
and 1-2 km./sec. respectively and are independent of calibre. 

E. The experiments on firings of 80° mild steel ‘inverted’ conical liners 
indicate tliat the velocities of collapse of the base and the apex of the liner are 31 
and 2-7 km./sec. respectively. 

F. The possible bearing of the results on the theory of ‘shaped- charge’ is that 
the velocities of collapse are independent of the calibre. Let jS represent the half 
angle of collapse, i.e. the angle which the collapsing liner make s with the axis of the 
equipment. Let j8o denote the value of for the liner element near the apex of the 
liner (in ‘shaped-charges’, subscript 0 and I refer to the apex and the base of liner 
respectively). We assume that 

Po = a+ 28 o. 

This indicates that is also independent of the calibre. The author (1953) has 
given an explicit expression for the length of jet. It has been shown that the 
minimum length of jet depends on calibre, Sq, 8i and Pq, As the angles So, Si and 
pQ are independent of calibre, therefore the minimum length of jet when fully formed 
is directly proportional to the calibre of the equipment. The depth of penetration 
by a jet into a given target depends upon its length and density. The interesting 
conclusion is that, to a first approximation, in ‘shaped-charges’ lined with 46° 
conical liners, the penetration and the calibre are linearly related. The theoretical 
calculations indicate that in case of 45° and 80° mild steel conical liners, the mini- 
mum timings for the complete formation of jets (that is, the time for the detonation 
wave to travel from the apex to the base of the liner plus the time for the element 
at the base of the liner to reach the axis) are 6-62> and 3*7D /x sec. (whwe D is 
in cm.) ; and the Tninimiim lengths of the jets are 3D and ID, respectively, lliis also 
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indicates that the penetration by a jet from 45° mild steel conical liner will be greater 
than that of 80® conical liner. The author (1964) has shown that in ‘shaped-charges*, 
the penetration and calibre are linearly related and 46° conical liners give greater 
penetration than that of 80® liner. 


4. Summary 

The results presented above can be partly summarised as follows : 

(i) The metal of the conical liner first fragments into wedge-shaped strips, 
which further fragment and give rise to ‘radial streaks*. The outer and the inner 
circumferences of the ring are due to the impact of fragments from the metal near 
the base and the apex of the liner respectively. 

(u) The collection of fragments on a cardboard ‘witness-plate’ indicate that 
there are two types of fragments — ‘primary’ and ‘secondary’. ‘Primary Seg- 
ments ’ arise by the breaking of the liner when the explosive detonates. A ‘primary 
fragment’ after striking a cardboard target and/or while penetrating the target 
breaks up into many fragments, which are denoted as ‘secondary fragments’. 

(iii) The possible bearing of the results on ‘shaped-charges’ is that the length 
of jet is proportional to the calibre and the minimum length of jet by 46® conical 
liner is more than that of 80° conical liner. 
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Abstract 

Reoently Kothari and Singh (1953) obtained a fragmentation -pattern by base detonating a 
'ahaped-oharge* having an ‘inverted’ conioal liner. The fragmentation of 46° conical liners of 
different calibres and of 80° conical liner is described, and the possible bearing of the results on 
the theory of ‘shaped-charge* is presented. The formation of ‘radial streaks’ in the fragmenta- 
tion-pattern is also described. 
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1. IntboductioijI 

\ 

Although the temperature coefiScients of tw dielectric constant of several 
ionic crystals have been measm^d over a wide rayge of temperature (Eucken and 
Buchner, 1936), very little work has been done oil the temperature dependence of 
the coefficients themselves. Recently, Yamashita (1961), (1962) has developed a 
quantum mechanical theory of the dielectric constant (c) of an ionic crystal and 

has extended his theory for the calculation of the temperature coefficient (- 

of the dielectric constant of lithium fluoride. He has shown theoretically that the 
value of the coefficient for LiP is not independent of temperature. In the present 

investigation the variation of the quantity - — with temperature has been ezperi- 

C UfJL 

mentally determined in the case of three cubic crystals, namely, lithium fluoride, 
sodium chloride and magnesium oxide. The results obtained thereby have been 
compared with those to be expected on Yamashita ’s theory. 

The quantum mechanical theory of Yamashita has been extended to the case 

of MgO for the calculation of ^ and its variation with T, For this purpose a 

knowledge of the values of the overlap and exchange terms occurring in the theory 
is essential. A simple method of evaluating these quantities has been outlined 
here and the details are presented below. The agreement between theory and 
experiment is good in the case of MgO. The reasons for the failure of the theory 
in the case of the highly polar crystal, LiP, have also been discussed here. Details 
of the theoretical calculations and experimental technique will be now presented. 
Atomic units have been used throughout the present calculations. 


2. THBOBBTIOAn 

da 

According to Yamashita (1961) the value of ^ for a crystal can be calculated 

»Jt 

from a knowledge of the change in its flree energy ( AA) since 


dT ~ 2dT^ ’ dT 


( 1 ) 


(X ^ susceptibility). The e:q>re8Bion for in terms of the quantities a (inter- 

ionic distance), p (compressibility term) and (Madelung constant) is as follows 
(Yamashita, 1961). 
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d(A^) 1 loro..p, 14^(2*)* , 4^(4f2A)(2*) 

J L ■*'2 3 2a8 3 2a8 


3a* 




ri47r(2a:)2 . 4n{if*X){2x) , 1 4»r (4f2)2A2l ^ 
[2 3 2o8 3 2a» ‘ 2 3 2o3 J o 


P“jif /a _ 2 _ 2\ ' ^ _ ' y<oA8 ^^1^ 

L \p* p tt/ _ « p p J « 


+ 



A(Aa>,+2Aa)y) . 8T 


( 2 ) 


The quantities x and A are the perturbation parameters while the quantities 
A and B are the overlap and exchange terms. The last term of equation (2) is the 
entropy term obtained by use of the Einstein model. (a> 5= Eigenfrequency). 
f* is given by the equation 

ra 


f2 


|P(r)|V2dr 


(3) 


*f 0 


where P(r) is the probability term in the wave function. If 0© is unperturbed 
wave function and tfi the perturbed wave function we have according to Kirkwood 
(1932) 

i/j zs t/iQ(l+Ar oo» 0) .. .. .. (4) 


(A = perturbation parameter). For actual calculation 6f ^ we need the values of 

f2, X and A as well as those of A and B, The compressibility data on the crystal 
under consideration are also required for the evaluation of p (Yamashita, 1962). 
Yamashita has calculated the values of f2, A and B by directly evaluating the 
corresponding integrals. The values thus arrived at are, in general, not self- 
consistent since the calculated and observed values of the dielectric constant do 
not agree. One of the main reasons for this discrepancy lies with the difficulty in 
the choice of an accurate wave function for an ion in a crystal. Owing to this fact 
in the present paper we have used the observed value of the dielectric constant in 
order to arrive at the values of the parameters. 


3. Valttbs of the Pabambtbes and the calculation of 


1 * 
€dT 


For the evaluation of ir* we proceed as follows. The polarisability of an 
ion in the free state is related to f 2 by the equation 


«/ g 


( 6 ) 


The values of have been already given by Pauling (1927) who has oaloolated 
these values on a quantum mechanical basis. Using the value of ^ thtis obtained 
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we next proceed to calculate the value of the overlap term A. Now, the change 
in the total energy (A-S'o) **1 ionic crystal in a high frequency field is given by 

the equation (Yamashita, 1962) 


We have also 


A^o = -WA- 1^(^*A*+3A*+^A* 


- -~XoF^ I ^ 0 = 1+^ 


( 6 ) 


( 7 ) 


(€0 = dielectric constant in the high frequency ^ field). Equation (6) may be 
written in the form 


By the variational principle we have = 0 | 

Therefore, 

iV^A == 2f^F . . 




(8) 


( 9 ) 


Inserting this value of NX in equation (8) we can dalculate the value of N since the 
value of can be obtained from equation (7) using the observed value of eo* 
Needless to say, the value of A is easily obtained once the value of N is known. 

From the known values of and A we can evaluate the exchange term B as 
follows. We make use of the expression given by Yamashita (1952) for the change 
( A-ff) in the total energy of a crystal in a static field. As stated earlier the value of 
p occurring in the equation can be obtained from the compressibility data. Sub- 
stituting the values of A and p in Yamashita ’s equation we calculate the value of 
£^E by giving B different values (ranging usually from —1 to -f 1). The values of 
A-ff thus calculated are plotted against the respective B values when a smooth curve 
is obtained. From the observed static dielectric constant of the crystal the true 
value of AiSr can be obtained from an equation similar to (7). Thus the value of B 
corresponding to the true value of AiS can be found from the graph. Although the 
above methods of calculating the values of f®, A and B are phenomenological they 
are quite accurate on account of their self-consistency and are also simple since the 
values of these parameters are obtained without tedious evaluation of the integrals. 

The value of A for LiF obtained by the present method is 1-76 (f2 -s 1*90). 
This value of xi is nearly twice that {A =0 8) given by Yamashita. The present 
value of A is more consistent with experimental data and since this parameter may 
be viewed upon as a correction term this new value of A is to be preferred. 
Similarly in the case of MgO the value of A obtained here is 3*61 as compared to 
Yamashita ’s value of 1-9 only. It may be pointed out here that the value of the 
dielectric constant for high frequency field calculated by the use of Yamashita ’s 
values is very much higher than the observed values. [LiF: c© ~ 2-33 (calculated) 
1*92 (observed); MgO: €o = 4-56 (calcd.) 2*96 (observed).] However, good agree- 
ment is obtained with regard to the value of f*. The value of f® for MgO obtained 
by the present method is 314 as compared to Yamashita *8 value of 3*19. In the 
case of LiF, the value of B = 0*62 obtained by the present method agrees very 
well with that (B = 0*50) obtained by Yamashita by direct evaluation of the 
integrals. As pointed out earlier, since the values of A and B obtained by the use 
of the experimental data on dielectric constants are self-consistent, these values are 
to be preferred in the calculations of the temperature coefficients of dielectric 
constant. 

Table I and Fig. 1 show the method of calculation of B for LiF. The observed 
value for the static dielectric constant being 9*27 (Mott and Gurney, 1940) the value 
of CkE corresponding to this is —36*6 F®. From Fig. 1 it will be seen that the value 




*0>$0 o -0^90 •0»40 •o-so 

Esohange term B 
Fio* 2. Variation of AB with B 
Magnesium osdde 
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value of tkE * —^-37 From Fig. 2 we find that the value of B corresponding 
to this value is —0*14. The values of A and x given in Tables I and II are 

obtained by the use of the variational condition = 0 ; = 0, 

OA ax 


Table I 

B and values for I4F. 


B 

A 

X { 

ae 

0 

1100 F 

124-40 F 1 

-166-16 F* 

010 

6-71 F 

70-31 F 1 

-92-00 F^ 

0-20 

3-70 F 

50-47 F 1 

-64-66 F* 

0-30 

2 62 F 

40-46 F 1 

-60-46 F* 

0-40 

1*92 F 

34-69 F 1 

-42-00 F* 

0-60 

1-41 F 

31-22 F 1 

— 36-67 F* 

0‘60 

0-985tF 

29-22 F t 

— 32-97 jP® 

0-70 

0-599P 

28-42 F J 

-30-70 F* 

0-80 

0-200^ 

28-89 F ' 

-29-48 F* 


Table II 

B and vod/uesfor MgO 


B 

\ 

X 

E 

010 

2-72 F 

12-24 F 

-29-33 F* 

0 

3-05 F 

13-92 F 

-33-10 F» 

-0-10 

3-49 F 

16-09 F 

-37-97 F* 

-0-20 

4-07 F 

19 01 F 

-44-66 JP* 

-0-30 

4-90 F 

23-16 F 

-63-93 F* 

-0-40 

6-18 F 

29-49 F 

-7216 F* 

~0*60 

8-40 F 

40-46 F 

-93-20 jP* 


Table III gives the values of ^ ~ for LiF calculated by the use of equations 

€ dl 

(1) and (2) with and without the entropy term. In Table IV the values of ^ ^ of 


Table III 

j ^ o/ LiP (Theoretical) 


Temp. Range 
®C. 

1 ft 

i pealed. 

(AS term 
included) 

27-127 


49-0X10-* 

36-0x10-* 

127-227 


66-6xl0-» 

40-6x10* 

227-327 

, , 

64-OxlO-* 

46-0 X 10-* 

327-627 


76-5 X 10-* 

56 0X10-* 

527-727 

• • 

91-0x10-* 

70-6x10-* 
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MgO are given and these have been calculated without the entropy term which is 
rather uncertain. The thermal expansion data of Eucken and Dannohl (1934) 
on LiP and of Austin (1931) on MgO have been used in the calculations. 


Table IV 

i ^ of MgO (Theoretical) 
c ai. 


Temp. Range 
°C. 

- calcd. 

e dT 

(AS term 
neglected) 

26- 60 

13-6x10-* 

60-100 

16-0x10-* 

100-160 

19-6x10-* 

160-200 

21-6x10-* 

200-250 

22-6x10-* 


It will be seen from Tables III and IV that in the case of LiP and MgO a varia- 
tion in the value wil'h T is to be expected. We shall now give the details 

of the experimental method for the determination of the temperature coefficient of 
the dielectric constant of crystals at various temperatures and then we shall see 
how far the predictions of the theory are in accord with experimental results. 


4. Experimental 

The capacity measurements were made with a heterodyne beat apparatus 
which has been already described elsewhere (Narasimhan, 1953). The A.C. power 
supply for the apparatus was obtained through a constant voltage transformer. 
The beat note was extremely steady after a warm-up period of 3 to 4 hours. The 
changes in the capacity brought about by changes in temperature were measured 
by means of a stepped-rod type condenser (Watson, Rao and Ramaswamy, 1939). 
This condenser was placed in parallel with the crystal condenser which consisted 
of a brass container (y diameter; 2Y height; I"" thick) with a removable lid screwed 
on top. This assembly was first silvered and then given a thick coating of gold in 
the interior. In the inside bottom of the cell was mounted a circular piece of 
ceramic insulator on which was screwed a gold plated brass disc (If'' diameter; 

thick) carrying a terminal for connecting the r.f. lead. The crystal under investi- 
gation was placed on the disc after aluminising the broad parallel surfaces of the 
crystal plate. The contact for the earth electrode of the crystal plate was obtained 
by a metal probe connected to the brass cell. The lead from the terminal of the 
brass disc was taken out through a hole (^"^ diameter) made at the side of the outer 
brass vessel. Covering this hole was a ceramic insulator carrying a terminal to 
which was connected the above-mentioned lead from the insulated disc. The 
crystal cell could be heated by means of a wire resistance heater strip placed at the 
outside bottom of the cell. The cell was connected to the heterodyne beat apparatus 
by means of a shielded cable with the outer brass vessel forming the earthed elec- 
trode. 

Temperatures were measured by means of a thermocouple. Since the 
difference in temperature between the inner brass disc and the outer brass vessel 
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was found to be less than 0*6° C. over the range employed it was found convenient 
to place the thermocouple on the outer wall of the cell for purposes of temperature 
measurement. Regulation at desired temperatures was carried out by means of an 
electronic relay in conjunction with a ‘contact head’ which was operated by means 
of the expansion of the brass cell itself. The regulation thus obtained was within 
1°C. In the present investigation we have worked up to 250°C. only partly on 
account of the fact that the capacity changes up to this range only could be followed 
by the Watson condenser in one continuous expeaSment and partly on account of 
the fact that the aluminised surfaces of the crystal tended to ‘crack-up’ into flakes 
at higher temperatures. The experimental procpdure comprised of firstly the 
determination of the capacity change of the empty ipell over the desired temperature 
range and then the determination of the capacity c^nge over the same temperature 
range with the crystal plate inside the cell. The difference in the readings gives the 
capacity change ( A C) due to the crystal plate in ap^bitrary condenser units and thus 

the value of could be obtained. The AC vali|&s were checked up by taking the 

readings both on heating and cooling when repro^cible results could be obtained. 
In the present work the value of the capacity (C)|of the crystal plate in arbitrary 
condenser imits was obtained at room temperature by direct measurement and 
subsequent capacity {C) values at different temperatures have been obtained by 
the addition of the corresponding A C values. According to Eucken and Buchner 

(1935) i ^ s= ~ —a where a is the coefficient of linear expansion of the crystal. 

Thus using the known values of a we have obtained the value of - ~ from the 

€ dT 

1 AC 

capacity data. The error in the values of — reported here is estimated to be 

± 0*2 X 10*"® corresponding to an error of 2-3 divisions in the measuring condenser 
settings. 

LiF and MgO crystals used in the present work were clear crystals grown from 
the melt while the NaCl crystal used was a flawless natural one. 


6. Results 

The experimental results on the dependence of i on y for LiF, NaCl and 

€ di 

MgO are given in Tables V, VI and VII. The capacity readings are in arbitrary 
condenser units. 

Table V 

1 < 2 % 

- of LiF in the temperature range 25®(7.-250°C, 
c aJ. 


Temp. Range 
°C. 

Cap. change 
due to cell 
LC (cell) 

Cap. change 
with LiF 

AO 

Initial 
cap, C 

1 AO 
o at 
X lOfi 

a X 10^ 

1 d€ 

€ dT 
Xl06 

26-50 . . 

364 

1,338 

974 

106,726 

35-4 

3*6 

31*8 

60-100 

971 

3,398 

2,427 

106,700 

45-5 

3-9 

41*6 

100-160 . . 

1,122 

1 3,926 

2,803 

109,127 

51-3 

4*2 

47*1 

160-200 . . 

2,667 

6,072 

3,416 

111,930 

610 

4*6 

66*6 

200-250 

6,836 

9,909 

4,073 

115,345 

70-6 

4-8 

65-8 
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Tablk VI 


1 ^ 
€dT 


of NaOl in the temperature range 25®C.~260®0, 


Temp. Range 

Cap. change 
due to cell 
AC (cell) 

Cap. change 
with NaCl 

AC 

Initial 
cap. C 

1 AO 

0 at 

Xl0» 

axl0» 

1 dc 

« dT 
xlOfi 

25- 50 . . 

406 

740 

334 

33,768 

39-6 


36-6 

60-100 . . 

902 

1,674 

772 

34,102 

46*3 


41-3 

100-160 . . 

2,235 

3,213 

978 

34,874 

66- 1 


62*0 

160-200 . . 

6,088 

6,286 

1,197 

36,862 

66-8 


62-7 

200-260 

8,466 

9,806 

1,360 

37,049 

72-9 

409 

1 68-8 


1 ^ 
€ dT 


Table VII 

of MgO in the temperature range 25°C7.~260®C'. 


Temp. Range 
°C. 

Cap. change 
due to cell 
AC (cell) 

Cap. change 
with MgO 

AO 

Initial 
cap. C 

1 AC 

c at 

XlO» 

ax 10* 

1 dc 

€dT 

xio* 

26- 50 

406 

681 

176 

46,364 

161 


14-4 

60-100 



388 

46,639 



16-9 

100-160 . . 

2,236 


466 

46,927 



18-4 

160-200 



549 

47,382 


BVSSH 

22- 1 

200-250 . . 

8,456 

9,036 

574 

47,931 

240 

Ml 

22-9 


The f^C (cell) values for NaCl and MgO are diflFerent from those for LiP owing 
to a few alterations made in the original cell for purposes of accommodating the 
larger NaCl and MgO crystals. 


The variations 
cally in Pigs. 3-6. 


6. Discussion 

1 de 

of - ^ with T for LiP, NaCl and MgO have been shown graphi- 
It will be seen that the experimentally observed variation of 



Temperature ^C. 

1 dc 

Fxg. 3* Variation ~ ^i^ temperature 
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Mi 

0-0 NaCt I 
UO (fon 

— t-- i 1 

80 too Iso 20t JsO 800 

Temperature ®C. I 

Fig. 4. Variation of ^ ~ of NaCl ip<rith temperature 


^ ^ much larger than that theoretically predicted (both with and 

without AS term). The temperature dependence of the coefficient in the case of 
NaCl follows very closely that observed for LiF (see Fig. 4). The coefficient in the 



Temperature ®C. 


Fig. 6. 


Variation of ~ ^ 
€ dT 


of McjO with temperature 


case of NaCl is displaced towards larger values. This shift may be qualitatively 
accounted for on the basis of the polar nature of the crystals as has been shown by 
Eucken and Bfichner. In the case of MgO, however, the agreement between theory 
and experiment is quite satisfactory considering the neglect of the AS term. 

Of the reasons for the discrepancy between theory and experiment in the case 
of the ionic crystals like liF we may mention here the neglect of long range forces 
in the theory. In other words, only the nearest neighbours of an ion are considered. 
Further, the calculation of the repulsive energy term from compressibility data 
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may not be accurate. It must be also stated that the use of the Einstein model 
for the calculation of the term makes the calculations approximate. Above all 

the variations in the ~ ~ values are theoretically obtained because of variations 

in the thermal expansion coefficient. In this respect the variations in the thermal 

expansion coefficient seem to govern ultimately the ^ ^ values since it will be seen 

Set 

from equation (2) that the value of — is used for multiplication. The experimental 

results do not seem to favour this relationship at least in the case of LiF, It is 

interesting to note here that while the a values of NaCl do not vary much the ~ 

€ ct!/ 

values are profoundly influenced by temperature change (refer Table VI). 

From the observed variation of - ^ with T in the three crystals under 
consideration the following empirical expression may be deduced 


= constant. T = ®K (10) 

As will be seen from Table VIII equation (10) represents the variation of the i ~ 

€ U/T 

values to a fair degree of accuracy. The value of the constant is of course character- 
istic of the crystal. 


Table VIII 


For LiF, NaCI and 


Temp. Range 
°C. 

1 d€ 1 

H 'dT * Tm 

LiF 

NaCl 

MgO 

2^ 50 

0068 

0-066 

0-026 

60-100 

0064 

0-064 

0-026 

100-150 

0069 

0-066 

0-023 

360-200 

0060 

0-066 

0-023 

200-250 

0-069 

0-062 

0-021 


It must be emphasized here that the basis of equation (10) is purely empirical. 
But considering the constancy of the values obtained in Table VIII the equation 
seems to represent a true relationship at least for LiF and NaCl. The values 
obtained for MgO are progressively lower with increasing temperature but further 
work at higher temperatures is needed in order to throw more light on this aspect 
of the problem. 
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Abstract 

The temperature coefficient || of the dielectric constant of LiF, NaCl and MgO has 

been measured over the temperature range 26®C.-260®C. It is shown that the value of the 
coefficient itself is dependent on temperature. The quantum mechanical theory of Yamashita 

has been used for the theoretical calculation of the values of - at different temperatures. 

€ dJ 

From the present experimental data the above theory is shown to fail in the case of LiF while in 
the case of MgO good agreement is obtained. The drawbacks of the theory have also been 
discussed in the light of the above data. An empirical |©lationship between the value of the 
temperature coefficient of ionic crystals and the temperati^ has been pointed out. 
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SOLID-LIQUID EQUILIBRIA IN BINARY AND MULTI-COMPONENT 

MIXTURES 
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(Communicated by B. N. Srivastava, P.N.I.) 
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1. Introduction 

Solid solutions are an impoirtant class of mixtures on account of their 
applicability to metallic solutions and alloys. Such solutions are amenable to 
theoretical treatment as most of statistical theories assume crystalline or quasi- 
crystalline model which is certainly true even for the liquid mixtures near the 
freezing-point. Significant progress has been made in recent years in interpreting 
the concept of superlattices and the order-disorder phenomenon in alloys (Guggen- 
heim, 1952). Thermodynamic interpretation of solidus and liquidus curves has 
been previously attempted (Seitz, 1934; Scatchard and Hamer, 1935) but not to a 
satisfactory degree. In the present paper it is intended to discuss solid-liquid 
equilibria in greater detail in the Ught of newer thermodynamic theories. 

It is generally believed that for two electrolytes to form a solid solution, the 
following conditions must be satisfied ' 

(1) The formulae of the two components must be similar. 

(2) There must be similar unit cells containing exactly the same number of 

positive and negative ions in geometrically similar positions. 

(3) The size of the ions should be approximately the same. 

(4) The polarization of the ions must not be different. 

SimUarily for non-electrolytes, the conditions for the formation of solid 
solutions are 

(1) The formulate and structure of the components must be similar. 

(2) The crystal structure of the components should be similar. 

(3) The molar volumes should not dififer appreciably. 

In this paper we shall consider only solid solutions of non-electrolytes. Such 
solutions may be ideal, regular or non-ideal. The conditions for ideal or regular 
solutions have been predicted from statistical mechanics (Rushbrooke, 1949) accord- 
ing to which an ideal solution must satisfy the following microscopic conditions 

(i) The systems of the assembly can be regarded as independent systems, 

the partition function of any one of them being entirely unaffected 
by the composition of the solution. 

(ii) The systems in the condensed phase are of approximately equal size 

and shape and pack in the same way and have the same number of 
nearest neighbours. 

(iii) There are no preferential interactions between different systems within 

the condensed phase so that all the atoms move in the potential field 
which is not sensibly affected by the composition of the solution. 
Further the potential energy can be regarded as the sum of contribu- 
tions firom pairs of nearest neighbours. 

(iv) The vapour phase behaves as a mixture of perfect gases. 

(v) The volume of the oondmised phase is negligible compared to that of 

vapour. 
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Kon-ideal but regular solutions are those in which all the above conditions are 
satisfied except condition (iii). The gaseous mixtures at low pressures may be 
expected to behave ideally as the molecules are far apart. The liquid mixtures, 
in general, may or may not be ideal. The solid solutions in most of the cases caimot 
be expected to behave ideally since the molecules are usually very close and the 
interactions cannot be neglected. These solution may approximate to regular 
solutions in a few oases. 


2. EQUIIilBItnTH CONDITIONS IN A HUIi^I-OOMFONENT SYSTEM 

We now proceed to deduce the conditions of sllid-liquid equilibrium in a multi- 
component non-ideal system consisting of r con»onents capable of existing in 
liquid as well as soUd phase. Following thef procedure adopted previously 
(Srivastava and Rastogi, 1963) it can be shown tha| 






. up to f terms 


( 1 ) 


where S'^ and are the partial molar entropy of the component i in the liquid 
and solid phase respectively. iVj, iVg, . . . are the mole-fractions in the solid phase 
while N2, • . . are the mole-fractions in the liquid phase. ^4 represents the 
chemical potential of the component i. For condensed systems the pressure 
changes have insignificant effect and hence the term due to pressure changes does 
not occur in the above equations. Now, it can be easily seen 


Ni{S['^Si)+N2(S2^^82)+ . . . up tor terms = ^ 


NA 


f dT 


( 2 ) 


where UNiXi is the heat of melting of one mole containing Ni, N2 , . . . mole- 
fractions of the respective components in the solid phase without sensibly altering 
the composition of the liquid phase. A< is the heat of melting of the component 
i and includes the partial molar heat function for the component i. Using 
equation (2), equation (1) yields 


iml 


dT 



. up to r terms 


(3) 


The above equation holds for any non-ideal multi-component system when the 
solid phase is in equilibrium with the liquid phase. 

Similarly it is easy to show that 



+ ... up to r terms 


3. Ideal solutions 


(4) 


For ideal solutions the chemical potential is given by 

Ml “ log Sft 
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where //J depends on temperature and pressure. Accordingly we have 



Three cases may arise. Firstly the liquid phase may be alone ideal, the solid phase 
remaining non-ideal. Secondly the solid phase may be alone ideal. Thirdly both 
the phases may be ideal. Taking the first case we have from equation (3) 


i’f 


.dT = RT 





which for a bicomponent system yields 


T 



( 5 ) 


where AJ and Ag are the heat of fusion of pure components and is the heat of 
mixing in the solid phase. The heat of mixing will be zero if the solid phase is also 
ideal. If we put NijN^ = a; ~ ^ where a and j5 are the separation ratios 

of the respective components, the maxima or minima in the melting-point com- 
position curve will occur when a = j8. 

From equation (5) a rule similar to that of KonowalofF for liquid-vapour 
system can be deduced for the present case. Thus, if dN'jdT is positive the first 
component will get enriched in the solid phase as the temperature is increased 
showing thereby that fractional crystallization is possible. Again if the solid 
phase exclusively consists of the solvent, i.e., component 1, we obtain 


d^ _ NiXl 
dT'^M^ 



which on integration yields the van't Hoff’s law for the depression of freezing-point. 
On the other hand, if the solid phase is constituted by only the solute, equation (6) 
readily yields an expression relating solubility with temperature 

Taking the second case into consideration (when solid phase is alone ideal), 
we have from equation (4) 


-^-f.dT^RT 

i esX 




N, 

dNi+^^dNi+...^Mr 


( 7 ) 


which for a two-component system yields 

dN, _ /N[ 

~dT ~ Bfi - 

where the heat of mixing for the liquid phase. Again a similar condition 

for stationary melting point can be deduced from equation (8). It also follows 
from equation (8) that if dNijdT is positive a > jS. The heat of mixing would be 
zero if the liquid phase is ideal. 

From equations (5) and (8) it follows that if both the phases are ideal 

M3 

dN['~ nX+nA' KK 


(9) 
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On integrating the above equation we get the following relation between the com- 
position of the two phases at any instant 


.0 1 Nx .0 , No , , , 

Ag log ^ log ^+constant 

iVi iVg 


.. ( 10 ) 


It follows that if log ^ is plotted against log straight line would be obtained. 

This can be a convenient test for testing the ideali|y of a binary solid solution. 

Applying the above considerations to a single binary eutectic system, the 
liquidus curve of the component 1 would be represe|ited by equation (5) when 
while the liquidus curve for the component 2 wil| again be given by equation (5) 
when Ni^O. Thus the equation for the liquidus|eurve of component 1 is given by 


log N[ < 

Similarly for the component 2 we have 

logN' 


-A 


constant 

I 


-A“ 


BT 


-constant 


(11) 


(12) 


We suppose that 7^® and are respectively the freezing-points of the respective 
components. At the eutectic point the two curves meet. If Aj and be the 
mole-fraction of the component 1 and the eutectic temperature, we have from 
equations (11) and (12) 


log N[ 



T. 



log (1-iV*) 


R 


2^ 

T, 



Eliminating T, between the two equations, we have 


logiTj log(l-iV^0 1 

A® A® ” -B 

'*1 "2 


J_ __ J_ 
L^l ^ 2 J 


(13) 


The above equation should hold at the eutectic point provided the mixture behaves 
ideally. On eliminating JVJ we get the relation which gives the value of the eutectic 
temperature. 

Let us examine the above relations for the system naphthalene-phenanthrene 
which appears to be ideal from considerations of solubility parameters as defined 
by Hildebrand (1950). The data for this system can be taken from International 
Critical Tables (1929). Taking the value of heat of fusion of naphthalene and 
phenanthrene as 19*07 and 18*1 kilojoules/gm. mol., the mole-fraction of naphtha- 
lene at the eutectic point is found to be 0*66 whereas the observed value is 0*62. 
The agreement is fairly satisfactory. 


4. Regular mixtures 

The ideal solutions are the simplest to deal with from the quantitative point of 
view, but they are only exceptions. After them regular solutions are the simplest 
to be amenable to theoretical analysis. The statistical theory predicts that any 
mixture of two kinds of molecules of similar size and shape should obey certain 
laws called the laws of strictly regular solution to which formula for regulaf solution 
5 
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are a useful approximation. Hildebrand has experimentally demonstrated that a 
considerable number of binary mixtures follow exactly or approximately the laws 
of regular solutions. For deducing the laws of strictly regular solutions various 
procedures are adopted. The simplest of them assumes a completely random 
distribution of two kinds of molecules in spite of non-zero energy of mixing. This 
is called the zeroth approximation. The quasi- chemical treatment of ‘strictly 
regular solution’ (Guggenheim, 1936; Rushbrooke, 1938) is reasonably rigorous. 
The model used involves a quasi-lattice of co-ordination number z in which each 
molecule occupies a single lattice site. This situation is more nearly appropriate 
to solid solutions than to liquid solutions. The model would still be a reality for 
liquid solutions at the freezing point of the components. Various improvements 
have been made on this approximation. Bethe’s method (Bethe, 1935; Rush- 
brooke, 1938) has been shown to be equivalent to quasi-chemical treatment. The 
essential basis of these approximations is ‘the hypothesis of non-interference of 
pairs’ which cannot hold in a closed-packed lattice and one must take into account 
triangular triplets or tetrahedral quadruplets instead of pairs. Expressions for 
partial pressures and chemical potentials have been deduced even for such a case 
but cannot be used in practice (Guggenheim, 1952). For practical purposes the 
zeroth approximation is much more helpful than the more refined approximations. 
Using zeroth approximation the chemical potential of the component i is given 

by 

til = t\+RT log 

I* log N 2 + N\w (14) 


where w, the interchange energy is defined as the decrease in potential energy on 
exchange of a single pair of molecules between the pure components. In terms 
of pair energies €12 and €22 

W = i*(2«i2-6n-622) (15) 

It can be shown that if solid phase is regular 



RT 


-2{l-Nt)w 


a 


on the other hand, if liquid phase is regular 


1, 2) and = NiNtw, 



a = 1,2) and H’„ = N[N'y, 


where w and w' are the interchange energies in the solid and liquid phases 
respectively. 

We shall consider the following cases : 

A. lAqmd phase regular but solid phase ideal. 

Substituting relevant values in equations (3) and (4) we have 


and 


dlT, NiX\+N^ 


dT 




+2w'{N\N2-N'j>ri) 


.. ( 16 ) 
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B. Solid phase regular hxi liquid phase ideal. 
For this case equations (3) and (4) yield 


dN^ _ N^Xl+N^)^^N^N^w nA 

dT- RT^ I\K~K) 

and 

dNx ! IK Nl\ 

dT ~ RT^ /\Ni m 

C. Both phases regular. f 

For this case we have the following equation yr the liquidus curve 


NiX^+NzJ^-NiNiw 

■■ y 




+2w'(N[N2-KNi) . 


The corresponding equation for solidus curve is gi'vfen by 


dN^ n/,+n^-n: 
dT ~ T 


\n’w' I In'. n'\ 


For cases A and B, the necessary and sufficient condition of stationary melting 
point is 

NylN^^N'p'^ (22) 

which is identical with the condition found for ideal mixtures. But for C, the 
maxima or minima in the solidus or liquidus curve will occur when 

= N'p'^ 

2w.NiN2-=BT 
or 2w'N'p^ = RT 

The condition NijN^ — N'^jN'^ simply means that the solidus and liquidus should 
touch at the maxima or minima. However, if they do not touch and still have a 
maxima or minima, the other condition has to be satisfied. This means that in an 
ideal mixture if maxima or minima occurs the two curves must touch each other. 
The above equation also tells us that for maxima or minima the minimum value of 
interchange energy that is permissible is 4y. If for any system the value of inter- 
change energy is less than this amount, only the first condition will determine the 
existence of the stationary melting point. 

Considering an eutectic system, the liquidus or the freezing point cmves for 
the two components are given by the following equations : — 

Case A. 


Case B. 


RT^^2w^TN\N^ 


RT^^2w^TN^N^ 


dT ^ RT^* dT ^ RT^ 

The relations are identical with those obtained for ideal mixtures, 
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For the Case C we obtain 

dN[ _ N'X dN'^ NX 

dT RT^-2 w'TN[N'^' dT BT‘-^2w'TN[N'^ " 


6. Athebmal mixtures— Solutions of maobomolecules 


It has been suggested that the departures from the laws of ideal solutions due 
to wide diflFerences in size between the two species of molecules can be at least semi- 
quantitatively described by means of relatively simple formulae in which the only 
parameter is the ratio of the molar volumes (Guggenheim, 1952; Hildebrand, 1960). 

The Gibbs function of a mixture containing Wj moles of component 1 and 712 
moles of component 2 can be written as 


G - nifxl+nziAl+BT^ni log log ■ • (26) 

where r denotes the ratio of the volumes of a molecule of type 2 to that of a molecule 
of type 1 , From the above equation we obtain, 


Ml 






and 


These equations yield 







■l + (r_l)iV’2{ 
l + (r-l)iV2l 


(27) 


(28) 


and similarly for the liquid phase. 

Evidently the form of equations (26) and (27) implies that heat of mixing is 
zero. Using equations (3) and (4) and (28) we obtain 


T 




dT - RT f / (r'-mN^K+N[N,) I 

Kl W-1)K r"- 

f /^; K\ {r-mN[Ni+N’^i) ) 

Nzj l+(r-l)Nz 


dT=^RT- 


(29) 

(30) 


These formulae will hold if the heat of mixing is zero and non-ideality mainly results 
due to differences in size. These conditions are favourable to solutions of macro- 
molecules. 

The strictly regular solution model has some serious limitations since, in order 
to fit in the regular lattice, molecules of the different species must be of nearly the 
same size, although the method has been extended to include molecules occupying 
a series of lattice sites. Thus for athermal mixtures of high polymers 


/^i 



Nx 

l+{r-l)Ni 




r-(r~l)yi 1 

g-(g-l)iy7j 



AND MULTI-COMFONBNT MIXTURES 


151 


The number q for a single chain or branched chain r-mer is related to r by the follow- 
ing relation 

g) = f— 1 

This follows because we consider a particular r-mer occupying a group of r-sites, 
each of these sites having z neighbouring sites some occupied by other elements of 
the same r-mer. Then zq is the number of pairs of neighbouring sites of which one 
is a member of the group occupied by the given r-nler and the other is not. Flory ’s 
approximation is usually obtained by making zf^cc (Flory, 1941). These and 
other more rigorous formulae can be used for yielding equations of solidus and 
liquidus for a solution of high polymer. ) 

k 

6. Solid-liquid bquilibbium data for <i^LORiNB-BROMiNB system 

In this section it is intended to apply the ide|to developed in previous sections 
to interpret the available equilibrium data (Int|rnational Cirtical Tables, 1929) 
for the system chlorine-bromine and test equati<ins (6), (8), (16), (17), (18), (19), 
(20) and (21). For an ideal or regular system it is necessary to choose the com- 
ponents in such a way that the size and shape offthe molecules are approximately 
the same. Moreover, the solutions have to confoim to other restrictive conditions 
which are realized in practice with great difficulty. The system chosen for investi- 
gation is relatively simple. The crystals of chlorine and bromine are weakly bound 
crystals where the attraction is mainly due to Van der Waals* forces. The Van der 
Waals’ interaction between two non-dipole molecules does not affect in first approxi- 
mation their interaction with a third molecule and consequently there is no tendency 
towards the formation of bigger groups containing several molecules. For the sake 
of comparison the molar volumes of chlorine and bromine in solid as well as liquid 
phases arc given below. 

Molar volume in the Molar volume in the 
solid phase liquid phase 

Chlorine . . . . 37*37 ml. 46*3 ml. 

Bromine . . . . 47*04 ml. 51*3 ml. 

In the crystal of chlorine there are 16 chlorine atoms in a tetragonal unit at 
— 186^0. The molecules of chlorine are packed in such a way that each chlorine 
has'its molecular partner 1*82 A away and neighbours in adjacent molecules as 
near as 2*52 A (Keesom and Taconis, 1936). Crystalline bromine has also been 
shown to be possessing definitely a molecular structure, the Br 2 molecule being 
easily recognised in the crystalline structure from the observed interatomic distances. 
In crystalline bromine each atom has one nearest neighbour at a distance 2*27 A, 
the other member of bromine molecule (Vonnegut and Warren, 1936). This agrees 
with the band spectrum value of 2*28 A and the electron diffraction value of 2*28 A. 
Each atom has three other close neighbours in the same reflection plane (plane of 
paper) at distances 3*30, 3*30, 3*76 A. Eight more neighbours in the planes above 
and below are at slightly larger distances 4*00, 4*00, 3*98 and 4*10. Thus it can be 
seen that the structure of orthorhombic bromine is apparently different from the 
crystal structure of chlorine. It may also be noted that the intramolecular distance 
for chlorine is 1*82 A while that for bromine is 2*27 A. Nevertheless complete 
series of solid solutions are formed between chlorine and bromine. From con- 
siderations of molar volume and crystal structure, the mixture of chlorine and 
bromine cannot be expected to behave rigorously as an ideal or regular mixture. 
The interchange of molecules in a lattice can oifly cduse strain. The problem of 
packing may not be difficult in the liquid phase and hence we may reasonably 
expect the liquid phase to behave approximately as regular mixture owing fhe 
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fact that the molar volumes of the two species differ by only 12% in the liquid 
phase. 

The liquidus and solidus curves for the system have been drawn by using the 
experimental data given in I.C.T. and are shown in Fig. 1. The temperatures are 
correct to ± 2*^0. and the mole-fractions are correct to ± 4%. 



The quantities required for testing eqs. (6), (8), (16), (17), (18), (19), (20) and 
(21) can be easily found out. At any temperature a line drawn parallel to abcissa 
gives the composition of liquid and solid phase at equilibrium at the points of inter- 
section of the liquidus and solidus curves, respectively. The latent heat of fusion 
are known at the freezing-point. The heat of fusion can be known at any other 

temperature by using the formula ^ 5 +^ where and 6-^ are the 


specific heat of solid and liquid species respectively. Inserting these values dNJdT 
and dN'JdT can be calculated from equations (5) and (8) and compared with the 
experimental slope determined from Fig. 1. The theoretical and experimental 
values are shown in Table I. The values show wide divergence and hence the 
mixture cannot be ideal. 

The equations for regular solutions involve one or two adjustable parameters, 
i.e., w and w\ the interchange energy in the solid and liquid phase respectively. 
For the present purpose we may assume them to be temperature independent. 
Now, in order to test the equations of regular solutions w and w' may be calculated 
at a series of temperatures by employing the values of experimental slopes of liquids 
and solidus curves. If the equations hold for the system under consideration the 
values of w and w' should come out to be the same. The actual calculations for the 
present system reveal that this is not the case and consequently the two phases 
cannot be simultaneously regular nor any phase can behave as an ideal one, since 
in that case the interchange energy would have been zero. These conclusions 
agree with those previously deduced on the basis of considerations of molar volume, 
crystal structure and intra-molecular distances. However, we may assume the 
liquid phase to behave ideally, the solid phase remaining non-ideal. 

The heat of mixing for non-ideal solutions is empirically represented as follows 
(Scatohard et ol., 1952; Barker, Brown and Smith, 1953) 


« NxNJiA+B{Ni^Nz)+C(Ni--N:,)^+D(Ni^^^^ • • • • ] . . (31) 


where B, G, D are constants which are determined empirically. We suppose 
that they are practically independent of temperature. Assuming the liquid phase 



AND JlTJLTl-OOMPONBNT MIXTURES 


163 


to be regular and heat of mixing to be given by equation (31), we have the following 
equation for the liqtiidus curve 

dN[ NiX\+Ni\l-NiNz[A+B(Ni-Ns)+CiNi-Nz)^+ • • • •] /fa _ 

It rt I U; K ^ 

+ ^,{N[N^-N;^Ni) (32) 

Accordingly we use equation (32) to fit the da^. The observed experimental 
values of dN'ijdT and those calculated from eqi|Eition (32) are compared in the 
following table which also gives the values calculated from equation (5) which holds 
for ideal solutions. The observed values are in sd^bisfactory agreement with those 
calculated by equation (32). | 

Table; I f 


w' = -1080 caLIgm. + 13250(i\ri-2S^2)*] 


(chlorine) 

K 

T°K 

cal./gra. 

mol. 

AO > 

cal./gm. 

rnol. 

\ dT / obs. 

/div;\ 

\ dT /cal. 
from eq. 
(32) 

(dN\\ 

\ dT /cal. 
from eq. 

(5) 

0-20 

0*335 

237 

1,817 

2,407 

001000 

0*00984 

1 0*03363 

0 30 

0*46 

225 

1,782 

2,355 

0*01015 

0*01015 

0*03327 

0-40 

0*59 

213 

1,747 

2,264 

0*01054 

0*01087 

0*03047 

0-60 

0*70 

203 

1,718 

2,204 

0*01020 

0*01000 

0*02498 

0-60 

0*78 

195 

1,695 

2,161 

0*01020 

0*01027 

0*02357 

0-76 

0*00 

183 

1,660 

2,085 

0*00880 

0*00620 

0*01692 


It is interesting to note that the heat of mixing in the solid phase is positive 
while that in the liquid phase is negative. The heat of mixing in the liquid phase 
can^only be negative when €12 > ^ 11 +^ 22 - 

We take this opportunity to discuss the possibility of existence of bromine 
chloride in the condensed phase. Measurements of the transmission of chlorine- 
bromine light filters, containing an excess of liquid bromine demonstrate the 
existence of bromine chloride in mixtures of gaseous bromine and chlorine (Gray 
and Style, 1930). The freezing-point diagram of the system chlorine-bromine does 
not in^cate the formation of stable bromine chloride molecule. However, it has 
been argued that it is ‘ compatible with the existence of a compound, if it is partly 
dissociated and in the solid forms a continuous series of solid solutions with both of 
its components’, (Sidgwick, 1933). It is obvious that if a stable type of molecule is 
formed in the condensed phase it would be a ternary system and the phase diagram 
would have been definitely complicated. Thus it seems that if at all bromine 
chloride is formed in the condensed phase it would be unstable as the complexes 
formed in a solution of alcohol and water are. Moreover, the formation of bromine 
chloride in the gaseous phase does not necessarily mean the formation in the 
condensed phase. The negative heat of mixing in the liquid phase does point to 
the fact that the interaction between unlike molecules is more prominent than 
between like molecules. 

From the considerations of crystal structure, it can be conceived that since 
the size of chlorine molecules differ with bromine molecules by about 20% in the 
solid phase, the substitution of one molecule for the other would cause a consider- 
able amount of strain or distortion in the crystal. This fact may be responsible 
for making the solid phase non-ideal. The amount of strain developed in ^e solid 
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solution of oMorina and bromine is probably insufficient to cause separation in two 
phases. Employing fairly arbitrary assumptions the strain energy in a binary 
solid solution of atoms of different sizes has been deduced (Lawson, 1947 ; Hilde- 
brand and Scott, 1950). Using Scott’s expression, i.e., 




{N,Vl+N,V^ 




(33) 


where 8 i and 82 are the solubility parameters of the two species and Vi and 
are the molar volumes, the strain energy for a equi-molar mixture of chlorine 

and bromine is found to be equal to 137 cal. which does not seem to be unreasonable. 


The author is thankful to Prof. A. C. Chatterji for continued interest in the 
investigation. 

Tins work forms part of the scheme supported by the Council of Scientific 
and Industrial Research. 


SinoiABY 


Thermodynamics of solid >li quid equilibria has been investigated. Equations of solidus 
and liquidus curves have been deduced for ideal, regular, athermal and non-ideal mixtures 
including solutions of high polymers. The conditions for stationary melting-point have also been 
deduced. Binary eutectic system has been discussed. The eutectic composition for naphtha- 
lene-phenanthrene system predicted from theory is in satisfactory accord with the observed 
value. The solid-liquid equilibrium data of chlorine -bromine system has been examined. It is 
found that the system is neither ideal nor regular but the equations assuming the liquid phase to 
be regular and solid phase to be non-ideal fit the data. Heat of mixing for the liquid phase is 
found to be negative while it is positive for the solid phase. The formation of bromine chloride 
molecules in the condensed phase is discussed. The interaction between chlorine and bromine 
molecules is more prominent than the interaction between the like molecules in the liquid phase, 
but it seems that the stable compound is not formed. The strain energy in the solid solution 
has been calculated and appears to be of the correct order of magnitude. 
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FLOW OF A COMPRESSIBLE FLUID AROUND A CORNER 
by M. Ray, Professor of MaihemaUes, Agra College 
(Communicated by N. R. Seo, F.N.I.) 

(Received July 20, 1954 ; after revision January 4 ; read May 27, 1955) 

1. Inteodttotion, 

Prandtl’s problem of the expansion of a uniform two-dimensional stream of 
gas flowing around a comer at a supersonic speed l^d been studied (Durand, 1936) 
under adiabatic conditions and it had been showA that the velocity perpendicular 
to the radius vector from the comer is always equal to the speed of sound at the 
local conditions of pressure and density. Bemoullf s equation had been used to find 
the components of velocity in terms of the angle<of deflection and also to find the 
relation between the pressure and the same angle. 

In this paper the same problem has been studied starting with non-adiabatic 
conditions, conductivity and viscosity taken into account but it is found that the 
equations lead to adiabatic conditions and that the transverse velocity is equal to 
the velocity of sound as before. The equations can be straight integrated giving 
the velocity in terms of deflection. Expressions for the components of velocity 
and for pressure are analytically different from those obtained by the other method 
and are of some interest. 


2. Equations of Motion 

A uniform stream of gas flows parallel to a rigid boundary AO. At 0 the 
boundary makes an angle « with AO produced and then takes a straight course 
OB. It is proposed to investigate the flow around the comer 0 in the angle 
between ON and OB where ON is perpendicular to AO at 0. 

IN 


a 



Take 0 as origin, (i», v) be components of velocity along and perpendicular to 
the radius vector from O. 

Components of strain are 


The divergence is 




2dv 2u 

Idu dv V 

(1) 

'98~ r ^'^'7 • 

“ r P Fr “ f • 

du u Idv 


(2) 
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The stress components are 

Prr = — P+ AA +#*«•» > = — P+AA 

and 

where p is the pressure. 

The equations of motions are 


p\ 

du vdu 
^ dr rdd r , 

10 .10 . 1 / V 1 

and p 1 

( dv , vdv , uv 

r^ + rB + T, 

10,10 2 ( 

} ~ dr^rd'^ r de^BB r^rB> ) 


where p is the density. 

The equation of continuity is 

= 0 

The equation of energy is 



/ Bi , vdi\ ( dp , vdp\ 
r 9r \cr dr) ^ r® dB \o dd) 


( 3 ) 


(4) 


(6) 


( 6 ) 


where i, called the enthalpy, is the heat content, a the Prahdtl number, and 
dissipation function given by 


4a> = A(e„+e^j)8+2p(e2^+e|,+2c^) (7) 


Also the equation of state for a perfect gas is 


ip « 


y 


( 8 ) 


where y is the ratio of specific heats at constant pressure and at constant volume. 

We further assume that p varies as some power of absolute temperature, 
and therefore as t". 


i.e. ~ « const (9) 

where n is usually positive and less than unity. 

These are all the equations. To solve these we make some simplifications. 


3. SiMPLOTOATIONS OV THE EQUATIONS 


In the present problem we assume that the velocity, density and pressure are 
constant along a ra^us, hence the above equations reduce to the following : — 
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/>«+^(pt;) = 0. * 

.. (6a) 

^ A+2ft / dvY . (du 

r* r+W+^U"*’) 

.. (7a) 

V i di ip\ 1 d /ndi\ , ^ 

de) r^de\iw}'^^ 

(6a) 

Again the coefficients of r in various equationis must all be zero. 
Therefore we get 

du . 

dtf : 

.. (10) 

'»(“+s)“-i 

.. (11) 

A+2ya = 0 , 


<P = 0, 


. .. 

de\<Tdej 

.. (12) 

II 

.. (13) 

It is to be noted that the minimum value of X+2fi is also zero. 



4. Solutions of the Equations 
From (12), taking <t as constant, we have with the help of (9), 

* de “ 

where c is a positive constant, so that from (13), 


dp 

dd' 


cp 

* 


or 


or 


From (8), we have by differentiation with respect to tf, 
. dp di Y dp y cp 

•n+1 dp , di ^ ^ 

i»+i^ L-co 

de~ Y-i ^’ " 


1^. 

p 


— ~ ■»+! •• » 


edd M 


.. ( 14 ) 

.. (16) 

from (16) 


from (14) 


or 


. . &om (14) 
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Hence 
so that 

or 


where a is a constant, 


y-1 


pssx ip SS CtpY 


Po \po) ’ ' ' 


where su£Sz 0 denotes value when at rest. 

This is the adiabatic law. 

From equations (11) and (16), we have 

/ , dv\ cp 

which with the help of (5a) gives 


or 


.2^ 5? 

de t» • 


But we have already seen that 

dp 

dd^ 


^ 

(r-l)i 


•n+l > 


.. ( 16 ) 


(17) 


hence «* = (y— •!)< aa y " = a‘, . . 

P 

where a is the local velocity of sound. 

Again from (17), with the help of (14), we get 



/ , iiv\ di 


T+dd/'-di 


du dv di 

or 

^de'^'^Te d»: 

giving, 

«*+»* = cj— 2i, 

where Ci is a constant. 


Also from (14) we have 


therefore (19) gives 

5* a «•+«» ci~2to }l- r^. 

* *0 * 

Measuring 0 firom the line 0^ at which 


(18) 


(19) 


.. ( 20 ) 


we have 

tt as 0, V s F 

F* = Ci-2to 



BO that 

Cl * F*+2*o 

. . 

.. (21) 

where 

i _ y Fo 
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The flow will be purely radial and uniform along the boundary OB if when 


6 as -+a, » =a 0, M a= Ml, 


then 




Also 


m‘ = F*+2»o 

m 2 as * Fl!_»* + 2io-2io jif- 


( 22 ) 


-'•-?+ss['-{‘-N^r] <"> 

Evidently ^ 0 on the boundary OB. OB may be regarded as the free 

surface of the stream. 

In the particular case when ft is constant, so that w = 0, we get 


and 


g2 = FH2c0 
Mj = F*+2c(|+a) 

m*-F* . 

/. =F2 + -^ ^ 

2 +“ 

MgasF2-y^+ ^^~^- g. 
P "j.* 

2 +* 

In this particular case, we have from (15) 
dp 


(24) 


/ 


dJd 


-cp 




which gives on integration 


r*i 


ik) ' 


from (16) 


(26) 


as pasO when 6=‘^+oi, i.e. on OB. 

This gives the relation between the pressure and 0. 
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Thus when 


6 = 0 , 


y-i 

/£\ ~ ?£2 Izl 
po y 



Y-l Po 
2y Po 



This may be taken as the pressure of the uniform stream parallel to AO. 


Rbpbbbnoe 

Durand, W. P. (1935). Aerodynamic Theory, 3, 243. 
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FRAGMENTATION OP GLASS PLATES 


by U. S. Nioama, Modem School, New Delhi 
(Commiinicated by F. C. Aalftck, F.N.I.) 

{Received DecenAer 22, 1954 ; read March 4, 1955) 

This paper is concerned with the random fra|[mentation of glass plates. The 
purpose is to discover the basic features of sucj^ a fragmentation process. The 
mathematical theory of the random fragmentatio|i (division) of a line into a finite 
number of N parts has been discussed by sevei*! authors (Auluck and Kothari, 
1954). It has its application in assessing the randomness of radioactive disintegra- 
tions and cosmic ray events. The average numb|»r N{x) of fragments equal to or 
greater than x is given by (Feller, 1 940) 


= (1) 

It is difficult to discuss the general problem of the fragmentation of an area, 
and, so far as known to the author, no such discussion has been given. However, 
it is easy to treat an idealised case of the fragmentation of a rectangle into smaller 
rectangles. Let us consider a rectangle of area S = I 1 I 2 , and suppose it to be frag- 
mented into = N 1 N 2 rectangles by placing at random Ni lines parallel to the 
length of the rectangle and lines parallel to the breadth of the rectangle. The 
number of fragments of area equal to or greater than 8 is, using (1), given by 
(Auluck and Kothari, 1964) 

or approximately 

(2) 

where Kx{Z) is the Bessel function of imaginary argument, No = NiN^ is the total 

£ 

number of fragments, and 8q is the average area of a fragment, • 

. ® 

In view of the idealised conditions under which (2) has been derived it is not 
expected that it would describe exactly an actual area-fragmentation process, but 
all the same it is likely to illustrate the essential features of this process. This is 
borne by the experimental results described below. 

A number of experiments were performed on fragmentation of glass plates of 
sheet glass. Experiments were done with plates of varying sizes, lie plates were 
held horizontally between the fingers at a given height from an even hard concrete 
surface (the laboratory floor) and then released, ^ese fragmented on hitting the 
floor. Fragments of each plate were collected separately and then weighed to an 
accuracy of about 10"® gms. Particles below a mass of 6x 10"® gms. were lumped 
together and weighed, and their average mass was obtained. Particles below 
about 10"* gms. were ignored. Data for some of the plates are givmi overleaf: 
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Group— A. Sheet glass plate 8 3 cm. x 8*3 cm, x 0*2 cm. 
Mass 25 gms. approximately. 

Heights fellen through : 10 ft., 5 ft. and 2 ft. 
Group — B. Sheet glass plate 16-6 cm. X 8*3 cm. x 0*2 cm. 
Mass 50 gms. approximately. 

Height fallen through : 6 ft. 



Graph No. 1 showing the relation between log|o N(m) and N(m) is the number of frag- 
ments of moss equal to or greater than m. m is the mass of the fragments in grams. Height of 
fall ~ 6 ft. 



Graph No* 2 diowing the relation between log 2 oJV(f?i) and N{fi%) is the number of frag- 
ments of mass eq[aal to or greater than m. m is the mass of the fragments in grams. Height of 
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For fragments of each plate a graph between logio N(m) and was plotted, 
where N{m) is the number of fragments of mass equal to or greater than m. Assum- 
ing that the surface density of the plate is uniform, the relation between N{m) and 
m will be the same as between N{m) and 8, In all cases irrespective of the size of 
the plate or the height through which it fell the graphs obtained were always of the 
same pattern, and it was apparent from the graphs (plot of logio N{m) against 
m in gm.) that these fragments could be classified in three groups : — (i) the big ones, 

(ii) the small ones, and (iii) minute ones. Two t 3 q)ical groups are appended with the 
paper. The group (i) comprises of roughly ten fragments, and leaving aside the 
biggest, the others lie nearly on a straight line given by 

logio = 0*76 1*75 . . . . (3) 

The number in this group increases with the height| of fall. 

The group (ii) comprises particles which lie on another straight line : line BC in the 
figure. Almost all the smaller fragments lie on th^s part of the graph, i.e. between 
B and G. This part of the straight line may be repfcesented roughly by the equation 

logio N{m) = wi+l . . . . (4) 

In this group also the number of fragments increalres with the height of fall. 

We now come to the portion CD in the graph. This constitutes our group 

(iii) , i.e. minute fragments. The graph is here almost parallel to the logio N(in) 
axis. Partly this is due to our lumping together fragments of mass smaller than 
5x10”^ gms. Also in this region secondary fragments, i.e. fragments produced 
by fragmentation of fragments already once formed, may play a part. 

In the following table we summarise some of the results. Ist column gives 
the description of the plate. 2nd, 3rd and 4th columns give the number of frag- 
ments under groups (i), (ii) and (ui). The remaining two columns give the slopes 
of the lines AB, corresponding to (i) and BC corresponding to group (ii). 


Table 


Description of the plate, 
cm.* 

Ht. of 
fall, 
in feet. 

Total number of 
fragments. 

Slope of line 
for 




Group 

(i) 

Group 

(ii) 

1. 

8-3x8-3x0-2 

2 

4 

38 

29 



2. 

do. 

2 

6 

12 

27 

0*26 


3. 

do. 

5 

8 

81 

45 

M4 

1-35 

4. 

do. 

5 

7 

44 

46 

0-92 


6 . 

do. 

6 

9 

80 

45 

0-86 

0-93 

6 . 

do. 

10 

8 

72 

107 

0*77 

103 

7. 

16-6 X 8-3 xO-2 

6 

13 

129 

58 

0-72 

1-25 

8 . 

do. 

6 


127 

26 

0-77 

1-35 

9. 

do. 

6 

H 

145 

75 

068 

1*72 


The fact that the particles in each of the groups (i) and (ii) Ue on straight lines 
(the lines are plots of logioiV(m) against ml) shows that the fragmentation under 
each group is broadly in accordance with this theory, i.e. equation 2. It is, however, 
not clear in the present investigation why the groups (i) and (ii) do not lie on the 
same straight line. This would obviously need a closer study of this problem and 
it is proposed to take it up subsequently. , 
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I am grateful to Prof. D. S. Kothari and Dr. P. C. Auluck for their guidance 
and to Principal Kapur for his kind interest and facilities given to me. 


Summary 

This paper is oonoemed with the ‘ Random fragmentation of glass plates*. A number 
of experiments were performed with plates of varying sizes. The results are broadly in 
acoordanoe with the theory of fragmentation given by Dr. F. C. Auluok and Dr. D. 3. Kothari. 
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TRANSITION TEMPERATURE OF He3 -He^ MIXTURES 
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(Communicated by F. C. Aulupk, F.N.I.) 


(Received Janimry 4; read Mcatch 4, 1955) 

Introduction I 

The effect of the addition of liquid He^ on the^ transition temperature of liquid 
He^ has been studied in great detail in recent yeap’s. In order to investigate this 
change in the transition temperature Heer and Dai^t (1961) treated liquid He^ and 
liquid He3, respectively, as perfect Bose-Einstein aiad Fermi-Dirac gases in smooth- 
ed potential wells. Assuming the liquids to form statistically independent 
assemblies in the mixture they showed that the transition temperatures could be 
predicted with fairly good accuracy. However, the agreement between theory and 
experiment as reported by them is, more or less, qualitative. It is also well-known 
that such perfect gas models do not very well represent the actual situation in the 
pure liquids. Recently, Ziro Mikura (1954) has modified Heer and Daunt^s model 
by introducing a gap in the lowest portion of the one-particle-energy spectrum. 
But the transition temperatures obtained on the basis of this ‘modified Bose- 
Einstein theory’ are too low, for mixtures with He^ concentration greater than 
about 60 per cent. In this paper we shall show that the transition temperatures 
can be predicted with somewhat better accuracy when gas ‘imperfections’ are 
taken into account. 

The imperfections are introduced in a qualitative way as corrections to the 
perfect gas model so that the liquids may formally be regarded as systems of ‘quasi- 
free particles’ obeying Bose and Fermi statistics. Thus, we assume that the total 
volume accessible to a ‘particle’ is somewhat less than the actual volume of the 
liquid (Van der Waals’ correction). Next, we attribute to each particle an effective 
mass somewhat greater than the corresponding atomic mass and introduce in the 
free energy, terms arising from Lennard-Jones Devonshire type interactions. We 
shall not discuss here the details of this model. The aim of this paper is to bring 
out the importance of the Van der Waals’ correction so far as the transition 
temperatures are concerned. 

Pure Liquid He* 


Applying the model to liquid He* we write for the free energy the expression 
(with y =5 c/iT), 






2w(2m* hT)^ 

P 






a,Nl hN\ 


i»{l— ^°exp(— y)} X 


( 1 ) 


where is the efifective mass, Vu the accessible and F4 the actual volume and 
04, are constants to be determined by comparison with observations. ' Again, 
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is to be determined by the general condition that the total number of particles 
is fixed. The conservation of the total number of particles requires that 





= 0 , 


( 2 ) 


and this equation will evaluate .4°. Next, we introduce the parameter, x, for the 
fraction of non-condensed particles, i.e. x = NyN^, and put with London (1938) 


A 


0 

4 


From eqs. (1), (2) and (3) we obtain 


(l-x)Ni 


xN^ 





(3) 

(4) 


The transition temperature, 2^ is defined by the fact that almost all the particles 
are non-condensed, i.e, a: = 1. Hence eq. (4) gives: 


c N, 

Next, using for the molar volume of liquid He^ the value 27-6 c.c. and recalling 
that the Van der Waals* correction term is 19-2 c.c. per mole we obtain for the acces- 
sible volume the value 8-4 c.c. per mole. Comparing eq. (5) with the observed 
value 2186°K., of the transition temperature we get 

m*^ ^ 3-2 

We shall not, however, discuss the nature of the effective mass in detail because as 
will be seen below, the transition temperature of the mixture (relative to T^) is 
independent of the choice of m*. 



Mixtures of He^ and He^ and their transition temperatures 

In the mixture, interactions between particles of one liquid and those of the 
other are neglected and therefore we regard the liquids as forming statistically 
independent systems. Evidently, the mixing process will not affect the nature of 
the interactions. The actual and accessible volumes of the mixture are written, 
as for ideal mixtures, in the form 

F=F*+Fs = N4F^+i^8Tl , 

reapectively. Here FJJ, »re the actual and F^,, the accessible volumes 
per particle of liquid He^ and liquid He>, respectively. 
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According to the present model the free energy of liquid He^ is written as 


-ifcr 


n 4iT(2m>J’)^ r n .1 

■NilnA\-\ p Va, ln{ l+A® exp(— dy — 

Jo J 


n K' 


( 6 ) 


whence we obtain for the free energy of the mixture 


r 2n(2mjcT)^ , r 

= _jfc7>| -NilnA4-Ntln(l-^4) — - Ki| ln{l-A4exp(-y)}i/idi/ 


1 - 


-kT 


in{2mJeT)4 

.NalnAa+ V. 


ln{ \ +As exp (— y) )y^dy | — 


04JV® 

ys 




K ba^ 

yi: ^ 74 I • 


.. (7) 


^4 and being determined by the conservation conditions: 

(^] - 0 . 

\ 0 A 4 J J. y^^ 


(in 

\®^3/ t,A^, Vq, 


= 0 . 


4. ^3 


Then, proceeding as before we obtain for the transition temperature, T^y of liquid 
He^ in the mixture : 


2wmlk\V,m)} 


.. ( 8 ) 


which on combination with eq, (5) gives: 

2a [naK+^zKI 

which is independent of m*. This expression for is to be compared with 

that obtained by Heer and Daunt, namely : 

r; 

Eqs. (9) and (9') have been used to compute the values of T;^/T^ for various 

He® concentrations. The values 37-6 c.c. and 13'8 c.c. were used for the actual 
and the accessible volumes of liquid He* since the Van der Waals’ correction term is 
23-8 c.c. per mole. The results are plotted in Fig. 1 where the full curve represents 
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our results (eq. (9)) and the dotted curve those of Heer and Daunt (eq. (9^). For 

the sake of comparison we have included in Fig. 1 the curve ( — ) obtained 

by Ziro Mikura (1954). We have also included the observed A-temperatures due to 
Daunt and Heer (1950) and Abraham et aL (1949). It is clear that the present 
model gives, more or less, the best agreement with experiment. 



Fio. 1 


Plot of T\IT^ against He® concentration ; (X^), 
curve : Present theory. 

curve ; Theory of Heer and Daunt (1951). 

- • - • - curve : Mikura’s Modified Bose-Einstein Liquid Theory, 

The dark circles show the observed values due to Daunt and Heer (1960) and Abraham 
et ah (1949). 


Next, we shall consider the slope of the vs. J8{ “ ) curve O'f 

very low He* concentrations. Thus we have (taking = 2T86°K), 

^ 2 jiO Vgf 

“3 

- 2 * 41 . 

from eq. (9) and 


dT. 
Lt _i 

I 


Lt 

^*->0 


nO ^ 


dTx _ ^ _ 


= -1<986, 

from eq. (9'), in comparison to the observed value ~ —2 8.* 


(10) 


(10') 


* Recently Keller and othere (unpublished resulte) have found that the slope of the 
2';^ vs. Xg curve for very low concentrations is about — 1*6. It seems, therefore, tiiat the 
modifications introduced here would be of importance only for rather high concentrations. 
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above features clearly bring out the importance of the imperfections in the 
behavi(w of He® —He* mixtures, especially when it is realised that our expression 
for does not involve any arbitrary constants. Evidently, Van der Waals’ 

correction terms alone are important in modifying It is surprising that 

this admittedly qualitative modification leads to, more or less, correct results. The 
details of this model and its further applications have been worked out will 
be dealt with elsewhere. 

In conclusion, it is my pleasant task to thank Professor D. S. Kothari for his 
kind interest and Dr. P. C. Auluck for his valuably guidance. I am also thankful 
to Dr. P. K. Katti for many useful discussions. 


Abstract ^ 

Semi-quantitative ‘imperfect’ gas models for liquid] He* and liquid He* are proposed. 
Fisher, it is shown that the transition temperature of Hef-He* mixtures can be predicted with 

fairly good accuracy on the basis of merely Van der Waals* type corrections to the perfect gas 
model. T- 
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(Communicated by K. Banerjee, F.N.I.) 
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The existence of anhydrous sodium sulphate in five polymorphic forms provides 
an interesting problem in X-ray crystallography. From the researches of many 
a worker and Kracek (1929), the existence of anhydrous sodium sulphate in 
three forms was found with certainty. These forms are (a) Thenardite or N^a2S04V, 
which separates above 32"5°C. from aqueous solution saturated at atmospheric 
pressure, (b) the form Na2R04lII, which appears when NaaSO^V, heated to high 
temperature, is cooled down to room temperature and (c) the hexagonal high 
temperature form Na2S04lI, which persists only at high temperature. Kracek 
and Gibson (1930), from the study of the salt in contact with its saturated 
solution in a pressure dilatometer, established the stable inversion. 

NagSO*! Na2S04inat241“C. 

NajSO*!!! si Na2S04lV at 186° C. 

The inversion of Na2S04lV to Na2S04V could not be located with certainty 
because of the very small volume effect accompanying this change and that is why 
the 185° C. inversion actually represented the change Na2S04lII -> Na2S04V. 
From the study of the heating and cooling curves of anhydrous Na2S04, Kracek 
could identify the following phases : 


Temperature °C. 


Break 

Phase Change 

Heating 

Cooling 

A 

V -> IV 

197±2 


B 

IV -► III 

210±2 


C 

V III 

217±2 


D 

IV II 

230±2 

210, Irreversible 
in neutral. 

E,K 

II I 

238±2 

234-5 

F(H) 

III s? I 

244±260 

— 

L 

II 52 III 

« • • • 

228 


In the heating and cooling curves of Na2S04, as obtained by Kracek, all the breaks 
can be seen there clearly. 

Kracek and Kasanda (1930) could identify the high temperature hexagonal 
form of Na2S04, i.e. Na2S04lI and also Na2S04lII from their X-ray difiPraction study. 
But up to this time no definite information about the crystal structure of Na2S04lII 
was known. However, we (1953, 1964), by the application of Hesse (1946) and 
Stosick’s (1949) method, have shown that Na2S04lII definitely belongs to the 
tetragonal crystal class with 16 molecules in the unit cell. While studying the 
crystal structure of Na2S04lII by X-ray diffraction method, we had carried out the 
di^erential thermal analysis of NafSOi, the results of which are described below. 
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Experimental and Discussion 

Sodium sulphate, used in this work, was prepared from Baker's ‘Analyzed' 
anhydrous Na2S04. The salt, dissolved in water, was precipitated again by pour- 
ing the warm solution into warm 95% alcohol. The solution was then filtered and 
the precipitate was freed from alcohol and water. Na2S04, thus prepared, was 
then crushed into fine powders in an agate mortar. This powderecl Na2S04 was 
then used for differential thermal analysis. 

The apparatus, used for this analysis, consisted of two micromaxes. One 
recorded the actual temperature of the furnace by means of a thermocouple inserted 
into a blank container, usually containing Al208,| which do not transform even at 
high temperature. The other recorded any endothermic or exothermic reaction, 
occurring in the sample under investigations by imeans of another thermocouple, 
one end of which was dipped in the sample and ^e other end being dipped in the 
AI2O8 container. The furnace temperature was '^aried at regular interval, usually 
by 10° C. per minute and was kept constant by mefcns of a powerstat. The powder- 
ed sample of Na2S04 was placed in the second .^container. Both the AI2O8 and 
Na2S04 containers were placed in the furnac^ The thermo-e.m.f. developed 
due to the difference of temperature, which is ali^ due to the heat of reaction, at 
the two ends of the thermocouple, was recorded byj the usual potentiometric method. 
Tn our investigation, we actually used chromeUalomel thermocouple. The dif- 
ferential thermal curves during heating, cooling and reheating of Na2S04 are given 
below. 



V 

Offfercnbal Thermal Curve of 
Fm. 1 

As it can be seen from the above Pig, 1, one peak at 90° C. was found during 
the first heating of Na2S04. This peak was definitely due to the expulsion of 
occluded water. No breaks at 197° C. and 210° C. were found in this case. This 
was due to the fact that the first reaction in our case overlapped the ot^er two. 
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The break which indicated the reaction Na 2 S 04 V->*Na 2 S 04 lII was also found by 
us at 216® C. During cooling, the peak, giving indications for the reaction 
Na 2 S 04 lI -► Na 2 S 04 lII was also observed by us at 226® 0. The curve, during 
reheating, is different from that found by Kracek (1929), In the present curve, 
the first peak was at 140® C. This peak may be due to the reaction Na 2 S 04 lII -► 
Na 2 S 04 lV, which was not observed by Kracek, during reheating. The break at 
230® C. clearly gave indications for the reaction of Na 2 S 04 lV Na 2 S 04 lI. 
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Abstract 

The results of the differential thermal analysis of anhydrous sodium sulphate are described 
The transition temperatures for the various transformations, such as Na2S04 — Na2S04lIT, 
Na2S04lI— NaaS04HI, Na2S04lII— Na2S04lV and Na2S04lV— Na2S04lI, have been found 
out clearly from the brealos of the curves. 
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• { 

IntrodxtctionI 

It has been shown by Vineland and Patoling (1936) that the calculated 
permanent charge distribution for a number of piomo cyclic and heterocyclic com- 
pounds, using molecular orbital method, can bd satisfactorily correlated with the 
chemical reactivity of these compounds. CoipBon and co-worker (1947, 1949) 
have extended this calculation to a large number of polynuclear hydrocarbons 
with hetero-atoms by essentially the same method (with modification in some cases), 
in correlating the reactivity with permanent charge distribution. In the present 
paper is reported the electron density calculations on azoles and azines and its 
correlation with chemical reactivity. These five and six membered hetero-rings 
bear to pyrrol and pyridine same relation as pyridine and pyrrol bears to benzene 
and corresponding hypothetical five membered homocyclic ring. These compounds 
are of interest to organic chemist because of their peculiar chemical reactivity and 
to bio-chemist for their interesting physiological properties. 


Method of Calculation 

The method of calculation is too well known to reproduce here. The values 
of coulomb integral used in the present calculation are Eo+2p, JE'o+0*26j8 and Eq 
for nitrogen, carbon bonded to nitrogen and carbon bonded to carbon respectively, 
jS being the resonance integral which was taken to be equal for all bonds. The 
energy equations higher than second were solved by Pinch method correct up to 
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first place, il-eleotron densities for these compounds are shown in Fig. 1, against 
each atom. The numbering of the atoms is also given inside the ring. 

Discussion 

It may be observed that the /7-electron density is rather high at 4 position in 
pyrazole so this position is highly reactive. Halogination, nitration, and sulfonation 
take place at this position. Lesser electron density at the nitrogen atom makes 
this less basic than pyrrol. Imidazol, similarly, is less basic than pyrazole. 
Nitration and sulfonation proceed with equal ease at 4 and 5 positions of this com- 
pound. Bromination can cause substitution at all the carbon atoms. The sub- 
stitution reaction at 2 position is most probably a secondary reaction, i.e. migration 
of the halogen atom from nitrogen to the carbon atom at 2 position (Morton, 1946). 
The reason for the assumption is two-fold. Firstly the hydrogen at 1 position can 
be replaced by bromine giving a tetrabromo compound. And secondly a methyJ 
group from nitrogen does migrate to 2 position. 1, 2, 8-triazole is weakly basic. 
Rather low electron densities on carbon atoms in triazole makes this compound 
highly resistant to substitution reaction. Methyl groups at these positions are 
easily oxidized to give triazole carboxylic acid. Tetrazole is weakly acidic. Electron 
density at 6 position in tetrazole is extremely low, so the compound is easily 
attacked by alkali at this positicjn. Pentazole, if it exists, will be extremely unrcj- 
active. 

Compared to pyridine diazines are less basic, while triazines are less basic than 
diazines. Tetrazines are neutral or slightly acidic. Calculation agrees fairly well 
with this behaviour with the exception of pirimidine. High electron densities at 
the nitrogen atoms should make pirimidine basic. Actually the compound is a 
mono-basic acid. Extremely low electron density at 1 position may cause easy 
dissociation of the hydrogen atom at this position and this may account for its 
acidic character (Richter, 1923). 

In pyrazine low electron densities at 2 and 5 positions make the compound 
susceptible to anionoid attack. Methyl substitution at these positions are easily 
oxidized to pyrazine carboxylic acid. In pirimidine, too, methyl substitution 
at 1 position is easily oxidized. Halogen atom at this position is replaced by NHo 
group by reaction with ammonia or sodaraide. The mobility of halogen at 1 
position in pirimidine is so great that it can be replaced by SON by reaction with 
KSCN. Low electron densities at 2, 4 and 6 positions in cyanidine also makes the 
halogen atoms at these positions easily replaceable by NH 2 group. Methyl groups at 
these positions are easily oxidized to carboxylic acid. Low electron densities at 
the carbon atoms in azines make these compounds resistant to nucleophilic sub- 
stitution, so these compounds do not undergo nitration, bromination or sulfonation. 

Nummary 

A quantum mechanical calculation of the electron denBities at different positions of azole 
and azine molecules have been made and an effective correlation has been obtained with the 
chemical reactivity of the respective position. 
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i 

Samples of nettle fibres grown in the wil^ tracts of Darjeeling, Sikkim and 
Nepal were lately available for study. These sainples are classified under two local 
names Pooah and Sishnu. Pooah has been identified as Boehmeria frtUescens and 
Sishnu as Boehmeria girardinia heterophyUa by |he botanists. Fibres from Pooah 
are soft and flexible but fibres from Sishnu are ^definitely coarser than those from 
Pooah. In this communication Pooah is referrefd to as sample A and Sishnu as B. 

The physical properties of those A and B varieties, as studied earlier (Deb and 
Sen, 1949), reveal that — 

(1) the density of these fibres are nearly that of cotton and much higher 

than that of jute ; 

(2) when fully retted and degummed they produce spinnable long filaments 

finer than the jute filaments ; 

(3) they possess small amount of pore space ; 

(4) unlike jute fibres when these fibres are bleached white, the wet strength 

of the filaments appears to be higher than the dry filaments ; and 

(5) the tensile strength of these fibres are greater than jute. 

So it appears from the earlier studies that the nettle fibres are in many respects 
better than jute variety. To prove this and to study them fully X-ray pictures of 
the samples A and B were taken. A small bunch of fibres of 1 mm. thickness was 
mounted in a cylindrical fibre camera and X-ray pictures were taken in Phillips 
sealed tube in Cu-radiation. Usually exposures of 4 to 4J hours were given in each 
case. The angular co-ordinates of iS and ii of the spots were obtained in the usual 
way from the X-ray pictures and the glancing angle was calculated from the relation 
cos 0 cos /a = cos 20b. The spots were identified on the basis of the unit cell of 
dimensions a = 8-36 A, i = 10-3 A, c = 7-9 A and ^ = 84®, and the space group is 

^ 2 i (Meyer and Mark, 1929), of cellulose which is the main constituent of these fibres. 
The details of the spots, their indices, intensities and characters are given below in 
Tables I and II and the photographs in Plate VIII. 

Table I 


Sample A : {Pooah variety) 


Indices 

Intensity 

Character 

101 

Sharp (strong) 

Like a spot. 

002 

Very strong 

Extended into arc. 

00215 

Medium strong 

Extended into arc. 

004 

Very weak 

Extended into arc. 

310 

Weak 

Diffuse and extended into arc. 

021 

Medium 

Like a spot. 

131 or 130 

Weak 

Diffuse. 

230 

Weak 

Diffuse and extended into arc. 
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Tabus II 


Sample B : {Siahnu variety) 


Indices 

Intensity 

Character 

101 

Strong 

Broad spot-like. 

002 

Very strong 

Sharp and extended into arc. 

002)5 

Medium strong 

Sharp and extended into arc. 

004 

Weak 

Diffuse. 

310 

Weak 

Bent into arc. 

021 

Medium 

Like a spot. 

221 

Weak 

Broad and diffuse. 

130 or 131 

Weak 

Broad and diffuse. 

230 

Medium 

Broad, bent into arc. 

040 

Weak 

Bent into arc. 

042 

Weak 

Bent into arc. Diffuse. 


In the Pooah variety (sample A) the long axis of cellulose unit cell is parallel 
to the fibre axis. From the fairly sharp characters of the different planes like 
101, 002, etc., appearing in the picture it appears that the degree of crystallinity is 
sufficiently good for a fibre diagram. Clearness of the background indicate that 
unlike the jute fibres the crystallites in the micellar regions are more closely packed 
and the amorphous part if present at all must be extremely small. 

In the Sishnu variety (sample B) the long axis of the cellulose unit cell is also 
parallel to the fibre axis. The number of planes appearing in the picture is more 
than the Pooah fibres. The widths of the spots in this case are practically like the 
spots in sample A. 

The general analyses of these fibres indilate that out of these two t^es Sishnu 
(B) shows sharper and stronger spots. However, if all these X-ray diagrams are 
compared with the standard X-ray diagrams of ramie (Mark and Meyer, 1929) 
and jute (Banerjee, K. and Roy, A. K., 1941), it becomes apparent that the nettle 
fibres, as far as general X-ray diagrams and the packing of crystallites in the micellar 
regions are concerned, are as sharp and clear as ramie, and definitely much sharper 
and clearer than jute. This conclusion is thus quite in accord with the observa- 
tions on tensile strength and other physical properties studied by Deb and Sen 
(1949). 

Thanks are due to Prof. K. Banerjee, D.Sc., F.N.I., and Prof. B. N. Srivastava, 
D.Sc., P.N.I., for their keen interest in the work. Thanks are also due to Dr. B. K. 
Banerjee for valuable discussions and Dr. S. Deb for supplying the fibres. 

Abstbact 

Pooah and Sishnu typos of nettle fibres were studied by X-ray method. The general X-ray 
diagrams were analysed. It is proved that the Sishnu type yields slightly sharper and clearer 
X-ray diagrcun than the other, and that the X-ray diagrams of both the types of nettle fibres 
are nearly as good as ramie and definitely much sharper and clearer than the jute fibres, indicat- 
ing large crystallite size and low proportion of amorphous content. 
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SEMIQUANTITATIVE EVALUATION OF RESONANCE INTEGRAL AND 
OVERLAP INTEGRAL FOR C-N BOND IN S-TRIAZINE 


hy Sadhan Basu, Department of Chemistry^ University College of Science^ 

92 Upper Circular Road, Calcutta 9 

(Communicated by B. N. G^^osh, P.N.I.) 

(Received April 29; read May 27, 1955) 

A complete theoretical computation has been made on benzene molecule 
according to MO method by Mayer and Sklar ^1938). The only empirical value 
used by them was 1-40 A for the C-C bond length. In the present paper a semi- 
empirical method has been used, i.e. the theoretical calculation has been combined 
with spectroscopic data in evaluating the resonance integral for C-N bond in S- 
triazine (Fig. 1). The method is essentially the same as the one used by Mulliken 
(1948) for barozol. Calculations on benzene are given hero side by side in order to 
show the correspondence between the two molecules and the applicability of 
similarity transformation. 


6C 





Fig. 1. Benzene and S-triazine 


Neglecting non-neighbouring atom interactions we may write the secular 
determinants for the six approximate MOs as 


^ 1 0 0 0 1 

14 10 0 0 

0 14 10 0 
0 0 14 10 0 (benzene) 

0 0 0 1 4 1 

1 0 0 0 1 4 


4 ' 1 0 0 0 1 

1 4 ' 1 0 0 0 

0 1 4 ' 1 0 0 

0 0 1 4* 0 0 1 0 (S-triazine) 

0 0 0 1 4' 0 

1 0 0 0 1 4* 
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wht'fo A = 


Af cf.'-'K 4 » _ 

ol^-E 

y-ES' ~Y*-ES*' 


^=jwlHWldr, 


y= JlP.'H'Pfdr, 

Y* = 

S = jwy^dT and 

S* == jvl^fjdr. 


The Ws are atomic 2pj^ orbitals, the subscripts refer to the kind of atom and the 
superscripts to the location in the ring. H and H* are the one electron Hartree 
field Hamiltonian operator for benzene and S-triazine respectively. 

(Substituting 

a-JS? = -X 


Y-olS = i3 
V*-a-S* = /8* 

and a‘— a = 8 

we get as a first approximation 

_ -X -X 8-^ 

P-SX’^ ~^*-XS* ~p*-X8* 


where «, y and j3 are known to be negative quantities. (The a’s are electronegativity 
parameter.) By a suitable similarity transformation the* secular determinants can 
be reduced to the forms : 


2 0 0 0 0 

2^ 0 0 0 0 

0 0^100 
0 0 1 AO 0 =0 (benzene) 

0 0 0 0 4 1 

0 0 0 0 1 4 


4' 2 0 0 0 0 

2 4" 0 0 0 0 

0 0 4' 1 0 0 

0 0 1 4" 0 0 = 0 (S-triazinc] 

0 0 0 0 4 ' 1 

0 0 0 0 1 4' 


The molecular orbitals corresponding to the roots 4 es —2 and 4 = — 1 (twice) 
in benzene and the corresponding orbitals in S-triazine are each occupied in the 
ground state by two electrons. The average height above the ground state of the 
first excited state, corresponding in benzene to the excitation of one electron from 
one of the 4 = — I orbitals to one of the 4 = -f 1 orbitals is given by the difference 
(Jfj — .^l), of the two roots of 

42-1 « 0. i.e. of X2-(j8-.9Z)2 = 0 
namely, X 2 — Zj = — 2j8/(l— <S2) for benzene, 

and for S-triazine, of 

0 ie _ ^—X 

’ (p*-X8*)'(^-XS*) 

X*(l-(S*)+Z(2S*)8*-8)-)S*2 = 0 


or 
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j3*(4+rt!*-4rf.S*)‘ 

\- 8 * 


wliero d =s 




The overlap integral S and can easily be evaluated if we use Slater’s (1930) 
orbitals. The results are 

S = {l+x+‘lx^+j^!f)e-* 
for like atoms, and ; 

1 -^ 7 + Jsinh ^,,+3 (l- ( cosh xr,-^ sinh 


for unlike atoms, Avliert' 

X = Z'Rjn*, for like atoms, 

= \(a+b) R. for unlike atoms, 
r/ = Z'/w*, b = Z'V'a*, 

Z' = eflFective nuclear charges on carbon = 3*25, 
Z " = effective nuclear charge on nitrogen = 3-90, 
71 * == effective (][uantum number, 

= 2 for 2p^ orbitals, 


V = 


“ (nuclear asynimetry) 
{a+b) 


and R = internuclear distance in atomic unit. (Atomic unit of distan(*e 
is 0-528 1 .) 

The actual internuclear distance was taken as 1-41 A for both C-C and C-N. 
AVith these values we get S = 0-25 and S* = 0*235 and the mean emngies from the 
ground state to the first excited state 

benzene: E 2 —R 1 == — 2 31j3, 

S-triazine: E 2 -E 1 = l-31i3* (4+cZ2— 96rf)4. 


The first excited state in benzene is 4*9 ev above the ground state; witli this 
value we get ^ (spec,), the spectroscopically determined j8 as 

i8spec.= -4»/213=-2-30ev. 


For S-triazine, flrat excited state is 6-29 ev above ground state (Halverson and Hirst, 
1951). So 




6-29 X -76 


Spec. 


= —2*01 ev 


if d = 1. This gives 8 = —2*01 ev about ()*3 ev lower than that calctilated by 
MuIIiken for nitrogen in borazol. 

It may be observed that the values of resonance integral and overlap integral 
for C-N bond is slightly less than those for C-C bond. 

Calculation was not extended to other excited states of S-triazine, since only 
one absorption band has been experimentally detected for this compound. 
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Summary 

Theoretical MO calculation has been combined with the spectroscopic data in calculating the 
overlap integral and resonance integral for C-N bond in S-triazine. The results are 0-235 and 
—2-01 ev, respectively and slightly lower than C-C bond. 
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hy O. P. Gupta, Government College, Chandigarh, 
and S. Luthra, Delhi University, Delhi 

(Communicated by F. C. Auluck, P.N.I.) 

(Received November 2, 1954; approved for reading in August Meeting of 1955) 

1. Let P(n) denote the number of distinct u4ys in which a positive integer n 

can be expressed as a sum of the prime numbers’ 2, 3, 6 , 7, 1 1 , . . . repeated any 
number of times. j 

Thus 6 = 5, 2+3; and 8 = 3+5,i2+3+3, 2+2+2+2; 

so that P(6) = 2 and P(8) = 3. 

We take P(0) = 1. 

In this paper, we give a table of values of P(«) for n ^ 300. The calculations 
were made by us independently and discrepancies corrected. After the check, which 
Dr. H. Gupta has applied, there can be no doubt about the correctness of our results. 

2. P(») may be evaluated in two different ways : 

First method. 

Denote * by P{n, p) the number of those of the P(w) partitions of n into primes, 
which contain the prime p as the largest summand. 

Then 

P(n) = Z P{n, p) (1) 

P 

where p runs through all primes less than or equal to n. 

It may be'noticed that 

P{p,p)= 1. 

Denoting the rth prime by p^, with p^ = 2, p^ = 2 and so on, we have 


P(», pA = 2 P{n—p„ Pi) . . 

•=i 


( 2 ) 


because if from a partition of n into primes with p^ as the largest summand, we 
take away we are left with a partition of n—p^ with p, or a smaller prime as the 
largest summand. From (2), we readily obtain the recurrence formula 


r-l 


P(w, pO = P(n-pr, Pr)+ 2 P(n-p„ pt) 

tml 


= P{n-p„ Pr)+P{n-Pr+Pr-1, Pr-lY 


Evidently, for Pr > g > 


P(ra, pr) - P{n-p^) 


( 3 ) 

( 4 ) 




P(n, p^) is the coefficient of 


in the expansion of 
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As an illustration, wc write down the table for P(«, jo) for values of n up t<j 
and calculate tlic values for n = 10 . 


\p 

2 

3 

5 

7 

P(n) 

1 

0 




0 

2 

1 




1 

3 

0 

1 



1 

4 

1 

0 



1 

5 

0 

1 

1 


2 

6 

1 

1 

0 


2 

7 

0 

1 

1 

1 

3 

8 

1 

1 

1 

0 

3 

9 

0 

2 

1 

1 

4 

10 

1 

1 

2 

1 

5 


P(10, 2) := P(8, 2) = 1; 

P(]0, 3) = P(7, 3)+P(9, 2) = 1+0 = 1 ; 

P(10,5) = P(r>, r))+P(8, 3) = 1 + 1=2; 
and P(10, 7) = P(3, 7)+P(8, 5) =0+1=1. 

Hence 

P(10) = P(10, 2)+P{10, 3)+P(10, 5)+P(10, 7) = 5. 

Spjxtnd, method. 

P{n) is the coeiBcient of x” in the exjMWision of 

/(r) = n (l-.rPr)-i. 

1 

Now* {/(.r)}**^= U (1 — a’Pr) = I --ar2 — 

r* 1 

Hence 

1 = 0:11+ • . .) 27 P(n)x” 

n =. (1 

SO that, 

P{n) = P(1l^~-2) + P0i~.3)-P(7^-8)-P(n-.9)+P(n-ll) 

Thus 

P(10) = P(8)+P(7)-P(2)-P(l) = 3+3-1 = 5. 


♦ See H. Gupta, ‘Partitions into distinct primes’. 
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J83 


n 

p(n) 

n 

p{n) 

n 

p(n) 

1 

0 

61 

899 

101 

43709 

2 

1 

52 

987 

102 

40690 

3 

1 

63 

1083 

103 

49871 

4 

1 

64 

1186 

104 

53243 

5 

2 

55 

1298 

106 I 

56826 

6 

2 

66 

1420 

106 

60631 

7 

3 

57 

1552; 

107 

6467 1 

8 

3 

68 

1605: 

108 

68957 

9 

4 

69 

1850.: 

109 

73506 

10 

5 

60 

2018^, 

110 

78331 

11 

6 

61 

21981 

111 

83447 

12 

7 

62 

2394J 

112 

88874 

13 

9 

63 

2f.{|5f 

113 

94625 

14 

10 

64 

2833) 

114 

1 00719 

15 

12 

65 

3079 

115 

1 07175 

16 

U 

66 

3344 

116 

1 14014 

17 

17 

67 

3630 

117 

J 21255 

18 

19 

68 

3936 

118 

1 28923 

19 

23 

69 

4268 

119 

1 37038 

20 

26 

70 

4624 

120 

1 45627 

21 

30 

71 

5007 

121 

1 54709 

22 

35 

72 

5419 

122 

1 64320 

23 

40 

73 

5801 

123 

1 74482 

24 

46 

74 

6336 

124 

1 85225 

25 

52 

75 

6845 

125 

1 96583 

26 

60 

76 

7393 

126 

2 08585 

27 1 

67 

77 

7979 

127 

2 21265 

28 

77 

78 1 

8608 

128 

2 34658 

29 

87 

79 1 

9282 

129 

2 48807 

30 

98 

80 ' 

10003 

130 

2 63745 

31 

111 

81 

10776 

131 

2 79516 

32 

124 

82 

11603 

132 

2 96161 

33 

140 

83 

12488 

133 

3 13727 

34 

157 

84 

13435 

134 

3 32258 

35 1 

175 

85 

14445 

135 

3 51808 

36 

197 

86 

15527 

136 

3 72427 

37 ! 

219 

87 

16681 

137 

3 94170 

38 

244 

88 

17914 

138 

4 17088 

39 

272 

89 

19232 

139 

4 41250 

40 

302 

90 

20636 

140 

4 66711 

41 

336 

91 

22134 

141 

4 93538 

42 

372 

92 

23732 

142 

6 21804 

43 

413 

93 

25436 

143 

5 51673 

44 

456 

94 

27251 

144 

5 82925 

45 

504 

95 

29186 

145 

6 16933 

46 

667 

96 

31246 

146 

6 60686 

47 

614 

97 

33439 

147 

6 87262 

48 

677 

98 

35772 

148 

7 25757 

49 

744 

99 

38267 

149 

7 66262 

50 

819 

100 

1 40899 

1 

150 

8 08872 

! 
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n 

p{n) 

n 

p(n) 

1 

n 

p(n) 

151 

8 53692 

201 

103 12927 

251 

914 77898 

162 

9 00827 

202 

108 01607 

252 

953 24698 

153 

9 50393 

203 

113 12080 

253 

993 24684 

154 

10 02502 

204 

118 46266 

254 

1034 83632 

155 

10 57278 

206 

124 02104 

256 

1078 07629 

156 

11 14849 

206 

129 83601 

266 

1123 02673 

157 

11 75344 

207 

135 90769 

257 

1169 76172 

158 

12 38904 

208 

142 24686 

268 

1218 31963 

159 

13 06679 

209 

148 86458 

259 

1268 79839 

160 

13 75815 

210 

155 77234 

260 

1321 26912 

161 

14 49471 

211 

162 98212 

261 

1376 77558 

162 

15 26812 

212 

170 50639 

262 

1432 42423 

163 

16 08014 

213 

178 35813 

263 

1491 28391 

164 

16 93247 

214 

186 55065 

264 

1552 43647 

165 

17 82712 

216 

196 09801 

265 

1616 96662 

166 

18 76698 

216 

204 01462 

266 

1681 96183 

167 

19 75108 

217 

213 31548 

267 

1760 61297 

168 

20 78460 

218 

223 01626 

268 

1821 71386 

169 

21 86867 

219 

233 13328 

269 

1895 66161 

170 

23 00676 

220 

243 68324 

270 

1972 46661 

171 

24 19812 

221 

254 68366 

271 

2062 20288 

172 

26 44843 

222 

266 15264 

272 

2136 00804 

173 

26 75925 

223 

278 10910 

273 

2220 98343 

174 

28 13326 

224 

290 67246 

274 

2310 24409 

175 

29 57342 

225 

303 66317 

275 

2402 90920 

176 

31 08265 

226 

317 10220 

276 

2499 10190 

177 

32 66409 

227 

331 21140 

277 

2598 94960 

178 

34 32097 

228 

346 91339 

278 

2702 68409 

179 

36 05666 

229 

361 23177 

279 

2810 14186 

180 

37 87467 

230 

377 19090 

280 

2921 76374 

181 

39 77861 

231 

393 81607 

281 

3037 59645 

182 

41 77239 

232 

411 13365 

282 

3167 78780 

183 

43 85994 

233 

429 17077 

283 

3282 49663 

184 

46 04637 

234 

447 95565 

284 

3411 88297 

185 

48 33306 

235 

467 61763 

285 

3546 11368 

186 

50 72740 

236 

487 88713 

286 

3685 36090 

187 

53 23313 

237 

609 09657 

287 

3829 80254 

188 

55 85506 

238 

531 17671 

288 

3979 62282 

. 189 

58 59833 

239 

554 16136 

289 

4135 01182 

190 

61 46816 

240 

578 08759 

290 

4296 16642 

191 

64 47003 

241 

602 99078 

291 

4463 28963 

192 

67 60967 

242 

628 90876 

292 

4636 59174 

193 

70 89299 

243 

655 88056 

293 

4816 28967 

194 

74 32618 

244 

683 94674 i 

294 

5002 60763 

195 

77 91567 

245 

713 14927 

295 

5196 77753 

196 

81 66824 j 

246 

743 63172 

296 

5396 03890 

197 

85 59069 

247 

776 13908 

297 

5603 63918 

198 

89 69035 ! 

248 

808 01816 

298 

5818 83402 

199 

93 97474 

249 

842 21750 

299 

6041 88762 

200 

98 45164 

250 

877 78708 

300 

6273 07270 
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hy Hansbaj Gotta, F.N.I., Pmjah University College, HosJiiarjmr 
{Received November 2, 1954 ; approved for reading in August Meeting of 1955) 


1. In the preceding paper, Mr. Gupta and lifiss Luthra have given a table for 
P{n), the number of partitions of n into primes 2, 3, 6, 7,11, etc., repeated any number 
of times, for values of n up to 300. While the v^rk of calculation was going on, it 
was occasionally found that the two workers obtained different answers. ITiough 
finally the discrepancies were corrected by them, Ian element of doubt remained in 
my mind and I decided to check their work by fh^lly applying the second method 
given in their paper- Miss Luthra had applied tie check for n up to 100, but this 
was not enough when the table was extended |o n = 300. For this purpose, 
I needed the &st 301 coefficients in the expansion'of 

17(1— xf) .. (1) 

P 

where p runs through primes not exceeding 300. Incidentally it led to the calcula- 
tion of a table giving the number of partitions of n into distinct primes. Here I 
give not only this table of partitions but also the first 301 coefficients in the expan- 
sion of (1). Mr. Gupta computed independently the table of partitions into distinct 
primes for n up to 200 and our results agree. 

2. I proceeded as follows. Let 

n (l+z'’) = N Q(n)x', 0(0) = 1; .. .. (2) 

/>>2 

so that Q{n) is the number of partitions of n into distinct odd primes ; 

77 (l-fa:P) s= S R{n)x", 72(0) = 1; .. (3) 

P>2 

so that B{n) is the number of partitions of n into distinct primes; and finally 


77 (!-*«’) » N «(»)*", 5 ( 0 )*!. 
p>i “■'O 


Now since 


we have 


77 (l-a!P)e S (-l)»0(»)a!*, 

p >2 "“0 

R(n) ■=> 0(»)+0(»— 2), . . 


8{n) = (-!)« {Q{n)-Q{n-2)] 

The values of B{n) are listed in Table 1, and those of S{n) in Table 2. 
value for n =s 193 is, for example, given against 19 in the column headed 3. 

I find that 


(4) 


(6) 

( 6 ) 

The 


S P{r) 8{n-r) - 0 , for » = 300. 

r-O 

This sets at rest any doubts about the correctness of the tables presented here 
and in the preceding paper. 
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Tablk I 


Vnlite/i of Jf(n) 


n-> 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

0 

1 

0 

1 

1 

0 

2 

0 

2 

1 

1 

1 

2 

1 

2 

2 

2 

2 

3 

2 

4 

3 

2 

4 

4 

4 

5 

5 

5 

6 

5 

6 

7 

3 

6 

9 

7 

0 

0 

9 

1 [ 

11 

11 

13 

4 

12 

14 

15 

15 

17 

16 

18 

19 

20 

21 

f) 

23 

22 

25 

26 

27 

30 

29 

32 

32 

35 

6 

37 

39 

40 

42 

44 

45 

50 

50 

53 

55 

7 

57 

61 

64 

67 

70 

71 

76 

78 

83 

87 

8 

89 

93 

96 

102 

106 

111 

1J4 

119 

122 

130 

9 

136 

140 

147 

150 

156 

164 

170 

178 

183 

188 

10 

198 

204 

215 

224 

229 

238 

246 

257 

268 

278 

11 

287 

296 

307 

320 

334 

344 

357 

366 

379 

3f)6 

12 

411 

426 

438 

453 

466 

486 

505 

522 

537 

554 

13 

573 

595 

618 

639 

657 

875 

699 

724 

750 

776 

14 

! 799 

819 

850 

878 

912 

939 

967 

994 

1024 

1064 

15 

1099 

1130 

1165 

1200 

1236 

1278 

1324 

1364 

1399 

1442 

16 

1484 

1534 

1589 

1634 

1680 

1723 

1776 

1836 

1895 

195] 

17 

2008 

2055 

2121 

2192 

2256 

2328 

23S5 

2449 

2520 

2601 

18 

2685 

2761 

2832 

2910 

2989 

3083 

3)82 

3267 

3353 

3438 

19 

3538 

3645 

3756 

3863 

3957 

4056 

4175 

4294 

4426 

4549 

20 

4660 

4781 

4909 

5058 

5205 

5341 

5477 

5611 

5758 

5933 

21 

6103 

6262 

6420 

6577 

6749 

6947 

7140 

7329 

7504 

7685 

22 

7895 

8108 

8339 

8658 

8754 

8966 

9201 

9453 

9712 

9964 

23 

10198 

10439 

10709 

11001 

11300 

11576 

11855 

12127 

12432 

12774 

24 

13111 

13438 

13748 

14073 

14418 

14799 

15193 

15561 

15912 

16288 

25 

16684 

17122 

17569 

17992 

18400 

18815 

10277 

19775 

20273 

20764 

26 

21236 

21700 

22237 

22800 

23367 

23924 

24454 

24998 

25593 

26237 

27 

26896 

27521 

28125 

28767 

29423 

30151 

30898 

31606 

32288 

33009 

28 

33774 

34597 

35444 

36264 

37034 

37833 

38715 

39640 

40593 

41512 

29 

42405 

43313 

44297 

45371 

46427 

47469 

48483 

49507 

50623 

51828 

30 

53040 
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Table 2 


Value.s of S(n) 


._i.. 

0 

1 

1 

2 

3 

4 

1 

f 

1 

i 6 

1 

7 

1“ 

i ^ 


0 

1 

0 

1 

- 1 

0 


0 

0 

1 

! 1 

1 

1 

0 

-1 

0 

0 

0 

0 

1 

0 

' 0 

1 

2 

0 

0 

0 

- 1 

1 

X 

0 

-1 

0 

-1 

3 

0 

-1 

1 

1 

1 

1 

1 

-1 

-1 

-1 

4 

2 

0 

1 

-1 

1 

0 

0 

-3 

2 

1 

f) 

1 

-2 

1 

-2 

1 

-2 

1 

0 

2 

-3 

0 

3 

-1 

0 

-2 

4 

- 1 

2 

-4 

1 

-1 

7 

3 

-5 

4 

1 

2 

-3 

4 

4 

3 

5 

8 

3 

- 1 

4 

-8 

6 

-1 

2 

~7 

6 

4 

9 

8 

- 6 

3 

-4 

6 

-10 

8 


5 

-6 

10 

10 

- 10 

7 

-10 

7 

4 

10 

-15 

12 

-6 

11 

7 

-12 

13 

-12 

14 

- 12 

9 

-10 

13 

- 20 

12 

19 

- 10 

8 

-17 

20 

16 

19 

-20 

13 

12 

13 

23 

-29 

22 

-15 

17 

21 

25 

-28 

26 

- 24 

14 

23 

- 19 

28 

-40 

34 

-21 

21 

-34 

36 

-36 

15 

39 

-36 

27 

--28 

44 

-50 

44 

-36 

31 

-42 

16 

54 

-50 

51 1 

- 50 

40 

-39 

56 

-74 

63 

-41 

17 

50 

- 63 

63 

- 74 

72 

62 

57 

-59 

78 

-93 

18 

87 

- 67 

60 

82 

97 

91 

96 

93 

75 

-78 

19 

110 

-129 

108 

- 89 

93 

104 

125 

-134 

126 

-121 

20 

108 

-111 

141 

-166 

155 

-117 

117 

-153 

164 

- 169 

21 

181 

-160 

136 

-155 

193 

-215 

198 

167 

166 

-189 

22 

225 

-234 

219 

-216 

196 

-192 

251 

-295 

260 

216 

23 

226 

-259 

285 

-303 

306 

-272 

249 

- 279 

328 

- 368 

24 

351 

-296 

286 

-339 

384 

-387 

391 

-375 

328 

352 

25 

444 

-•482 

441 

-388 

390 

-435 

487 

-525 

509 

-464 

26 

454 

-472 

547 

-628 

583 

-496 

504 

-578 

635 

-661 

27 

668 

-623 

561 

-613 

737 

-781 

738 

-674 

652 

-729 

28 

834 

-859 

836 

-798 

754 

-781 

927 

- 1026 

951 

-846 

29 

861 

-956 

1031 

-1103 

1099 

-995 

957 

-1043 

1183 

-1278 

30 

1234 
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Introditction 

After the analysis of the three bands (1, 0), (0, 0) and (0, 1) of columbium oxide 
described in a previous paper has been obtained, it is found that besides the lines 
forming the R and P branches there are a number of fainter rotational lines which 
occur at the end nearer the head. A further study of these lines has indicated that 
they might form members of a satellite branch. In this paper the results of this 
study and a discussion of the electronic transition giving rise to this system of bands 
of CbO are given. 

Satbllitb Branch 

The higher resolution, sharply focussed photographs of the three bands repro- 
duced in Plate IX revealed that the unassigned rotational lines mentioned above 

Table I 


Satellite branch in (1, 0) Band 


Wave number 

First 

difference 

Wave number 

First 

difference 

22148-70 

1-41 

22121-78 


147-29 

1-60 



146-79 

1-62 

116-89 


144-17 

1-73 



142-44 

1-82 

111-49 

2-61 

140-62 

1-68 

108-88 


138-94 

1-87 



137-07 

1-98 

103-14 


136-09 

2-30 1 



132-79 

1-84 

096-86 

2-69 

130-96 

2-03 

094-16 

3-12 

128-92 

2-38 

091*04 

3-20 

126-64 

2-24 

087-84 

3-23 

124-30 

2-62 

084-61 
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Tabli: n 


Satellite branch in (0, 0) Band 


Wave number 

First 

difference 

Wave number 

First 

difference 

21312-97 

105 

21262-81 

2*93 

311*92 

1*34 

269-88 

2*96 

310*68 


266-5f2 



1*25 

V 

2-61 

309*33 

M3 

264-il 

3*13 

308-20 

1-48 

250-88 

2*90 

306*72 

1-86 

248-88 

3*26 

304*86 

1*35 

244-83 

3*32 

303*61 

1*49 

241*61 

3-00 

302*02 

1-55 

238-61At 

3*33 

300-47 

1*61 

235-18 ; 

3*52 

298*86 

1*71 

231*66 

3*30 

297*16 


228*36 

3*58 



224-78 

3*66 

• • 


221-23 




217*65 

3*58 


. , 


3*88 



213*77 


287*44 

2*21 

*• 


285*23 

2*10 

206-28 

4*06 

283*13 

2*31 

202*22 

3-92 

280*82At 

2*17 

198-30 

4*02 

278*65 

2*22 

194*28 

4*10 

276-43 

2*83 

190*18 

3-88 

272-60At 

2*14 

186-30 

4-36 

270-46 

2*68 

181*94 

4-31 

267*88 

2*73 

177-63 

4-36 

266-16 

2-54 

173-28 

4-51 



168-77 
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Table III 


Satellite branch in {0, 1 ) Band 


Wave number 

First 

diflerence 

Wave number 

First 

difference 

20323*63 

1*39 

20295-34 

2*39 

322- 14 

1-42 

292-95 


320-72 

1-.61 



319*21 

1-34 

288*76 

3*16 

317-87 

1*41 

286*61 

2*69 

316*46At 

1*67 

282-92 

2*51 

314-79 


280*41 

2-71 



277*70 

2*93 

310*18 


274*77 

2-76 



272-02 

2*48 



269-54At 


301*96 

2*09 

263*06 

3*19 

299*86 

2*24 

269*86 

3-09 

297*62 

2*28 

1 

256*77 



show a gradual rise and hill in intensity. They occur in jjroximity to the members 
of the P and R branches. The interval from the respective P or R lines is found to 
be increasing as one proceeds away from the head . These could be grouped into a 
branch as shown in the Tables I, 11 and III, which give the wave numbers together 
with the first differences in the satellite branch in the three bands (1, 0), (0, 0) and 
(0, 1) respectively. These lines are shown marked for each band in Plate TX. Tlio 
interpretation of the satellite branch is given in the discussion on the electronic 
transition. 

Electronic Transition 

From the analysis given in the previous paper it is difficult to determine con- 
clusively the electronic transition involved in the emission of tliis system. But a 
few inferences are drawn from the structure as far as it is identified and a general 
discussion is presented of various considerations bearing on the nature of this 
electronic transition. These considerations indicate that the transition is 2'— -T 
with a multiplicity of either two or a higher even value (probably four) for the two 
states. 

As a first step, one may predict from theoretical considerations the possible 
electronic states of the molecule from the usual standpoints : either from the states 
of the separated atoms or from the probable electronic configurations of the 
molecule. 
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(1) The low-lying states of the columbium atom established by Meggers and 

Humphreys (1945) correspond to the configuration 4d^b8 (ground configuration), 
giving the deepest term and giving the term \ oxygen has the normal 

configuration 2«22p4 leading to the ground term In the formation of the mole- 
cule CbO from these two atoms, the following molecular states are obtained, taking 

as the normal configuration of columbium atom as definitely established bj- 
Meggers and Humphreys, 

With the usual notation 

Si = 5/2 and iSg = 1 so that S = 112, 5/2, $/2 
A = 0, 1; S27, Stt; ^27, % 

= 0, 1, 2; 827, 8^, 8^ ; 62-, ; 4^, 4A 

= 0, I, 2, 3; 82, 8^, 8a, 8^; 62, 42, 4^^ 4^, 4^ 

N<J doublet electronic states occur among the inolccular states prc^dicted above. 

(2) Considering the electronic configuration i)f the molecule as a whole, the 
diatomic molecule CbO may give rise to the follo\ying states : — 


a^cr^a^TT^ 


(1) 



(2) 


or 

(3) 

(T^or^orTr^TTTT 

*2 

(4) 


and so on. Regarding the multiplicity of the expected electronic states it is evident 
that it must be even. The multiplicity may be two or four since higher multiplicity 
terms arc not expected even from a general survey of the structure of the spectrum. 
Hut regarding the nature of the terms in the upjjer and lower states there 
are obviously several possibilities as noted from the above two methods. 

On the basis of a resemblance between the electronic configurations of the CbO 
molecule and the yttrium atom (similar to what has been shown by Lo water (1929) 
to exist between TiO molecule and the calcium atom), Ramakrishna Rao (1950) 
tentatively assigned this system in CbO to the transition 477—4^ While in 'l^iO, 
Christy (1929) suggested the transition from the rotational analysis, 

Ramakrishna Rao’s conclusion about the system A of ChO as a 471-— 4^^ transition 
was not based on rotational structure data. 

Titanium and zirconium occur in the fourth left sub-group, vanadium and 
('oliimbium in the fifth left sub-group and oxygen in the sixth right sub-group of the 
periodic table. A similarity may therefore be expected from the electronic transi- 
tions of titanium oxide and zirconium oxide and among vanadium oxide and 
columbium oxide. The latter may resemble the ionized molecule 0} . 

The rotational structure of the first and second negative bands of O2 
establishes the electronic transitions and —^ttu as characteristic 

of O2 . If an analogy can be drawn between the three molecules which have the 
same number of outer electrons (ll) one should expect the above transitions in 
vanadium oxide and columbium oxide also. The structure, relative intensities and 
energy terms in the case of band systems for a transition were calculatecl 

by Budo (1937) and also by Nevin (1938). As many as 48 branches may be 
expected from such a transition or at least 40, on account of the blending of the 
levels F'i (X) and F 4 (K) and F 2 {K) and Fq (K) of the ^2 level. The existence of 
four components corresponding to the splitting in the % level should be a distinct 
feature of this system. Four such components were actually observed by Nevin 
at intervals of about 50 cm.~^ in the first negative bands of O2 and each of 
these branches indicated also a separation of 0*45 cm.-^ associated with the spin 
fine structure of the ^27 state. 
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Dealing with this band system of CbO, its analogy with O 2 led the writer m 
the early stages to detect, if possible, the existence of the structure described. Four 
components could not at all be identified. No doubt three closely situated heads 
right at the beginning of the band are observed in the earlier photographs but in the 
later higher resolution pictures, only one of these three heads appears to be a genuine 
one, the other two having a distinctly different, diffuse appearance, as described in 
the previous paper. Further, even three independent groups of branches could not 
be associated with these heads nor could an extensive Q branch be identified. The 
structure of the CbO bands on the whole was found relatively simpler than what 
might be expected of a transition. 

A transition also does not seem to be consistent with the observed 

structure, as the expected structure for this transition for both case (a) and case (b) 
states can be predicted from the well-known structure of the j3 system of NO and 
the ultraviolet bands of Oj. The appearance of double, double-headed system, 
characteristic of 2^—2^ is not found in CbO. Further, a tt state of any multiplicity 
whatsoever cannot perhaps be postulated at all since no evidence is found of A -type 
doubling even for high values of K, which normally varies quadratically with K, 

For vanadium oxide Mahanti suggested — ^ A as a probable transition con- 
cerned in the emission of the band system. This transition might be expected in 
the spectrum of CbO also since both occur in the same sub-group. But no positive 
evidence was given by Mahanti in support of his suggestion, such as the number of 
missing lines, the intensities or the variation of the B and P intervals with K. Tlie 
last criterion has been studied by the author (unpublished) in VO and in CbO and 
the variation of the B and P intervals with K has been found to be distinctly linear 
in VO and nearly so in CbO (which can be seen to be the t^ase theorcticaliy for a 
transition), whereas for a 2 ^ — 2 ^ transition one should expect, theoretically, 
a non-linear variation, as is observed in NiH bands (Pears(‘, 1935). 

The possibility of ascribing this system (system A of CbO) to a 27— 27 transition 
in which both the 27 states are either doublets or quartets is next examined. It is 
well known that in a ^E state there is a cjaso (6) spin doubling of each rotational 
level but no A -type doubling. Six branches are to be expected from the selection 

rules — Pi(J), P 2 (^)y ^ 2 ^- The first three branches lie 

close together and the last three form another close group. There will be a gap due 
to the absence of one line K' = = 0. Tlie P and B branches are of relatively 

high and equal intensities, while the two satellite branches are feeble and rapidly 
fall off in intensity as K increases. 

Comparing this structure with the one observed in CbO there is no doubt a 
good agreement as far as the number of the main branches is concerned. But the 
observed satellite branch or branches are relatively rather too strong for ^E--^E 
transition. Further, it can also be predicted that in a ^27—227 transition the relative 
disposition of the satellites with respect to the main branches will be as shown on 

page 248 (Herzberg, 1951). The ^Qi 2 occurs to the violet side of the P lines while 
the ^^21 occurs on the red side of the B lines. 

In the present case whether the electronic transition is 227—22’ cannot be defi- 
nitely decided since (a) the two predicted satellite branches are not identified (only 
one satellite branch is observed and the other that is expected if the transition is 
227—22 may have been missed on account of superposition) and (6) the position of 
the observed satellite branch with respect to the main branch lines, that is, whether 
it occurs on the short wavelength or the long wavelength side of it, could not be 
ascertained because the numbering could not bo definitely arrived at. 

For examining the possibility of *E states a detailed study is made of this transi- 
tion since in the existing literature there does not seem to be any band system so 
far observed that is ascribed to a ^27— -*27 transition. The energy level diagram and 
the expected branches are given in a previous paper (1964), which is drawn up on 
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the basis of the theoretical calculations of the energy expressions derived by Budo 
for the state. For this state Fi and F 4 levels lie close together and similarly 
F 2 and Fs are close so that the electronic state can be regarded in efiFcct as consisting 
of only two levels. According to the K and + ^ — selection rules 18 branches 
will be obtained. They form into two groups, namely, an jf?-form group consisting 
of -Bj, -B 4 ; i? 8 , Qs 2 7 ^-^42 5 ^-^81 and a P-form group made up 

ofPi,P 4 ; ^Q 23 \ ^^ 24 » ^ 634 ; ^Qi 2 , No main Q branches will be 

obtained according to the + — selection rule. On account of the blending of the 

levels in a state referred to above, the nine R form components and the nine P 
form ones may give rise to actually four branches in each group as shown below. 


R form Group 

P form Group 

Pi, P 4 

PuPi 

R2i Rsf ^Q32 

P2i P3’> ^©28 

*«48. 

^^ 84 j ^-^24 

'‘Qzi, '"Psi 

"^RlZ 


To indicate this on the diagram the branches which form a blend are marked close 
together. EflFectiveJy eight branches can be expected in a transition. Even 

this eight branch structure can perhaps be observed only for high K values. For 
the lowest K values all the R form lines may merge into one line and the P form 
lines into another line thus giving rise to just two scries of strong lines near the 
head — an appearance that closely corresponds to the observed feature in all the 
three bands of CbO. 

For high values of the R form and the P form blonds may be separated from 
the respective main components and one or more satellite branches may bo resolved 
depending on the resolution. Actual observation and identification has shown 
only one satellite branch and the numbering is not definite. Hence it is not possible 
to draw any definite conclusion as to whether the system belongs to the transition 
427 or not, from this standpoint. Regarding the nature of the observed satellite 
branch the following remarks may be made. 

(a) Considering this in the first instance as an P-form satellite branch (either 

as (“Qsi) or as (^^ 43 ) by reference to the transition diagram of 42; 
given in a previous paper) all possible sets of frequency differences with the four 
main branch lines are formed and compared with the combination differences 
already arrived at from the main branches for the upi)er and the lower states for 
checking up the combination relations which are as follows: 

^Psi(^) fQzi) = Bi{K)-Pi{K) * LiF2(K) or 

’"PM fQn) = Ri{K)-P,(K) = and 

*Pai(ir-l) (V2i)-"’-B24(^+l)(^(?S4) = -Bi(^^-l)--Pi(-fi^+l)= Aa/iWor 
^Pi^(K-\) fQiz)-‘‘Riz{K + \) = Ri(K-l)-Pi{K+l) = £,iFl (K) 

It is found that in all the three bands for a particular numbering of the satellite 
branch, the above relations are satisfied under the assumption that one of the four 
main branches has to be also regarded as a satellite branch (either as (^Q^b) 

or as ^Pi 8 CQ\ 2 ) as the case may be). The P-numbering of the satellite branch 
determined from the above combination relations is given below for the three bands : 

(1, 0) Band: Satellite branch V22147-29 (A:« 32) Main branch v22102‘ 72 

[K = 32) (on which a 
satellite branch is sup- 
posed to be superposed). 
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(0,0) Band: Satellite branch v21 266* 72 (Z == 32) Main branch i/21302-79 

(K =s 32) (on which a 
satellite branch is sup- 
posed to be superposecl). 

(0,1) Band: Satellite branch v20323-53 (jSl = 33) Main branch v20276*5S 

(K =ss 33) (on which a 
satellite branch is sup- 
posed to be superpose d). 

Thus, if the transition is a 427—427, the satellite^ branches identified in the throe 
bands may be cither (1) (^^ 21 ) which case the satellite branch (^Qza) 

should be assumed to be superposed on a main branch, or (2) i^i whieli 

ease the satellite branch (^$ 12 ) sh^mld l>c assumed to be superposed on a main 
braiK^h, with the numbering given above. But it has not been possible to decid(^ 
between the two alternatives. Further it should be mentioned that, if this number- 
ing is correct, these branches could be traced in all the three bands up to K values as 
high as nearly 60. 

(b) Tlie observed satellite branch may also be regarded as (dtluT (^^ 34 ) 

or ^Ris (^Qi 2 ) attempts to check up tlu^ combination relations have not bet'n 
possible with this interpretation because it is not possible to obtain the values of the 
combination differences for members corresponding to small K values. It may, 
however, be stat(‘d that on the assumption that this is a P-form R branch, the 
maximum observed value of K would be much less than 60. 

The transition cannot be a ®27— or a 827 — 827 since the number of main 
branches, besides the satellite branches, will be greater than the number of observed 
branches in CbO, in spite of the blending of levels with the same \J^K \ (six in th(‘ 
former and eight in the latter transition), whereas the number of observed branches 
is five out of which four are main branches. Even under a higher resolution than 
has been used in these investigations it is not likely that the number of branches 
may be greater than six at best. 

Tliese considerations indicate that the transition is S—Z with a multiplicity 
of either two or more probably four for the two states. 
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Abstract (Summary) 

A further study of sharply focussed photographs of tho (1, 0), (0, 0) and (0, 1) bands of 
system A of columbium oxide led to the detection of a satellite branch in each band, in addition 
to the main P and It branches reported previously. A discussion is given of the electronic 
transition of the band system. This is indicated to be probably a corresponding to 

which there is no band system as yet known. 
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1. Introduction 

The aim of the present paper is to present a solution of the system of Equations 
in Internal Ballistics of a conventional gun in an improved and modified form over 
that given by Billard (1948). Billard has assumed that the shot-start pressure is 
zero. But with zero shot-start pressure, the results obtained do not tally with, 
rather are far from, the actual observed results. Hence the shot-start pressure is 
assumed not to be zero. However, the solution is applicable to those cases only 
in which the Charbonnier’s Form-Function ^(z ) — defined as the ratio of surface of 
emission of the propellant grain (or grain s) at time t to the original surface 
of emission — can be expressed as In most of the cases of propellants 

in Service use in India, the form-function <f>{z) can be expressed, exactly or very 
nearly, in this form. 

As is shown below, the Billard ’s Z-function, when the shot-start pressure is 
not zero, involves incomplete Beta-functions for which we shall require the ‘In- 
complete Beta-functions Tables’ edited by Karl Pearson (1934). The labour 
involved is considerable. In this paper as far as the calculation of this particular 
Z-function is concerned, we have assumed that the shot-start pressure is zero and 
we have obtained the solution without the help of any table. It is found that the 
error involved thus is very small (of the order of less than 1*0% in most of the cases) 
and the working becomes shorter and easier. 

For finding a first approximation to maximum pressure, the co-volume correc- 
tion is neglected but by applying successive approximation method, the results can 
be obtained to any degree of accuracy. It has been found that the results obtained 
after two and three approximations do not generally differ from one another, at 
least up to throe places of decimal; moreover, they closely tally with those obtained 
by G.M. II method. 

Billard (1948) has used his method in the case of arms of small calibres in which 
the mean density of loading varies practically between 0*8 and 0*9. But it has been 
found that the method is equally applicable to the cases of arms of high calibres 
in which the mean density of loading may vary from 0*2 to 0-7. 

The method presented here is different from that of Sugot described in Internal 
Ballistics (1961 ; pp. 103-106). 

This paper is developed in the following way; — 

Section 1 • Introduction. 

Section 2 . Certain assumptions regarding combustion are made. 

Section 3 . Principal notations used are explained. 

Section 4 . The classical equations of Internal Ballistics are given. , 

Section 6 . A solution of the above equations is obtained. 

Section 6 . An expression for maximum pressure is deduced. 

Section 7 . The position of all-burnt is discussed. 
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Section 8 
Section 9 


Section 10 


Expressions for ‘after the all-bumt position’ (in particular 
for muzzle velocity) deduced. 

• . Some applications of the method. Results for maximum 
pressure and muzzle velocity are obtained : — 

(i) by assuming different values for the shot-start pressure 

but using the same cordite ; 

(ii) with different types of propellants in cordite form ; 

(iii) with different types of propellants in tubular form; 

(iv) with different web si^s of the same propellant, both 

in cordite and tubular forms. 

. . The method is extended io investigate the variations in 
maximum pressure and iauzzle velocity when a tubular 
propellant is inhibited on S;he outer surface or on the inner 
surface. For this purposp, it is shown first that in the 
different cases of inhibitit^, the form-function <f>{z) can be 
expressed very nearly as 

A 

2. Assumptions Regarding Combustion 


Burning of powder is a very complex phenomenon. With a view to getting 
a tangible solution, we shall make the following assumptions as done by Billard 
(1948) also: — 

(i) That all the grains of a charge are of the same geometrical form, of the 

same dimensions and of the same chemical compositon. 

(ii) That all the grains of the charge are homogeneous in character. 

(iii) That all the grains are ignited at the same time throughout their surface 

and that they bum according to the Piobert’s law, i.e. in parallel 
layers so that the surface always remains j)arall(d to the initial surface 
at every instant of burning. 

(iv) Tliat the velocity of linear cc^mbustion ui at any instant is proportional 

to the pressure p at that instant and to a certain parameter, dependent 
on the physico-chemical nature of the powder charge. 

(v) That the variations in temperature of the various adjacent la 5 ^ers pro- 

duce negligible effects on the velocity of combustion. 


3. Principal Notations 

The following principal notations have been used here : — 

F . . The Force Constant of the propellant charge. 

C . . The original mass of the propellant charge. 

A . . Area of the cross-section of the parallel portion of the bore including 
the area of the grooves when the bore is rifled. In the absence 
of a precise value, it is taken as X 1*02, where d is the calibre 
- of the bore. 

D . . The smallest linear dimension of a grain of the unbumt propellant. 

A'o . . Cubic capacity of the chamber when the breech is closed and the 
projectile is at the original position. 

. . Total cubic capacity of the bore, including the chamber and the 
parallel portion. 

d . . Calibre, i.e. the diameter of the parallel portion of the bore. 

tv . . Mass of projectile. 

C 

Wi . . Equivalent mass moved == 106 w+-^> 
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b 

Y 

n 

8 

e 

A 

Q 


I 


<l>(z) .. 


K 

A 

Z 

f 

P 

V 

X 


Co-volume of the propellant gastss. 

Rate of burning eoefficient. 

Ratio of Hpecific heats of propellant gases. 

y-1 
2 * 

Density of solid propellant. 

Form eoefSeient of propcdlant. 


C C 

Loading density = — in metric units and = 27-68 ~ in British 
-no Kq 

units when C is in lbs. and Kq in cubic inches. 

A parameter called ‘vivacity* or ‘quickness* of the propellant 




Equivalent length of initial air-space in cliu-mber = — -- j--- . 

" Q^FCwi 

The Charboiinier Form- Function, delined as the ratio of surface 
of emission of a powder grain at an}^ time t to the initial surface* 


of emission of the grain == — . 

^0 

Parameter of the form-function ^( 2 ) = 'y/j — aV 

1 

^n(l+Ji!:/4r)‘ 

Fracti >n of mass of charge burnt at time t. 

Fraction of D remaining unburnt at time t. 

Mean pressure of the propellant gases at time t. 

Velocity of shot at time t, 

Shot-trav(il at time t. 

Volume of bore (including the chamber) up to the base of the. pro- 
jectile, i.e. = Ax+Kq, at time t. 


Generally, suffix 0 indicates initial values when the slmt starts; wsuffix 1, values 
when the pressure is maximum (except Wi)\ suffix 2, values at all-burnt position; 
suffix 3, values as the projectile passes the muzzle. 


4. This Classical Equations of Intbbnal Ballistics 

The Classical Equations of Internal Ballistics as given in Internal Ballistics 
(1951) are:— 

p\A(x+l)-Cz^b-i'j^ + i(Y-l)wtv^ = FCz .. .. ( 1 ) 

wir ^ (2) 

2 = (l-/)(l-|-y) (3) 
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Equation ( 1 ) can easily be written as 

= m .. .. (1-i) 


where f = Ax+Kq^ 

From equations ( 3 ) and ( 4 ), we can deduce, provided 0 is a constant, the 
Oharbonnier-Schmitz equation 


dt 





4 S 


^Q.p.Hz) ... ( 6 ) 

where K = -7^ and ^(2) = yj(\-Kz (S-i) 

(!+(/)* : 

Thus the equations for solution become { 

pj(f-f)-(6-^)c?zj+W® = /’6’2 .. .. (6) 


and 




flv 

(8) 


5. Solution of the Equations 
Case I : — ^When K^O and z© ^ 0. 

Prom equation (6), 

dz r 

"0 ^0 


Thus 


where 

From ( 7 ) and (8), we get 


dz 

y/l^z 

= i[K'-VT=s\ 

K' = V'l--Kzo • • 
dz Qwi 


dv A 

rz 


■m 


:.x^ 


dz _ Qwi 
4 >(z)~ A 


dv 


i.e., X s= 


.. ( 9 ) 

.. ( 9 -i) 


(10) 
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FKo ~ nKo^ 

giving V as a function of z and . 

From (6), we get 

^ z — rX^ 

^“7i i\ 


( 1 - 0 -(-!)= 


.. (lO-i) 


.. ( 11 ) 


giving as a function of z, Zq and shot-travel x. 

From (7) or (2), we get 

dv . 
w,v^ = Ap 

which with the help of (10) and (11) gives the following linear diflFerential equatiou 
of the first order : — 


The integrating factor for (12) is 


r = e 


- ' f' ^ 

•f tr. 


» J 

Zo 

{z-rX^)m 

. . (13) 

= log ^1 - 

K'-'yi-Kzy^i^^ ^K'-y/\-Kz^^^ 



-(l-^ 



-y 


11 

+ 

li 

.. (14.i) 


• [-y/l +4rzo+ V 1 —Kzo\ 


(14.ii) 


■ [ Vl + 4rzy — \/l — 


(14-iii) 


(14-iv) 
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and from equations (14-ii), (14-iii) and (14-iv), it follows that 

Clearly 7 = 1 initially, since z = 

The solution of (12) is then 


(14-v) 


2 = Ydz. 


Thus 2=1 {K'-a.)dai 

K ^ 

J 0 ' 

f 

where a = K* — \/ 1 --Wz. 

If a=a — (a — 6)^^, 

jZ = (a+b)^*^ [a'2?„{(aAi+I), (Wi + l)} 

— ^ ** ^ ( ttAx + 2 ). (^■^1 + 1 ) } 

a+h 

-\‘{a+h)B^ {(aAi+2), (6Ai+ 1) } .. .. (1 

a-^b 

- a— a a— \/l— JT^} , 

where w= r = ^ .. (16 

a+6 a+h 

and Bu, (1, w) is the Incomplete Beta-function defined as 


I, m) = f 

^ u 


du, 


which can be evaluated, thotigh after some labour, with the help of * Incomplete 
Beta-Function Tables ’ edited by Karl Pearson (1934). 

Thus the equations (16), (10) and (11) give the shot-travel x ^ » 

velocity t; and pressure p in terms of z and Zq as follows : — 


■d4 «■ 

V = pr . X 


(z-rX‘) r 




where X, Y and Z are given in terms of z and Zq by (9), (14) and (16). 
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The value of Zq in terms of shot-start pressure is given by (1) or (19) as 

^ _ l\ 

F\G 8/ 


Zo = 


•^9 hi) 


( 20 ) 


Caee II: — ^When X = 0 and Zq^O. 

In this case, equations (5-i), (9), (14) and (16) for determing X, V and Z becoim* 


^(*) = 1 



(21) 

X « Z-Zo K' = l .. 

. . 

(22) 




(23) 

z = (0*)-“*“'* (&♦) -''•''• (a* -1-5*) ” 

jS b. {(6*A*-|-1), (a*A*-f.l)} 

. a*+b* 


“•®6*-(z-2o) 

J(5*A*-fl), (a*A*+l)}] .. 

(24) 




where 


i.e. 


and 


a*h* = ^, b*-a* = - 
r r 

* _ \/l-f4rzp— 1 


a" = 


b* 

A* = 


2r 

_ \/l+4rZo-hl 
2r 

1 


n(a*+b*y 


.. (24.i) 


Thus equations (17), (18) and (19) give shot-travel x, velocity v and pressure p in 
terms of z, Zq and X, T, Z where X, 7, Z are given in terms of z and Zq by (22), 
(23) and (24). 

C(i8e III : — ^When and 2 ;o= 0 . 

Here the equations (9), (14) and (16) giving X, 7, Z in terms of z become 


X = ^[l-Vl-Kz] 

Y « / o-i-i-Vr^^ V 

\ a 


-) 


where 


a = 


KI2r 
l+K/4^ 

(y-i)A 

2r(A+l)(A+2) 


A+l 


yA-r ^ {(A+i)Vi--K*-i+(y~i)A} 


. . (25) 

. . (26) 

.. (26-i) 

. . (27). 
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and the equations (17), (18) and (19) for determining the shot-travel x, velocity v 
and pressure p become 




Qwi 


and 


P 

F 


(2--rX2)r 


This is the case considered by Billard (1948). ; 

Case /F:— When Z = 0 and Zq = 0. | 

The equations for determining, X, F, Z becoihe 

X = 2 . . 

1 

F = (1 — ra:)* 


(28) 

(29) 

(30) 




(31) 

(32) 

(33) 


The values of the shot-travel x, velocity v and pressure p at any instant are 
then determined by equations (28), (29) and (30). 

6. Determination of Maximum Pressure 
At the position of maximum pressure, equation (19) gives 

^ ^ Fj 




(34) 


(the suffix 1 denoting the values of the variables at the position of maximum 
pressure). 

Also differentiating (19), putting dp ^ 0 and with the help of (12) and (34), we 
get 


2y 

Prom (34) and (35), we get 







r.. ( 

>4 

(zi-rZj 

*)ri 

2y 

j.-j- 

1 

(Ko 




(36) 


(36A) 


4 



204 


G. C. PATNi: ON THE SOLUTION OF THE SYSTEM OP 


This equation determines the value Zi of z at which maximum pressure occurs. 
For this purpose, a graphical method can be applied. A first approximation to Zi 

is obtained by neglecting the term containing ^ (35A)^ three or four values 

of 2^ in the neighbourhood of this Zi, are taken; the values of Xj, Fi, and Zj 
corresponding to these values of 2, are calculated and then the curves 


and 




y— 1 


. ( 



IFx 

"T 

1 

[O' 

1 ' 


^Zi4-2o^ 


are plotted. The intersection of these two curves would give us the required valuci 
of Zi, corresponding to which the values of Xj, Fi and Zx are calculated and then 
the value of px is determined from equation (34). 

A practical method for Maximum Pressure . — A practical and easier method for 
calculating the maximum pressure to any degree of accuracy, without resorting to 
a graphical method, is to use the method of ‘successive approximation'. Calcula- 
tions have been made using this approximation method and the results obtained 
thereby for second approximation tally closely with the actual observed results and 
with the results obtained by the other methods, say, for example, G.M.TI method. 
Moreover the results of second and third approximations do not generally differ 
from one another up to thii*d place of decimal. 

The method can be explained as follows : — 


(i) To find a first approximation to Zi, we neglect the co- volume term 



n 

F 


in (35) and get 


giving when X 7^ 0, 


Xi r-1 

2y 



X' 


14 


y~l X 
y ‘4r 



.. (36) 


( 37 - 1 ) 


and when X a= 0, 




2o4 


y— 1 
2y 


1 

r 


(37.ii) 


(ii) The values of Xx and Fj are then calculated from equations (9) and (14) 
when X^O and from equations (22) and (23) when X == 0. 

(iii) The value of Zx is calculated with the help of (27) instead of (16) "s^hen 
X56O and with the help of (33) instead of (24) when X =s 0. 

It has been found that this supposition of 2o ess 0 in the determination of Zx 
only, pioduces a very small error in the final result but decreases the labour for 
calculating the value of to a great extent. 

(iv) Tnien the value px^x to the tot approximation, is determined from 

( 34 ). 

4B 
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(v) To find a second approximation to 2 ^, the value pi,i of obtained in (iv) 
is substituted in (35) ; the value of is again determined from 


when K 




£; 





} 


2 


(37-iii) 


*1 = *0+^ • ~ (1 +£) (37-iv) 




New values of Zj, Fi and Zi corresponding tQ the new value of are calculated 
as previously and finally the value of p^. 

The determination of (giving the position of the shot) and at the instant 
when the maximum pressure occurs presents no difiSculty as they can be determined 
from (17) and (18), once the values of Zj, Xi, Yx and Zx are determined. 


and from 
when = 0, 

where 


Restriction on the values of r. 

From equation (37-iii) it is obvious that since 2i< 1, 


r > 


IjKVtzMV 

when ^ > 0. 


Similarly from (37 -iv). 


(37-vi) 


r> 


y-1 l+E 
2y I-Zo’ 


when K = 0. 


For values of r less than this value, maximum pressure occurs at the position of 
all-bumt. For the first approximation, however, E is taken as equal to zero. 


7. Position of Au.-Bi7bnt 


At the position of all-bumt, z = 1 ; then we have from (17), (18) and (19) the 
following formulae giving the shot-travel Xg, velodty Vg and pressure p*: — 





»2 



(l-rX^g)rg _ 1-rXl 

(^~ |)(^2+*o) (I -^) 


(38) 

(39) 

(40) 
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where X^, Yt and are determined from (9), (14) and (16) when K:^0 as follows: — 

(41) 

.. .. (42) 

^2 = ^ (a+6)^+" 6^+1) 

— a'£a/a+6 (aAi+1, 6AiH-l)— (a+6)-Btt2(fitAi+2, 6A1+I) 

+ (a+^>)-Ba/A4.6(aAi+2, feAj + l)j .. .. .. .. (43) 

and when iT = 0, these quantities are determined from equations (22), (23) and 
(24) by putting 2 ; = 1. 

For the determination of Z 2 f we may, however, use the formula (27) when 
K ^0 and formula (33) when ii = 0, as explained in the last section. 

Then 


when K^O, 


h- (»+i)Vi-ir-i+(v-i)A)] ■ . («) 

wheni-0 (44A) 


8. Aftbe the All-Burnt Position 

Since after the all-bumt position, z = 1, the equation (11) gives 

p _ 1—rX^ 

f~7£ \ 


(^*) 


. p l-rX2/ C 




But after the position of all-bumt, the expansion may be regarded as very 
nearly adiabatic. 


••• 


/ _fc 

p l-rX2 C 






.. ( 46 ) 
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whence 

l-fJT* 1 


.. (46-i) 

Also from (10-i), 

l-rZ2 = 

■-1- 

-- (47) 


Hence after the position of all-burnt, the velocity v of the projectile and 
pressure p at any instant are given by 




Hence the muzzle velocity is given as 


o 



FO 

nwi 





(49) 


(60) 


This formula resembles in form with Sugot’s formula given in Internal 
BaUiatics (1951; p. 105). 


9, Some Applications 

(i) Calculations for muzzle velocity and maximum pressure have been made 
by using the above formulae with different shot-start pressures Pq in the case of 
6" B.L. gun Mk VII with the following data: — 

Propellant charge SC 103 cordite; charge weight = 23-31 lbs. 

i^ = 1964; = 0-997; y = 1*249; 

1=17-64; 6- I = 8-26; 

Wi « 1 13-77 lbs. ; ^ * 73-788074, 

The results of the calculations have been shown in Table I, 

Corresponding results, obtained by G,M.II method, are also given for a com- 
parative study. In aU the calculations, velocity and pressure have been given in 
feet/sec, and tons/sq. in. respectively. 
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Table I 



G.M. II Method 

Present Method 

Po 

M.V. 

Max. Pr. 

M.V. 

Max. Pressure 

1st 

approximation 

2nd 

approximation 

0 

2536 67 

17-4193 

2539-43 

17-6176 

17-53275 

0*5 

2652-80 

18-0788 

2558-10 

'' 18-1336 

18-16087 

1-0 

2564-56 

18-6656 

2571-20 

18-6366 

18-65552 

1-6 

2573*97 

19-2010 

2682-69 

19-1010 

19-12877 

2*0 

2582-80 

19*6990 

1 

2592-72 

19-5436 

19-56541 


(ii) In Table II, results for a comparative study of maximum pressure and 
muzzle velocity for different propellants, SC, AN, WM and W, are given using the 
same gun data of B.L. gun, the same propellant mass 23*31 lbs. and the same 
web size D = 0103*', for the cordite shape. In this as well as in the following tables, 
results for maximum pressure have been given up to second approximation and the 
required data for AN, WM and W propellants have been taken from Internal 
Ballistics (1951). 


Table II 


1 ) 



SC Cordite 

AN Cordite 

WM Cordite 

W Cordite 

Po 

M.V. 

Max. Pr. 

M.V. 

Max. Pr. 

M.V. 

Max. Pr. 

M.V. 

Max. Pr. 

0*6 

10 

1-6 

2658-1 

2671-2 

2682-6 

18-1609 

18- 6555 

19- 1288 

2326-9 

2349-8 

2369-0 

12- 6906 

13- 2325 
13-7339 

2640*1 

2650-0 

2658-6 

21*6718 

22-0938 

22-4801 

2627-4 

2638-6 

2648-1 

20*3976 

20- 8836 

21- 3334 


(lii) Table III gives the M.V. and Max. Pr. for tubular shape {9 « 0) of the 
same web size D » 0*075*' and of the same mass 23*31 lbs. for different types of 
propellants, supposing po ss 1-5 tons/sq. in. with the same gun 6*" B.L. Mk VII. 
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Table III 
(« = 0 ) 


Propellant 

M.V. 

(ft. /flee.) 

Max. Pr. 
(tons/sq. in.) 

SC 

2529-6 

17-82020 

AN 

2293-3 

10-82501 

WM 

2614-7 

*22-46612 

W 

2600-1 

'20-86682 


(iv) Table IV gives the results for max. j^ssure and muzzle velocity for 
different web sizes but the same mass 23-31 lbs. of SC cordite on the assumption of 
shot-start pressure po = 1*5 tons/sq. in. while Table V gives the same results for 
SC/T propellant for another set of web size, using the same 6" B.L. gun. 


Table IV 
(d = 1) 


Web size 

M.V. 

(ft. /see.) 

Max. Pr. 
(tons/sq. in.) 

0-100 

2592-9 

19-71457 

0-102 

2686-0 

19-31706 

0-103 

2582-6 

19 12877 

0-104 

2579-1 

18-92926 

0-106 

2671-8 

18-66102 


Table V 


(0 0) 


Web size 
D" 

M.V. 

(ft./soc.) 

Max. Pr. 
(tons/sq. in.) 

0-070 

2.557-3 

19-85329 

0-072 

2646-3 

19-03218 

0-074 

2534-9 

18-20765 

0 075 

2629-6 

17-82019 

0-076 

2523-0 

17-42127 

0-078 

2510-7 

16-63204 

0-080 

2497-8 . 

16-85624 

0-082 

2484-5 

16-12398 

0-103 

2307-0 

10-01040 


The results for Tables I, II, IV and V are shown graphically also, 
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FIO. (table I) 



2675 

2625 

257S 

2525 

2475 

2425 

2375 

2325 


FiG. (TABLE E) 


MUZZLE VELOCITY (Ft./SEC.) 




MAX. PRESSURE (TONS /SO.INj MAX. PRESSURE (TONS / SQ.IN.J 
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2J1 



FIC. CTABLEaSTl 



fig. ctable ‘s:; 
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10. Effect of Inhibition on a Tubular Pbopellant 

Inhibited propellants have been found very useful, specially in rockets; it is 
therefore worth studying the cfiFect of inhibiting (coating) a propellant. Here we 
shall consider the case of Tubular Propellants under three head& : (i) uninhibited, 
(ii) inhibited inside, (iii) inhibited outside. 


(i) Tulyiilar propellant (uninhibited ) : — 

Let the initial dimensions of a propellant grain be 

Tq = internal radius, Bq = external radius, Hq = length. 

At the end of a certain time let a thickness c be burnt ; then the dimensions are 

= €, r = ro+€, = 2€. 

Then if t?©, v, Sq and a represent the original volume, volume at time t, original 
surface of emission and the surface of emission at time t respectively, we have 

Vq = 


V = 7T(BQ~^rQ — 2€)(jBo+r0)(Ho“~2€) 

So = 27r(JSo + ^o)(^^o+^o — ^o) 
s = 27r(jBo+^o)(-fi^o+^o'”'^o"“4^) 

Vq — V 

z = 

Vo 


and 


2(H o+Ro'^ro) ^ 2 

Ho{Eo—ro) Ho(i?o— ^0) 


^(z) = 7 = l- 


4 

Ho^Bo^Tq 


(r>i) 

(52) 


Eliminating c between (51) and (52), we get 

<f>{z) = . . 


where 


_ 4Ho(i?o“”'-^o) 
^ (Ho+Bo-To)^ 


(53) 

(54) 


Thus in this case, (z) (jan be expressed exactly as \/l-— JSTz, a result which 
is generally found in a number of text-books and also given by Billard (1948). 


(ii) Tubular propellants inhibited inside. 

Taking the same initial dimensions, here we shall have 

i? = jRq— e, H = Hq— 2€, r == ro = constant. 

Then 

Vq = n(Bo'\‘r^(Bo^r^Ho 

f> = ^(ii^-r®)Ho-2e(l?oHo+12^-»-*)+e2(Ho+4JJo)-2e»] 
«o = 2»r^l?oiEro+i2Q >'0] 

« = 2«[(BoHo+i^“»-®)-*(J?o+4fio)+3€2] 

• z 2(i?offo+-B^"-rQ) go+4Ho « 2 ^ 

'• " i?o(iio-"o) 


( 66 ) 
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and 


^(z) = 1- 


£fo4‘4i?o 3 

i?o^o+-Ro-'-o RoSo+S^o-^i 


(66) 


In terms of / the fraction of the web size D( = Bq^-Tq), remaining at time 
t, z can be expressed as 


^ /I li I ^o) 

(I -/)[!+ 


2{Bo^ro)^ 

'^^HoiBo+ro) 



.. (67A) 


since € = 2)(1— /). 

Here z is a cubic in /. Usually, however, thp grains arc long compared with 
their web size D{ = Bq^-Tq) and the term is small. If we neglect this 


term, we can write 


where 


z -(!-/)(] + e /) r 

0 ^ (-yo+^^o)(-^o"4^o) 
-^^o(^o+^o) 


.. (67B) 
.. (57C) 


Here z and <^(z) both arc expressed in terms oft; in order to get <f>(z) in terms of z 
we should eliminate t between (55) and (56). But this is impracticable. We can, 
however, replace </>(z) by a function 0(z) = '\/l— iCz, following Billard (1948), 
without producing much error, by choosing K in such a way that the velocity of the 
projectile at end of combustion is equal to that which would result, had wo chosen 
the form-fimction ^(z). The numerical example given below justifies our assump- 
tion. 

Thus 






dz 


0(Z) 

J Zo 


^Wl-Kzo-Vi-Kz] 


(58A) 


^Wi-Kzo-VI-K] (58B) 


Now 


and 


dz de (as can easily be seen) 
Vo 


^(z) = - . 


rz 




*0 


dz 

W) 


?2 

% 


de = ^“(e-6o). 
Vo 


/. at all-burnt, Z 2 = ~ (i?o""Vo— cq) 
Vo 


since €2 = i?o— ^o* 

Hence from equations (58B) and (59), it follows that 


I Vi ^ = ~ (^ o - ro -^ o ) 

which on simplification, gives 

i:*+8a*(H-zo)i:--16[a2-«*(I~Zo)®] = 0 


(59) 


( 60 ) 
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where 


a 


Vq 

«o(-Bo— »'o— «o) 


( 61 ) 


The quantity cq corresponding to any value of Zq can be determined from the 
cubic equation (56) by applying the Homer’s method of solving an equation. It 
may also be noted from the values of «o O'^d s that the surfece of emission is 
degressing and hence K and 0 would be positive. 


(iii) Tubular propellant inhibited outside on the curved surface. 

Here 

B z= Bo = constant, r = ro+«> B = Ho— 2c. 

Then 

»o = 

u « „[^o(i22_r2)_2(roHo+i?^-r^)c-(Ho-4ro)c*+2c*] 

So = 2w[roHo+i?o-»‘n 


« = 2v[(roHo+i2o-»-o) + (Ho-4ro)e-3c*J 


2(roHo+Bl-rl) Hp-dro ^ 2c8 

Ho{Bl-rl) " Ho(Bl-r^y HpiBl-rl) 


(62) 


and 


^(2) = 1 + 


Hn-4rn 


rpHp+B^—t^ roHo+iiQ— r® ^ 

Here also it can easily be seen that if / be the fraction of the web size 


D ( = Rp—rp), z can be written as 


2 = (!-/)[ 
m-f). 


1- 


X 2(jto— rp)^ 

J £/ f » J - 




(64A) 


•^o(^o+^o) 

since € ! 

In this case z is cubic in /. Usually, however, the grains are long comparer! 
with their web size (iJp— rp), therefore, the term is very small. If 
we neglect this term, we can write, for long grains 

S~(l-/)(1+<1/) 


where 


(^o~^^o)(Ho— fp) 

■^o(-Ro+»’o) 


(645) 


(64(7) 


The elimination of e from equations (62) and (63) is impracticable. We, 
however, replace ^(*) by the function 


^{z) = '^l-Kz 

where, proceeding as in the last paragraph, we shall have 

jr»+ 8a'*(H-*o)H+ 16[«'*(1 -zo)*-a'«] 


where 


(66) 


( 66 ) 


»o 




( 67 ) 
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The following example will show that the two functions ^( 2 ) and <P( 2 ) do not 
differ much from one another. This result can be verified by taking other dimen- 
sions, w^tsoever, provided the length of the propellant grain is sufficiently great 
in comparison with the web size (i?o— ro). 

Escamph : SO propellant with tubular form, having the dimensions JKo = O’ 100', 
To — 0‘026' and Ho == 200(.Bo“*‘o) *= 15', is used in a 6-inch B.L. gun mark VII. 
Mass of the charge is 23-31 lbs. and the assumed shot-start pressure po is l-Stons/sq.in. 
Then from equation (20), Zq — 0-042614. 

Case I : Uninhibited propeJlant. 

Here from equation (64), K = -0198016. 

Case II : Propellant inhibited inside, 

The equation (66) becomes, with = 0 042014, 

14-2222 e^-109-6111 €^+214666 6^-0*042614 = 0. 

Solving it by Homer’s method, we get cq =a 0-002006, (the other values can 
easily be neglected). 

Then a = 0 6381876 

and 397114 .K’-4-083841 = 0 

giving K = 0 9413176 (neglecting the negative value— 4-338431). 

We also get 

Table VI 


e 

0 

0 015 

0-030 

0-045 

0-060 

•075 

z 

0 

0-297408 

0-545824 

0-746536 

0 897032 

1 

4,(z) 

1 

0-847404 

0-695702 

0- 544896 

0-394982 

0-245963 

0{z) 

1 

0-848555 

0-697286 

0*546089 

0-394471 

0-242244 


We may note that even if we assume l>o = 1 ton/sq. in. 

then 

Zo = 0-0284689; eo = 0013353; K = 0-941321, and a = 0 6323768. 

Also 


c 

0 

0-015 

0-030 

0 045 

0-060 

0-075 

«(*) 

1 

0-848554 

0-697284 

0-546087 

0-394467 

0-242238 


And if we assume po = 0, we get K = 0-9413217 showing that the different values 
of K do not generally differ from one another up to the fourth or fifth decimal 
place and produce negligible difference in the values of 4>(z) = \/l —Kz. In any 
case the values of ^(z) and <5(z) do not differ much. It may also be noted that 
with K ss —4-338431, the values of ^(z) are far from those of ^(z). 
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Case III : Propellant inhibited outside. 

With Zq s= 0 042614, we have 

14 2222 €o3- 105 9556 €o2-5-4666 €o+0 042614 = 0. 

By Homer’s method, we get €q = 0 0068789 (neglecting the other values). 

Then a' = 2*685318 from equation (66). 

Equation (65) becomes + 60146767 K + 647-190112 =* 0 giving 
K = -14 035799 or -46 109958. 

With K = — 14-035799 we get 


Table VII 


€ 

0 

0015 

0*030 

0*045 

0*060 

0*075 

Z 

0 

0 105792 


0*459264 

0*706368 

1 

4>i^) 

1 

1-.579707 

2- 156902 

2-728585 

3*297756 

3*863414 

0(z) j 

1 

1*576348 

2*152890 

2*728761 

3-303701 

3*877602 


Thus we see that with X sss — 14 035799, the values of ^(js) and 0(z) are very nearly 
equal. However, with K = —46109958, the values are far from one another. 
We, therefore, neglect K = —46109958 and take the former value. 

In each of the two cases of inhibition (ii) and (iii), 0 is calculated from 


( 14 . 0 ) 2 » 

giving two values of 9 corresponding to each value of K, Out of these two values 
of 0, that value is taken which is nearly equal to that given by equations (670) and 
(640) respectively. 

The above example shows how the value of K varies when the tubular propel- 
lant is coated inside or outside. Table VIII gives the results for max. pressure and 
muzzle velocity. 


Table VIII 


• Propellant 
(Tubular) 

M.V. 

(ft. /sec.) 

Max. Pr. 
(tons/sq. in.) 

Uninhibited 

2547*7 

18-084 

Inhibited inside . . 

2624 0 

21-894 

Inhibited outside . . 

2498*6 

17-862 

1 
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Summary 

In this paper a solution of the system of equations in Internal Ballistics of a conventional 
^run has been given with the Charbonnier’s Form-Function expressed as =- Jl — Kz, 
The shot-start pressure is assumed to be some finite quantity different from zero and thus the 
approach is different from that of Billard (1948) who has taken zero shot-start pressure. The 
solution involves the application of Incomplete Beta-Function Tables for the evaluation of the 
function-Z. However, it has been found that if for the evaluation of this particular function 
the shot-start pressure is taken as zero (but not in other oases) no tables are necessary and the 
error involved is generally of the order of 1-0%. 

Some calculations based on the method have been made to show the effects on maximum 
pressure and muzzle velocity of different loading conditions and for different values of shot- 
start pressure. 

. The method has been extended to investigate the Variations in maximum pressure and 
muzzle velocity when a tubular propellant is inhibited on flhe outer or on the inner surface. 
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all. Further, as observed by him, while the systems C and JS give evidence of 
multiplicity, in system A ‘ the multiplet structure is complicated by the existence 
of rotational structure ’ . 

The determination, if possible, of the rotational structure of the bands is con- 
sidered necessary in the light of the above observations. Such a study would also 
be interesting in view of the fact that spectra of only a few of the oxides of the 
elements of transition groups have so far been analysed, namely, titanium oxide, 
zirconium oxide and vanadium oxide. The present paper describes the results 
obtained in an attempt in this direction. 

Experimental 

For preliminary studies, all the sources mentioned by Ramakrishna Rao have 
been employed using spectrographs of comparatively low dispersion: (1) A Hilger 
two prism glass Littrow instrument, with which an exposure of about 16 minutes 
was sufficient, (2) the first order of a 10' concave grating with 16,000 lines per inch 
(dispersion 6*7 A/mm.) giving exposures of about 10 to 30 minutes, and (3) final 
pictures for the measurements of the bands were taken in the first order of a 21' 
concave grating with 30,000 lines per inch (dispersion 1*2 A/mm.) and having a 
6-inch ruled surface set up in the Paschen mounting. An exposure of about 2 
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I 

{Received October 1, 1954; read May 27 ^ 1955) 

Introduction; 

The spectrum of columbium oxide has beei first obtained in this laboratory 
by Ramakrishna Rao (1950) in the course of an investigation of the line spectrum of 
columbium. They have been obtained in three (|ifFerent sources: (1) in the flame of 
a D.C. arc between columbium electrodes run at ^0 volts and 3 amperes, (2) in the 
flame of a D.O. arc between graphite rods fed %y columbium pentachloride, and 
(3) in a heavy current discharge from 2 kW. D.C. Generator with columbium penta- 
chloride in the quartz discharge tube. The band spectrum consists of well-marked, 
red-degraded heads extending from about A 4200 towards the red to the limit of 
sensitivity of the panchromatic plate. The bands have been divided into three 
systems, designated as jB and G in the respective spectral regions A 4200-5100, 
A 5000-^6300 and A 6000 upwards. The systems B and C considerably overlap each 
other. Ramakrishna Rao has suggested a vibrational analysis of the tliree systems 
and has indicated a general correspondence between the bands of columbium oxide 
and the analogous a, p and y systems in titanium oxide (Lowater, 1929) and zircon- 
ium oxide (Lowater, 1932). For the vanadium oxide molecule (Mahanti, 1935) 
only one system has so far been identified. 

Describing the features of the three systems of columbium oxide Ramakrishna 
Rao has observed that the structure of the bands conspicuously differs from group 
to group. There is an apparent partially open structure in system A ; the structure 
is much less open in system B while in system C there is no rotational structure at 
all. Further, as observed by him, while the systems C and B give evidence of 
multiplicity, in system A ‘ the multiplet structure is complicated by the existence 

of rotational structure . 

The determination, if possible, of the rotational structure of the bands is con- 
sidered necessary in the light of the above observations. Such a study would also 
be interesting in view of the fact that spectra of only a few of the oxides of the 
elements of transition groups have so far been analysed, namely, titanium oxide, 
zirconium oxide and vanadium oxide. The present paper describes the results 
obtained in an attempt in this direction. 

Experimental 

For preliminary studies, all the sources mentioned by Ramakrishna Rao have 
been employed using spectrographs of comparatively low dispersion: (1) A Huger 
two prism glass Littrow instrument, with which an exposure of about 15 minutes 
was sufficient, (2) the first order of a 10' concave grating with 15,000 lines per inch 
(dispersion 5-7 A/ram.) giving exposures of about 10 to 30 minutes, and (3) final 
pictures for the measurements of the bands were taken in the first order of a 21 
concave grating with 30,000 lines per inch (dispersion 1-2 A/mm.) and having a 
6>inch ruled surface set up in the Pasohen mounting. An exposure oi about i 
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hours ou Ilford S.R. Panchromatic plates was suflBcient to get the bands 
well developed. The last spectra were taken using the flame of a D.C. arc between 
columbium electrodes run at 220 volts and 4 amperes. The electrodes were of the 
‘Specpure’ variety supplied specially by Johnson, Matthey & Co. This 21' grating 
is the one mounted in the Applied Physics department of the University of Calcutta. 

In addition to the plates mentioned above, three plates of the (1, 0), (0, 0) and 
(0, 1) bands have been made available to the author by Dr. V. R. Rao who has taken 
the arc spectra of ooliunbium on the 21' grating mounted in the Yerkes observatory, 
U.S.A. The author is much indebted to him for these plates. The spectra have 
been measured employing usual iron arc international standards. 


Description of the Bands 

(0, 0) Band: The photographs have shown three clear and closely situated 
heads {y 21322»7, v 21321*3 and v 21319*8) of gradually increasing intensity, the 
one at the long wavelength side being the most intense. The resolution is not good 
in the immediate vicinity of these heads. A little away from the head on the red 
side a series of strong lines starts. Each of these strong lines breaks up into two 
close lines one of which (the one on the violet side) is more intense than the otlier. 
These pairs of close lines continue up to a short distance when the more intense 
component line in each pair will be resolved into two very close lines and thus we 
get groups of three close lines. Still farther, these groups of three lines become 
groups of four lines. 

Another point that is brought out clearly in the spectrograms is the nature of 
the three component heads mentioned above. The least refrangible component 
at V 21319*8 is sharp and gives the impression of head formed due to the accumula- 
tion of close lines. The other two components are diffuse and headless and their 
appearance ♦ is such as to justify a conclusion that these may not form part of this 
band at all. 

(0, 1) Band: This also exhibits clearly three heads (v 20342*2, v 20340*4 and 

V 20339*0). A little further to the red at v 20328*9 is a band which apparently looks 
like another head. Immediately from this line follow a few lines among which 
there is first a slight increase and then a gradual fall in intensity. It is after these 
that a series of strong lines occurs, corresponding to the one observed in the (0, 0) band 
mentioned above. These strong lines become broad and diffuse and after a short 
distance, each line of the series gets resolved into a close group of four component lines. 
These close groups get wider further off from the band and the structure is broad- 
ened and a short region presents a clearly open structure. This helped considerably 
in serving as a starting point for the identification of the branches. At about 

V 20210 there is the appearance of a head which indicates that the (1,2) band may 
start here. This is evident from the low dispersion spectrograms. Thus there is a 
complication of the structure due to overlapping by the (1, 2) band. 

(1, 0) Band: In this band two heads {v 22165*5 and v 22163*7) can be clearly 
discerned, the red side one being more intense than the other. It is quite likely 
that the third head might have been masked by the strong atomic line at v 22161*4 
occurring close to the above-mentioned two heads. The resolution is not enough 
very near the heads and a little away from the heads commence two clear series of 
lines and continue up to a short distance where due to an increase in the resolution 
there is a fall in intensity and a complexity in the rotational structure. This region 
is followed by a very distinct region in which groups, each of four distinct com- 
ponent lines, are prominently present. Even a cursory examination of the spectro- 
gram points out the members of the four branches distinctly, which could 


* This feature is oommon to (0, 1) and (1, 0) bands also. 
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he followed up on either side and the complete branches identified. From about 
V 22018*6 which could be clearly noticed in the low dispersion pictures commences 
the (2, 1) band due to which there is a complication in the structure. 

All the features mentioned above can be seen from the reproduction of the 
bands in Plates X, XI and XII, There is still a considerable amount of confusion 
due to the occurrence of a number of atomic lines. These have been carefully sifted 
out by comparison with the list due to Humphreys and Meggers (1945). 

Analysis 

Columbium occurs in the same vertical group of the periodic table as vanadium. 
Hence the rotational structure of the bands of columbium oxide and the electronic 
transition involved in their emission may be expected to be similar to that of vana- 
dium oxide. The similarity between the two liand systems is evident from an 
examination of the general structure and appearjlince of the bands. In vanadium 
oxide although the electronic transition has n6t been conclusively established, 
four distinct series of lines constituting branches Df tlie type jRi and and Pi and 
P 2 have been identified by Mahanti (19115) in the ^O, 0), (1, 0) and (0, 1) bands and 
rotational analysis has been suggested consistent with the combination relationships 
expected from the assignments of the bands. The presence of what is considered 
as a short and strong Q branch led Mahanti to suggest that ^ A A is the transition 
concerned in the emission of the system. 

In analysing the rotational structure of the columbium oxide bands the method 
adopted has been first to identify the four different branches R and P analogous 
to those of vanadium oxide. As has already been mentioned in the description of 
the bands, a few distinct groups, eacli consisting of four lines, stand out prominently 
m all the three bands (1, 0), (0, 0) and (0, 1). (Cf. regions marked A, B and 
G in Plates X, XI and XII respectively.) These have provided a clue. The four 
lines in these groups are taken as constituting tlie four branches, Pj, R 2 . Pi and 
and when they are extrapolated towards the head, the groups of four lines become 
groups of three lines, one of the lines in each group being common to two of the 
branches. Extrapolating further towards the head, it is found that all the four 
branches merge giving rise to a series of strong lines — a feature which is very 
prominent in all the tliree bands. Thus four branches are picked out in each of 
the bands. In this arrangement the successive members (of the series of strong 
lines near the head) have formed into a branch. 

As a next step in the analysis, a comparison is made of the B values of the 
oxide molecules of all elements round about columbium in the periodic table from 
beryllium to molybdenum. From that comparison the B value of columbium 
oxide molecule is taken to lie between 0-15 and 0*6 cm.“^. By counting the lines 
almost up to the head and allowing for a small deviation because of lack of resolu- 
tion at the head, the lower limit of the combination difference for a chosen line is 
calculated using the above lower limit for B value and a value for K which is 
definitely less than the number of lines between the head and that particular line, 
while the upper limit of the combination difference is determined by an upper limit to 
the increase in combination difference with X, consistent with the upper limit of the 
B value given above. Then for all pairs of the branches (which would be twelve 
in number for each band, each branch being treated as an R and a P branch since 
the nature of the branches is not known) all possible sets of frequency differences 
are formed in the three bands between the limits of the combination difference 
mentioned above. Altogether about 400 sets of frequency differences are written 
down and a thorough attempt at checking up the combination relations among the 
above sets of frequency differences in the three bands is made systematically. 
Ultimately, for only one particular relative numbering of the branches in the three 
bands, the combination relations between the bands are found to be satisfied with 
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Table I 
(1, 0) Band 

* in all these tables indicates rotational lines overlapped by colnmbiiim atomic lines. 
Columns 4 and 6 in these tables give the mean value of and for the 

upper and lower states respectively. 


K 

R 

P 

- R(K) -P{K) 

AaF-iK) 

^ R{K-\)-P{K+l) 

11 


22149-59 

146G3 

1 


12 


148-14 

145-00 

1 


13 

1 

! 146-63 

143-29 



14 


145-00 

141-60 

i 


15 


143-29 

139*74 



It) 


141-60 

138-01 



17 


139-74 

136-07 



18 


137-70* 

134-11 



19 


135-70 

132-14 



20 


133-70 

130-43 



21 


131-60 

128*26 



22 


129-39 

125-94 



23 


127-15 

123-66 

1 


24 


124-86 

121-25 



26 


122-60 

118-81 



26 


120-06 

116-29 



27 


117-38 

113-64* 



28 


114-80 

111-09 

i 

\ 

\ 

29 


22112*12 

108-36 
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Table I — {Contd.) 


K 

R 

P 

AtF'(K) 

= R(K)-P(K) 


30 


109-45 

105-53 



31 

22149-59 

146-63 

106-64 

102-72 

43-43 


32 

148-14 

145-00 

103-74 

099-44 


49-23 

33 

146-63 

143-29 

100-81 

096-95 

46-08 

60*76 

34 

145-00 

141-60 

097-82 

093-80 

47-49 

52-31 

35 

143-29 

139-74 

094-78 

092-52 

48-87 

53-76 

3(5 

141-60 

138-01 

091-65 

087-44 

49-76 

56-11 

37 

139-74 

136-07 

088-63 

084-18 

51-50 

56*83 

38 

137-70* 

134-11 

085-12 

080-84 

52-93 

58-30 

39 

136-70 

132-14 

081-79 

077-42 

54-32 

59-37 

40 

133-70 

129*73 

078-10 

073-97 

55-68 

61*39 

41 

131-60 

127-72 

074-63 

070-43 

57-13 

62-76 

42 

129-39 

125-36 

071-10 

066-81* 

58-42 

64-36 

43 

127-15 

123-12 

067-46 

063-15 

69-83 

66-84 

44 

124-86 

120-68 

063-69 

059-38 

61-24 

67-39 

45 

122-50* 

118-16 

06006 

055-46 

62-58 

68*90 

46 

120-05 

115-68 

05(5- 10 
051*65 

63-99 

70*36 

47 

117-38 

112-98 

052-24 

047-70 

66-21 

71*93 

48 

114-80 

110-32 

048-21 

043-66 

66-63 

73 32 

49 

112-12 

107-67 

044-18 

039-55 

67-98 

74-80 

60 

109-46 

104-60 

040-13 
036 39 

69 27 

76-36 
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Table I — {ContdJ) 


K 

R 

P 

AtP'(K) 

= 1{{K)~P(K) 

= ii(iC-l)-P(iC+l) 

51 

22106-64 

101-72 

22035-81 

031-16 

1 

70-70 1 

1 

77-68 

52 

103-74 

098-83 

031-57* 

027-13 

71 *#4 

79-27 

53 

100-81 

095-83 

027-13 

022-70 


81-14 

54 

097-85 

092-69 

022-70 

017-59 

76|)7 

82-32 

55 

094-78 

089-37 

018-29 

013-71 

84-24 

56 

091-65 

086-26 

013-71 

008-35 

77|j3 

) 

85-81 

57 

088-63 

082-90 

009-10 

003-44 

79-60 

87-39 

58 

085-12 

079-59 

004-36 

21998-77 

80-79 

88-93 

59 

081-79 

076-09 

999-63 

994-05 

82-10 

90-38 

00 

078-38 

072-58 

994-89 

989-06 

83-51 

91-49 

1 

0] 

075-15 

069-01 

989-96 

984-95 

84-63 

92-99 

62 

] 

071-77* ' 
065-29 

984-95 

980-04 

86-04 

95-01 

63 

067-94 

061-68 

980-04 

974-10 

87-36 

96-34 

64 

064-28 

057-67 

974-87 

969-72 

88-68 

98-08 

65 

060-62 

053-87 

969-72 

963-74 

90-52 

99-64 

66 

056-10 

049-95* 

964-55* 

958-12 

91-69 

100-90 

67 

052-75* 

045-83 

« 959-36 

953-33 

92-96 

102-36 

68 

049-01 

041-76 

963-33* 

948-01 

94-72 

104-07 

69 

044-97 

037-57 

948-52 

941-93 

96-06 

106-76 

70 

040-96 

033-26* 

943-06 

936-32 

97-42 

106-96 

71 

036*78 

029-01 

937-47 

931-16 

98-68 

108*93 
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Table I — {Coneld.) 


K 

R 

P 

AsF'{K) 

= B{K)-P{K) 

AiF'iK) 

= B(^:-i)-P(X+i) 

72 

22032-69 

024-66 

21931*95 

924*41 

100*44 

110*53 

73 

028-32 

019-84* 

925*33 

919*51 

101*66 

112*11 

74 

024 05 
015*01 

920*52 

912*51 

103*02 

113-51 

75 

019-84* 

010*48 

913*56 

907*59 

104*59 

114-68 

76 

015*63 

005*81 

908*70 

901*01 

106-87 


77 

011-25* 

001-16 

902-03* 


118*23 

78 

000-89* 

21996-41 

896*82 

888*16 

109-16 

120-14 

79 

22002*33* 

21991*59 

890*57 

881*55 

110-80 


80 

21997-68 

884*50 


122*76 

81 

993-29 

981-74 

879*16 

869*25 

113*31 


82 

1 

988-23 

977-74 

j 

872*64 

863*67 

114*83 

126*12 

83 

982*64 

866*66 

8.56*13 


127*80 

84 

977*74 

859*98 

850*39 



85 

972*84 

853*33 



86 

967*59 

846*73 



87 

962*28* 

840*19 



88 


833*06 



89 


826*14 
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Table II 
(0, 0) Band 


K 

R 

P 

= B{K)- P{K) 

AtF"(K) 

- R{K~l) P(K+1) 

10 


21307-46 

305-82* 

1 

1 

1 


11 


305-82* 

304-30 



12 


304-39 

302-79 

1 


13 


302-79 

301-16 

i' 

! 

} 

V 

/' 


14 


301-16 

299-46 


15 


299-46 

297*72 



16 


297-72 

295-87 



17 


295-87 

293-96 



18 


293-96 

201-95 



19 


291-95 

289-93 



20 

1 

1 

289-93 

287-93 



21 


287-93 

285-84 



22 

21317-43 

316-62 

285-84 

283-62 

32*26 


23 

316-62 

316-61 

283*62 

281-34 

33-59 

36*81 

24 

316-61 

314-70 

281-34 

279-10 

34*94 

38*19 

26 

314-70 

313-60 

279-10 

276-66 

36-27 

39*69 

26 

313*60 

312-56 

276-66 

274*27 

37*61 

41-14 

27 

312-66 

311*26 

274*27 

271*76 

38*89 

42-69 

28 

311*26 

310*03 

271*76 

269*22 

40*16 

44*06 

29 

310*03 

308-73 

269*22 

266-60* 

41*62 

46*66 



228 


K. SUBYANABAYANA BAO : BOTATIONAL AKALYSIS 




Table 

ll—(Oontd.) 


K 

R 

P 

htF'(K) 

= R(K)-P(K) 

= iJ(K-l)-P(X+l) 

30 

308-73 

307-46 

266-60* 

263-70 

43*00 

46*87 

3J 

307-46 

305-82* 

263-70 

261-33* 

44*13 

48*45 

32 

21305-82* 

304-39 

21260-83 

258-46 

45*46 

49*83 

33 

304-39 

302-79 

257-98 

256-65 

46*78 

61‘23 

34 

302-79 

301-16 

255-02 

252-73 

48*10 

52*66 

35 

301-16 

299-46 

252-10 

249-78 

49-37 

64*09 

30 

299-46 

297-72 

249-09 

246-68 

50-71 

65*58 

1 

37 i 

297*72 

295-87 

245-96 

243-51 

52-06 

67*04 

38 

295-87 

293-96 

242-76* 

240-36 

63-36 

58*49 

39 

293-96 

291-95 

239-47 

1 237-15 

54-64 

69-95 

40 

291-95 

289-93 

236-19 

233-76 

55-97 

61*32 

41 

289-93 

287-93 

232-83 

230-44 

57-30 

i 

62*86 

42 

287-93 

285-84 

229-38 

226-78 

58-85 

64*39 

43 

285-84 

283-62 

225-84 

223-26 

60-19 

66-90 

44 

283-62 

281-34 

222-31 

219-67 

61*49 

67*39 

45 

281-34 

279-10 

218-65 

216-03 

62-88 

68*84 

46 

279-10 

276-66 

214*96 

212-33 

64-24 

70*43 

47 

276-66 

274-27 

211-03 

208-56 

65*67 

71*84 

48 

274-27 

271*76 

207-38 

204*70 

66*98 

73*86 

46 

271*76 

269-22 

203*39 

200*85 

68*37 

74*91 

50 

269*22 

266*50* 

199*34* 

196*87 

69*76 

76*86 
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Table ll^—{Contd.) 


K 

R 

P 

AiP'iK) 

= n{K)-P{K) 

1 

= JilK~l)-F(K+l) 

51 

266 - 50 * 

263-70 

196-42 

192-84 

70-97 

77*84 

52 

263-70 

261 - 33 * 

191-24 

188-70 

72-50 

i 

1 79-27 

53 

21261 - 33 * 

258-46 

21187-17 

184-50 

74 - 0 $ 

i 

80-94 

54 

258-46 

256-66 

182-95 

180 - 20 * 

< 

75 - 4 ^$ 

82-59 

55 

255-65 

252-73 

178-68 

175-93 


84-13 

5 ft 

252-73 

249-78 

174-29 

171-56 

7 S - 3 fe 

85-70 

57 

249-78 

246-68 

169-84 

167-15 

79 - 7*4 

87-25 

58 

246-68 

243-51 

165-34 

162-67 

81-09 

88-77 

59 

243-59 

240-36 

160-84 

158-08 

S 2 - 4 H 

90-26 

ftO 

240-36 

237-15 

156-20 

153-47 

83-92 

91-80 

ftl 

237-15 

233-75 

151-54 

148-73 

i 

85-32 i 

93-38 

ft 2 

233-75 

230-44 

140-73 
144-02 ; 

86-72 1 

j 

94-91 

ft 3 

230-44 

227-15 

141-90 
139-18 , 

1 

88-26 ' 

96-37 

ft 4 

226-78 

223-70 

137-07 

134 - 38 * 

89-70 

1 

98-11 

05 

223-26 

220-14 

132-06 ; 

129-32 j 

91-23 

1 

99-59 

(>ft 

219-67 

216-68 

127-04 1 
124-27 ; 

1 

92*47 ! 

101-15 

07 

216-03 

212-89 

121*91 
119*18 1 

93-92 j 

102-60 

68 

212-33 

209-10 

116*79 1 
114-27 1 

96-19 

j 

104*03 

69 

208-66 

206*39 

111 - 91 * 

108-96 

96-51 

106*73 

70 

204-70 

201*40 

106 * 38 * 

103*60 

98-06 i 

107*38 

71 

200*86 

197*61 

100*80 

098*31 

99-63 1 

108*86 
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Tabls II — (Contd.) 


K 

R 

P 

AtF'(K) 

= 1HK)-P{K) 

= ie(x-i)-i>(ir+i) 

72 

106-87 

103-50 

095-40 

093-00 

100-99 

110-45 

73 

192-84 

180-38* 

i 089-88 

087-68 

102-38 

112-02 

74 

21188-70 

185-35 

21084-35 

081-99* 

103-86 

113-55 

76 

184-60 

181-10 

078-68 

076-44 

105-24 

115-22 

76 

180-20 

176-90 

072-99 

070-62 

106-76 

116-72 

77 

175-93 

172-59 

067-11 

065-05 

108-18 

118*32 

78 

171-96 

168-22 

061-26 

059-20 

109-86 

119-84 

79 

167-15 

163-71 

055-41 

053-43 

111-01 


80 

102-07 

169-20 

049-48 


122-92 

81 

158 08 
154-62 

043-52 

041-60 

113-84 

124*44 

82 

153-47 
! 150-16 

037-53 

036-47 

115-32 

126-96 

S3 

148-73 

145-31 

031-33 

029-36 

116-68 

-- 

84 

144-02 

140-47 

. 


129-00 

85 

139-18 

135-67 

019-11 

016-93 

119-36 

130-47 

86 

134-38 

130-78 

012-85 

010-70 

120-81 

132*02 

87 

i 129-32 

125-83 

006-56 

004-26 

122-17 

133-67 

88 

124-27 

120-69 

000-13 

20997-89 

123-47 

136-06 

89 

119-18 

115-74 

993-67 

991-36 

124-96 

136-47 

90 

113-70 

110-67 

987*21 

984-81 

126-18 

138-14 

91 

108-46 

106-36 

980-62 

978-12 

127-69 

139-63 

92 

103-14 

100-06 

973-87 

971-46 

128-94 

140-09 



OF THK OOLUMBIUM OXIDE BANDS 


231 


Tabm II — (Contd.) 


K 

R 

P 

= RiK) ~P(K) 

^R{K~l}-P{K-il) 

93 

097-80 

094-64 

967-14 

964*70 

130*30 

142-50 

94 

092-28 

089-26 

960-32 

957-87 

131-6$ 

143-99 

95 

21086-79 

083-71 

20953-54 

950-93 

133-02 


96 

97 

081-19 

078-17 

075-57 

072-56 

946*47 

939-60 

936-96 

133 7i9 

146-97 

148-54 

98 

069-74 

932-44 

929-84 

* * f 

150-09 

99 

063-97 

061-26 

925-25 

922-71 

138-64 

•• 

100 

058-13 

055-41 

918-20 

915-68 

139-80 

152-97 

101 

052-17 

049-48 

911-05* 

908-25 

141-18 

164-51 

102 

046-29 

043-52 

903-63 

900-89 

142-65 

166-16 

103 

040-47 

037-53 

896-00 

893-36 

144-32 

157-64 

104 

034-11 

031-33 

888-68 

885-86 

1 

145-46 

159-33 

105 

027-74 

881*12 

878-22 


•• 

106 

021-57 

019-11 

1 

873-61 



107 

015-20 

012-85 




108 

008-77 

006-56 




109 

002-29 

000*13 




110 

20995-77 

993-67 




111 

988-18 

I 987-21 




112 

982-46 

980-52 




113 

975*68 

973*87 
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Tadm II — (Conoid.) 


K 

li 

1 

p 

AsP'(K) 

= R(K)-P{K) 

£,iF"(K) 

114 

968-86 

967-14 




115 

961-92 

960-32 




116 

20954-98 

953-54 




117 

947-90 

946-47 




118 

940-81 

039-60 




119 

933-60 

932-44 




120 

926-41 

925-25 


1 


121 

919-17 

918-20 




122 

911-76 

911-05 




123 

904-45 

903-63 




124 

896-67 

896-00 




125 

889-15 

888-68 
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Tabt.e ITI 
(0, 1) Band 


K 

B 

\ 

P 

9 


20327-33 

323-53 

10 


326-09 

322-14 

11 


324-60 

320-72 

12 

i 

323-03 

319-21 

13 


321-52 

317-87 

14 


319-91 

316-06 

15 


318-25 

314-29 

16 


316-46* 

312-54 

17 


314-29 

310-82 

18 

j 

i 

312-93 

308-92 

19 

I 

310-82 

306-96 

20 


308-92 

304-96 

21 


306-96 

302-84 

22 


304-96 

300-66 

23 

1 

302-84 

298-62 

24 1 

! 

1 

t 

300-66 

296-27 

25 

j 298-52 

293-92 

26 

' 296-27 

i 291-81 

1 

27 

1 

293-92 

289*30 

28 

i 

291*20 

286-55 


AoF'(K) 

^B{K)-^P(K) 


I 


I 




I 


i 


I 


I 


AiF^iK) 

== 7?(«:-l)-P(ir+l) 
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TABiiE III — (Contd.) 


K 

R 

P 

= R(K)-P(K) 

= j!?(k:-i)-p(k:+i) 

29 


288-76 

284-03 



30 


20286-19 

281-65 



31 

20327-33 

323-53 

283-54 

279-30 

44-01 


32 

32609 

322-14 

280-93 

276-58 

45-36 

49-18 

33 

324-50 

320-72 

278-15 

273-85 

46-61 

60-65 

34 

323-03 

319-21 

275-33 

270-99 

47-96 

62-31 

35 

321-52 

317-87 

272-53 

268-07 

49-40 1 

53-79 

30 

319-91 

316-06 

269-54^ 

265-12 

j 

50-66 

55-33 

37 

318-25 

314-29 

266-62 

262-11 

51-9] 

66-69 

38 

316-46* 

312-54 

263-62 

258-98 

53-20 

58-11 

39 

314-29 

310-82 

259-86 

255-87 

54-69 

69-60 

40 

312-93 

308-92 

257-08 

252-72 

56-03 

60-86 

41 

310-82 
i 300-96 

253-92 

249-47 

57-20 

62-46 

42 

308-92 

304-96 

250-92 

246-04 

68-46 

63-81 

43 

306-96 

302-84 

247-42 

242-51 

59-94 

65-39 

44 

304-96 

300-66 

244-06 

239-05 

61-26 

66-88 

45 

302-84 

298-52 

240-58 

235-47 

62-66 

67-87 

46 

300-66 

296-27 

236-97 

231-92 

64*02 

69*84 

47 

298-52 

293-92 

233-45 

228-26 

65-37 

71-40 

48 

296-27 

291-89 

229- 56» 
224-57 

66-98 

72-74 

49 

293-92 

289-30 

226-16 

220-80 

68*13 

74-35 
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Table III — {Oontd,) 


K 

R 

P 

^B(K)-P{K) 

- «(x:-i)-P(ic+i) 

50 

291*81 

286*55 

222*36 

217*03 

69*49 1 

j 

76-87 

51 

20289-30 

284-03 

20218*38 

213*11 

70*93 

• i 

77-26 

52 

286*55 

281*42 

214-55 

209-29 

1 

72-6# ' 

1 ' 

79-06 

53 

284*03 

278*72 

210*69 

204*63 

73-7^ 1 

1 1 

80*69 

54 

281*85 

276*00 

206*40 

200*19 

’4 

82-03 

55 

279*30 

273*23 

202*40 

196*29 

’4 I 

83-46 

56 

276-50 

270-40 

198-26 

192*69 

77-98 

85-30 

57 

273-85 

267-42 

194-02 

187-91 

79*67 

86-88 

58 

270-99 

204-38 

189*61 

183*64* 

81*11 

88-37 

50 

268*07 

261*23 

185-38 

179*16 

82-43 

89*86 

60 

266- 12* 
258*24 

180-99 

174*66 

83*86 

1 91*25 

61 

262-11 

255*07 

176-68 

170-32 

1 

85*14 

1 

93*19 

62 

258*98 

251*85 

172*08 

164*91* 

86*92 

94*43 

63 

255.87 

248*55 

167*38 

160*94 

88*05 

95-98 

64 

252-72 

245*24 

162*95 

166*92 

89*66 

97*76 

65 

249*74 

241*81 

158*22 

150*71 

91*18 

99*41 

66 

246*04 

238*29 

168*27 

146*87 

92*60 

100*80 

67 

242*90 

234*74 

148*88 

140*81 

93*98 

102*21 

68 

239*45 

231-06* 

143*69* 

136*23 

96*30 

103*75 

69 

235*99 

227*50 

139*24 

130*91 

96*67 

105*08 

70 

232*44 

223*88 

134*40* 

125*96 

97*98 

107*00 


1 
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Tablr III — {Oondd.) 


K 

1 ^ 

1 

P 

i 

i - Ji(K) P(K) 


71 

228-81 

219-97 

128-90 

120*69 

99-66 

1 

108-67 

72 

20225' 16 
216-09 

20123-63 

115-35 

101-14 

109-93 

73 

221-47 

212-23 

118-71 

110-22 

102-39 


74 

217-64 

208-21 



112-76 

76 

213-91 

204-20 

108-78 

099-43 

104-96 

114-66 

76 

209-87 

200-19 

102-61* 

094-05 

106-76 

116-11 

77 

206-04 

196-70 

097-61 

088-19 

107-92 

118-23 

78 

201*90 

191-06 

091-32 

082-29 

109-67 

119-78 

79 

197-79 

186-26 

086-11 

076-08 

110-93 

121-34 

80 

194-02 

180-99* 

080-94 

069-34 

112-37 

123-03 

81 

189-61* 

176-36 

076-31 

062-68 

113-44 

125-16 

82 

185-38 

169-69* 

069-34 

055-36 

115*14 

126-73 

83 

180-99* 

163-46 

063-83 

047-67 

116-53 


84 


-- 


130-19 

85 

172-08 

161-81 

062-21 

032-86 

119-41 


86 

167-38 

146-87 

046-68 


- • 

87 

1 

162-25 

038-79* 



88 

156-98 

032-86 

1 

•• 



as 
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Table IV 


Constant 

Upper State 

Lower State 


0-3447 om.“l 

0*3776 cm.-l 


0*3420 „ 

0-3746 „ 

B, 

0*3461 „ 

0-3791 „ 

a. 

0*0027 

0-0030 „ 

I, 

80*862 X 10-40 gm. cm.* 

73-814 X 10-40 gm. cm.* 

r. 

1-889 A 

^-806 A 

.. 


The D values are of the order o| 10-7 cm.-l 


Abstbact (Summary) 

The speotrum of oolumbium oxide has been photogj^phed in the first and second orders of 
a 21-ft., 30,000 lines per inch oonoave grating with di^rsions of 1*2 A/mm. and 0*6 A/mm. 
respectively. The rotational analysis of the (1, 0), (0, 0) |nd (0, 1) bands of system A at XX 4610, 
4689 and 4915 respectively in this spectrum has been oarped out f^or the first time. As in vana- 
dium oxide, four distinct branches, namely Hi, Pi an# have been identified in each band. 
The rotational constants, calculated by the least squared^ method, are reported. 
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(Communicated by D. S. £.othari, P.N.I.) 

(Received April 2 ; read May 27, 1956} 

The spectrum of phosphorus arising from its various stages of ionization has 
been observed and analysed by H. A. Robinson. His work is still unpublished for 
ionization stages higher than the fifth, but the results of his analysis &om un- 
published data are quoted by Charlottee E. Moore (1949). In course of a theoretical 
study of the atoms of the Cl isoelectropic sequences, Naqvi (1963) found that 
Robinson’s energy values of the level intervals of the configuration of PX are not in 
accordance with the trend of the isoelectronic sequence ; they are in &ot much lower. 
The present paper is a report on the energy levels belonging to PXII. 

PXII belongs to the Bel isoelectronic sequence. The ground configuration fur 
this sequence is ls22s<, and the electronic shells are completely filled giving rise to a 
single energy level, namely ^Sq. The next excited configuration, \fi2a2p has four 
energy levels ^Pi and j, o- We shall be chiefly concerned with the level intervals 
•Pj— *Pj and ®Pi— ®P q of this configuration. Robinson’s values for these intervals 
are 

®Pj— ®Pi = 6600‘0 cm.“^ 
sPi-sPo = 3200 0 cm.“i 

Naqvi (1951) made a theoretical study of this isoelectronic sequence in which 
he calculated the values of the mutual magnetic interaction integral Jlfo and another 
parameter for the atoms of this sequence. The parameter (' whidi difiers in- 
appreciably from the spin-orbit interaction integral {, is given by 

£' = {~30ifo-4N-H2Ni (1) 

where Afo, are mutual magnetic interaction integrals (for their definitions 

and that of { reference may be made to Condon and Shortley, 1936 and Marvin, 
1947). Briefly the method is as follows : 

The theoretical expressions for the energy of the levels, obtained by taking into 
account the complete spin-orbit interaction as well as the mutual magnetic inter- 
actions, are equated to the energy values obtained &om spectroscopic analysis. 
These equations are 

v,-'r, - j{'-30jfo- 

They are then solved for the unknown parameters, and Mq occurring in tiiese 
equations. 

Table I gives the values of and Jfo for the Bel isoelectronic sequence. It is 
clear that the value of Afo for PXII is erroneous. Further if we plot the fourth 
roots of against the atomic numbers, the points lie fairly closely on a straight 
line, except ^ point for PXII which is below the line, indicating that the value of 
for PXII is lower than the trend along this sequence. 
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Table I 


Sequence 

(' 

Mo 

Bel 

2-2 

0*0137 

BH 

16-8 

0-0666 

cm 

56*0 

0*1486 

mv 

141*1 

0*2416 

ov 

300*4 

0*4636 

FVI 

666*0 

0*7083 

NeVII . . 

. , 

; . . 

NaVm .. 

1676 

,1*6833 

MglX . . 

2436 

U1388 

AIX 

3691 

^2*0833 

SiXI 

6140 

12*2361 

PXII 

6505 

4^*388 

-J 


As for the case of PX, we conclude that! the discrepancy is on account 
of erroneous energy values for the levels of PXlI. eztrat>olated values of 

J' and Mo are 

r = 7130 om-t 
Mq = 2-45 cm.~i 

Using these extrapolated values of and Jfg and equations (2) we obtain for 
the level intervals of PXII 

« 7310 om.-i 
*Pi-8Po = 3340 om.-i 

These values are substantially different from those of Robinson quoted above. 

In the 1963 paper, it was reported for a number of isoelectronio sequences that 
the level intervals belonging to a particular configuration fit remarkably well with a 
fourth degree polynomial. This conclusion has been further checked and extended. 
For the case of Cl isoelectronio sequence it was found that the fit was very poor if 
PX was included, whereas it became almost perfect when PX was excluded. We 
have found the same result to hold for the Bel isoelectronio sequence. When 
PXII is included, the fit with a fourth degree polynomial comes out to be extremely 
poor as is shown in Table II. However, when PXII is excluded, the fit is 


Table n 


Sequence 

[•P2 - »Pt] 

obs. 

calc. 

A 

(otw.-calc.) 

[»Pj-*Po] 

ob«. 

[»Pi-»Po] 

calc. 

A 

(oba.«-calc.) 

Bel 

2*35 

-31*96 

34*81 

0*68 

-7*88 

8*06 

BH 

16*40 

64*19 

-47*79 

6*40 

^ 17*78 

-11*38 

cm 

66*80 

91*84 

-36*04 

23*00 

^ 31*73 

-8*73 

NIV 

144*20 

133*59 

10*61 

63*20 

69*68 

3*62 

OV 

306*20 

269*18 

47*02 

136*70 

124*70 

12*00 

FVI 

676*00 

626*65 

60*36 

260*00 

248*69 

11*31 

NeVII 


, , 

. , 

, , 

. , 

. . 

NaVIII . . 

1604*00 

1 1645*88 

-41*88 

730*00 

760*82 

-20*82 

MglX 

2472*00 

2650*14 

-78*14 

1162*00 

1163*32 

-1*32 

AIX 

3660*00 

3696*32 

-36*32 

1690*00 

1703*41 

-13*41 

SiXI 

6260*00 

6077*88 

172*12 

2420*00 

2383*84 

36*16 

PXII 

6600*00 

6676*68 

-76*68 

3200*00 

3215*62 

-16*62 
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considerably improved as can be seen from Table III. 
the level intervals are 


3Pj-.8Pj 7316 cm.-i 


spj-spp = 3348 cm.-» 


The extrapolated values for 


Tablb III 


Sequence 

calc. 

A 

(obs.-calc.) 

PPi »Po] 

calc. 

A 

(obs.-calc.) 

Bel 

3*23 

-0-88 

-0-10 

0-78 

BH 

14-62 

1-78 

7-67 

-1-17 

cm 

56-44 

0-36 

24-43 

-1-43 

NIV 

146-61 

-1-41 

62-06 

1-14 

OV 

307-33 

-M3 

134-64 

2-06 

FVI 

676-00 

1-00 

268-86 

1-14 

NeVII 

. , 

, , 

, , 

. , 

NaVIII 

160307 

0-93 

741-96 

-11-96 

MglX 

2471-62 

0*48 

1147-06 ! 

14-94 

AIX 

3661-99 

-1-99 

1696-30 

-6-30 

SiXI 

6249-12 

0-88 

2419-20 

0-80 


The extrapolated values of the level intervals obtained by these two methods 
give results in fairly good agreement with one another. Tlie following mean values 
should be adopted for the energy intervals, rounded off in the last significant figure 

sPg-sPi = 7310cm.-i 
sPi-sPo = 3350cm.-i 

The energy values of the ^Pj level of the 2«2p configuration of PXII as given 
by Robinson appears to be allright. 


Summary 

H. A. Bobinson's values for the energies of the three 8P levels of the configuration 
of PXII appear to be in error. They have therefore been calculated by two difierent methode 
of extrapolation along the isoelectronic sequence, which give results in good agreement with one 
another. 
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AN ESTIMATE OP THE OPTICAL THICKNESS OP A SPHERICALLY 
SYMMETRIC, NON-CONSERVATIVE SCATTERING ATMOSPHERE 


by K. K. Sbn, Ghandemagore College 


(Communicated by N. R. S^n, F.N.l.) 


{Received April 16 ; read Mc^ 27, 1955) 

I 

The equation of transfer in the case of q>hericplly symmetric atmosphere in the 
non-conservative isotropic scattenng case was 4>lved by the author (1954), by 
Chandrasekhar’s method of replacing the integralsby Gaussian sums. To solve the 
equation of transfer, two sets of boundary cormtions were considered, namely 

(а) the existence of definite outward flux at the l^er boundary and the vanishing 
of both inward and outward intensities at the n||per boundary of the atmosphere, 

(б) the existence of an outward flux at the lower'boundary and the equality of in- 
ward and outward intensities, both considered weak at the outward boundary. 
In the second case an estimate of the optical thi<^ess (for a definite frequency) of 
the extensive atmosphere was made from the outward flux ratios in the inner and the 
outer boundary for different values of albedo for single scattering. In the present 
note, a method of estimating such optical thickness of an extensive atmosphere 
from the expression for flux obtained by the consideration of the first set of bound- 
ary conditions has been given. The results obtained show that the values of optical 
thicknesses found in this way for different percentages of scattering are nearly the 
same as those obtained from the second set of boimdary conditions {Proc. Nat, 
Inst, of Sciences of India, Vol. XX, No. 1, 18, 1954). 

The values of flux at any depth obtained by the solution of the equation of 
transfer for spherically symmetric, non-conservative isotropic scattering under the 
sets of boun^ry conations (o) is given by {Proc. Nat, Inst, of Sciences of India, 
Vol. XX, No, 1, 16, 1964; equation (28)) 


F(z) -q^ 


F{zi)z''Iv-i(z) 


( 1 ) 


V3«iV,(*i) 

where zzsqr,r being the optical thickness defined by t = j* hpdr, g = \/3( 1 — too) , 

too being the albedo for single scattering. A point in the deduction of this equation 
has to be noted. It has not been obtained as solution of an equation for F(z), and 
F{Zi) representing the value of the function at * = Zi. On the other hand F{^) 
on the right-hand side appears through the intensity function i+i at z = Zj, viz. 
2 

P(zi) = —;=J+i{zi), whereas F(z) on the left comes through K satisfying equation 

V3 

(16) (Proc. Nat. Inst, of Sciences of India, Vol. XX, 13, 1964), K being obtained as 
solution of the second order differential equation (16) (Ibid.). 

Thin being so, if we put z = Zi in equation (1), we ^ not get a trivial identity, 
but an equation giving us Zi in terms of g. It is to be remembered that, 
zi m qrx, Tj being the optical thickness of the atmosphere. . 

As before we take ip to vary as some inverse power of n, and let us put « * 2, 


Then 


2(n-l)’ 


gives V s= 5 


2 ’ 
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Hence on patting 2 aa 2 ^ in (1), we obtain 


g 

\/ 3 ' 


which may also be written as 


.. ( 2 ) 


coth zi = -^+1 (3) 

V3 zi 

If in this equation we put i we get 


00 th 1 ax -^4-* (4) 

X v3 

as the relation oonneoting the optical thickness with q. 

The values of x and hence of Zt, and ti were obtained from (4) by the graphical 
method, for different values of uq, the albedo for scattering. The results are shown 
in the following table and are also plotted in the figure. 


TABI.B 


w 

1 

X 

00th ^ 

X 

^(for«o-#o) 


(for wq k -67) 


^ (for Wo -10) 

* Vs 

mi 

400 

1001 

0-316 

0-666 

0-577 


0-949 

1-199 


200 

1037 

9» 

0-816 

99 

1-077 

99 

1-449 


100 

1-313 

99 

1 316 

99 

1-677 

99 

1-949 


0*67 

1-709 

99 

1-816 

99 


99 

2-449 



2-164 

99 

2-316 

99 


99 

2-949 



2-632 

99 

2-816 

99 

3-077 

99 

3-449 



3-140 

99 

3-316 

99 

3-677 

99 

3-949 


From the figure, it appears that larger scattering is to be associated with smaller 
total optical depth for tiie frrequenoy concerned. This is in accord with non- 
conservative scattering in a plane parallel atmosphere considered by Chandrasekhar 
under somewhat different boundapr conditions. This resiilt seems to suggest ibat 
the optical depth considered here is principally dependent on the amount of scatter- 
ing which a pencil of ra3rB starting from the photospheric sur&ce suffers in course 
of its transmission through the radiation field, larger scattering implying more 
rapid weakening of the intensity in the ray. Thus for Oq ** ^ ** ^*0, Zi = 1*0, 

n ■» 1*8, and for tuo ■* ’67, x " *466, * 1 «» 2*16, ti ac 2*16, and for oio «■ *10, tj will 
be extremely large. Thus we can study how the value of the optical ibickness of 
the atmor^here for the boundary concbtion under contemplation varies with cao> 
the albedo for scattering. This gives an estimate of the value of optical thickness 
of extensive atmoi^eres for different albedos. 

In conclusion, it is a pleasure for me to express my gratitude to Prof. N. B. 
Sen for his kind advice during the preparation of this work. 
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Summary 


In the present note a method of estimating the optical thickness of eSLtensive stellar 
atmosphere is considered for the case of spherically symmetric, non-conservative isotropic 
scattering. Different percentages of scattering have been taken into account, and it is i^own 
how the thickness of the atmosphere is dependent on the value of the albedo for scattering. 
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THE IDENTIFICATION OF RADIO STARS 


hy Ali M. Naqvi * wnd J. N. Tandon, University of Delhi, Ddhi, India 
(Communicated by D. S. Kothari, F.N.I.) 

{Received April 20 ; read May 27, 1955) 

I. iNTBODTTOTIOlf 

The first discrete source of radio noise was observed by Hey, Parson and Phillips 
(1946), in the constellation of Cygnus. Since then nearly 300 of these objects have 
been reported by various observers in Australia and England (see Table I). Their 
identification with visual objects has met with little success. ()nly 16 of them have 
been identified so far, 5 with objects in our own galaxy and the rest with extra- 
galactic objects (Baade and Minkowski, 1964o, h). 

The discrete sources are usually referred to as radio stars, although we know 
that several of them are unusual objects or even extra-galactic nebulae. 

The major difficulty in their identification is the extremely poor resolution 
obtained at radio wavelengths. Thus a precise position of a radio star is not known. 
Ryle, Smith and Elsmore (1960) compared the positions of the radio stars observed 
by them with those of extra-galactic nebulae, stars brighter than the 4th magnitude, 
unusual but fainter visual stars (up to 11th magnitude only), nearby stars, large 
proper-motion stars, novae and supemovae and galactic nebulae and clusters but 
they failed to detect any significant coincidences. 

Mills (1952) discussed the galactic distribution of 77 radio stars, and classified 
them into two classes. Class I objects are the brighter radio stars and show a 
galactic concentration. They are presumably at great galactic distances which, 
according to Mills’ estimation, may be of the order of 1,000 parsecs. Class II objects 
are the fainter radio stars, which are more or less randomly distributed. From the 
random distribution of the Class II objects two possibilities arise: (1) they are 
of extra-galactic origin, or (2) they are nearby objects within our own galaxy. In 
the present paper we have considered the second possibility. The most common 
type of nearby stars are the M dwarf stars of the main sequence. Earlier, TJnsSld 
(1^9) had suggested that the general galactic radio noise may arise from the late 
type dwarf stars. 

The coincidences in the position of the radio stars and the M dwarfs appear to 
us to be quite significant. At present the surveys of the radio stars as well as those 
of the M dwarfs are quite incomplete, so that even if the M dwar& are the radio 
stars we would not expect to find perfect coincidences. When the surveys become 
more complete, this identification can be tested again. 


II. CoHPABisoK ov Positions ox thb Radio Stabs akd thb M Dwabxs 

Table I gives the sources of observed data on the radio stars. The 
total number of objects reported by various workers is 313, but several objects are 
common to two or more fists. The frequencies used by various workers are not 
much different firam one another except the frequency of 18*3 Mc/s used by Shain 
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and Higgins (1964a). The range of flux densities of radio stars as observed by 
different observers are comparable and lie between 6x10**^ and 2000x10“^ 
watts except for the flux densities at 18*3 Mc/s, which lie between 

260 x 10“26 and 66000x10“^ watts A few radio stars are common 

between the lists of Shain and Higgins and that of Bolton, Stanley and Slee. A 
comparison of the flux densities for the two frequencies shows (also see Shain and 
Higgins, 19646) that the reasons for the higher range of flux densities observed by 
Shain and Higgins is due to the different frequen<^ used by them rather than that 
their radio stars have intrinsically higher brightnejsses. 


I 

Table I . 





„■ - 

i 

Flux density 

No. of 
stars 

No. 

Observer 

Fre- 

quency 

legion covered 

\ 

10“^® watts 



Mc/sec. 

Deo. 



1 

Stanley and Slee (1960) 

100 

+50* to -60“ 

10 to 1260 

22 

2 

Ryle, Smith and Elsmore (1960) 

81 

+ 90“ to +10“ 

2-6 to 2200 

60 

.3 

Mills (1962) 

100 

+ 60“ to -90“ 

6 to 1300 

77 

4 

Brown and Hazard (1953) 

168 

+ 70“ to +40“ 

0'6 to 926 

23 

5 

Shain and Higgins (1954«) 

18*3 

+ 10“ to -90“ 

250 to 66000 

37 

6 

Bolton, Stanley and Slee (1964) 

100 

+ 60“ to -60“ 

4 to 1200 

104 


Various authors have given the probable errors in right ascension and declina- 
tion, except Bolton, Stanley and Slee (1954), who have given the probable errors in 
rising time and azimuth. When the latter are converted into probable errors in 
right ascension and declination a number of them turn out to be very large. The 
maximum limits of probable error considered by us are Aa = 20 min. and A 8 = 6®. 
All probable errors larger than the above limits have been considered equal to these 
values. 

The positions of M dwarfs are taken from the three lists by Vyssotsky and his 
co-workers (1943, 1946, 1952). These lists give the right ascension and declination, 
the spectral class, etc, for all the stars and trigonometric parallaxes for about 46% of 
the stars. The declinations lie between —30® and +90®. 

In comparing the positions of the radio stars and the M dwarfs, we have 
restricted ourselves to the limit of declination from —26® to +60®. In this range 
there are 166 radio stars and about 300 Jf dwarfs. Twelve out of the sixteen rato 
stars already identified lie within our range of declination and are also included here. 
We find that 41 M dwarfs lie within the range of probable error of 28 radio stars. 
Table HA gives the positions, etc. for these coincidences. 

Further 20 M dwarfs lie within the range of probable error of either the 
right ascension or the declination and within twice the range of probable error of 
the other co-ordinate of 17 radio stars. The relevant data on the second set of 
coincidences is given in Table IIB. The total number of radio stars listed in Tables 
HA and HB is 46 or about 30% of the total number of radio stars considered. 

In order to obtain an idea of the significance we can attach to the above- 
mentioned coincidences, we selected two areas as follows: 

Selected area la ^ 0 to 4 hours 8 = —14® to + 60® 

Selected area Ha 8 to 12 hours 8 = — 14® to + 60® 
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The selected area I is represented in figure 1. The position of a radio star is 
indicated by a rectangle, which represents the range of probable error in right 
ascension and declination. The maximum probable errors used are 20 minutes in 
right ascension and 6® in declination. The position of M dwarfs are indicated by 
dots. The number of M dwarfs in the selected areas is 28 and 70 respectively. 
The fipaction of the total area covered by all the rectangles is 12-3% for selected 
area I and 17% for selected area II. The number of chance coincidences to be 
expected is 3*4 and 11*9 for the two areas, whereas the actual number of coinci- 
dences is 9 and 17 respectively. 



Fio, 1. The positions of the radio stars and M dwcu^f stars are indicated by the rectangles and 
the dots (for the selected area I) respectively. A rectangle represents the range of 
probable error in right ascension and declination. 

We also considered the possibility of the identification of the radio stars with 
certain other types of stars such as the T — ^Tauri stars, the metallic line stars, the 
flare stars, the bright H and K emission stars, but could not get any significant 
coincidences. The best coincidences were obtained for the H and K emission stars 
(list of Joy and Wilson, 1949). The comparison of the positions of 445 of these 
stars with those of the radio stars gave only 20 coincidences, of which 12 were dwarf 
stars (7 M dwarfs, others 0 or K dwarfs) and 8 were giants or super-giants. For the 
case of H and K emission stars the number of actual coincidences was less than the 
niunber of chance coincidences. 




FERMI’S THEORY OP MULTIPLE PION PRODUCTION AND THE 
ZERO-POINT ENERGY 


by K. K. Singh, Department of Physics, Delhi University 
(Communicated by P. C. Auluck, F.N.I.) 

{Received April 21 ; read May 27, 1956) 

Inteoduotion 

I. Fermi’s statistical theory of multiple pion production in high energy 
nucleon-nucleon collisions (1950) has received considerable attention in recent 
years. The earlier calculations have been improved upon (Fermi, 1963) by taking 
into account the conservation of charge and isotopic spin (this has been done up to a 
maximum number of pions produced < 3). As has been stressed by Fermi himself, 
and others (Bhabha, 1963), the theory is not free from ‘ conceptional’ difficulties 
and, because of this and other simplifying assumptions introduced in the treatment, 
the theory can at best provide a rough picture of the phenomena concerned. 
Nevertheless, the results are on the whole in fair agreement with experiment, though 
this may be partly due to accident (this view is supported by considerations of 
section III). 

In the next section we extend (following Cocconni, 1954) Fermi’s theory to the 
case of a nucleon-nucleus collision. The incident high energy nucleon is supposed 
to interact with the nucleons, say n in number, which lie in its path as it ‘tunnels’ 
through the target nucleus (for heavy nuclei, A ~ 100, a reasonable value for n is 6). 
Further, we assume that for a pion produced in the collision process, the lowest 
permissible energy, co say, is equal to the ground state energy of a free particle of 
mass p (the pion rest mass) enclosed in a volume equal to the volume of the ‘reaction- 
space’. In the case of a nucleon-nucleon collision, as Auluck and Kothari (1953) 
have pointed out, because of the large contraction of the reaction-space in the centre 
of mass system (henceforth called O-system), the zero-point energy becomes com- 
parable with the total available energy, resulting in a substantial decrease in the 
number of pions produced. For very high primary energies, the number of particles 
(pions) produced becomes independent of energy. In the case of a nucleon-nucleus 
collision, because of the length of the ‘tunnel’ being n times the transverse direction, 
for relatively small bombarding energies (~ a few Bev), there is no appreciable 
increase in the zero-point energy due to I^rentz contraction, but it is still fairly 
effective in cutting down the number of pions produced. For very high energies 
the contraction becomes large, and as in the case of the nucleon-nucleon collision, 
we obtain an upper limit for the number of pions produced. The introduction of 
the zero-point energy implies a serious departure from Fermi’s original theory and 
it is consequently of considerable importance to determine which of the two versions 
of the theory is in reasonable accord with observation. 

In section III, we return to Fermi’s original thermodynamic theory and show 
that his estimate of the total number of pions generated is in error by a factor of 
about 2 (Kothari, 1954). It is seen that as an indirect consequence of the contrac- 
tion of the reaction-space, one obtains, in addition to the number of pions estimated 
by Fermi, an approximately equal number Nq, which, in the U-system, have all the 
same energy pc*. The existence of this number Nq is inherent in Fermi’s theory. 

II. We consider a collision between a high energy nucleon and a nucleus at 
rest in the laboratory system. We assume that the nucleon in going through the 
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nucleus hits n nucleons, the collision being regarded as taking place between the 
primary nucleon and the ‘lump* of these n nucleons. For a heavy nucleus {A ^ 
100), n — 5. The velocity of the centre of mass of the total system composed of 
the primary nucleon and the lump of n nucleons is (in units of c) 


(y+n) 


where yMc^ is the energy of the primary nucleon in the laboratory system. The 
total available energy in the C-system is 

W = 1)^ (2) 


and the Lorentz contraction factor is 


1 (2ny+w^+l)* 

n (y+^) 


The volume (in the C-system) in which the pions are produced may be taken as 


where 





1 . 


(4) 


If the final state consists of N particles, the probability P(N) of this state being 
realized according to Fermi’s theory is 


P{N) 



( 5 ) 


where i is a constant and is the volume of the momentum space con- 

taining all those states for which the energy is less than or equal to W, Assuming 
that the final state consists of N relativistic pions and S non -relativistic nucleons, 
we write 


IB f 2 ^+(-2 


( 6 ) 


In writing down this expression we have assumed momentum conservation for 
the heavy particles. Let cq be the least permissible energy for a pion produced in 
the collision. Then the volume of the momentum space bounded by the surface 
defined by (6) and 

cpi > €o, (^'=1,2 N) 

is given by 

82V+ 

,, (4nf{2nM) (WSMc^-Neo) 

. . (7) 


Us-i) 


V \ 


where 


a = 


^0 


and the coefficients are given by 

(2+2)fc+fta)" - 2 


W-8Mc*-Neo ' 

ZN 


r« 0 


( 8 ) 
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Substituting in (6) for Q and from (4) and (7), we obtain after some 

simple calculation 


(n^+w?*— 1) 


N+S-l' 


2N 

f*0 










Here 

and 


w = 


W 


( 9 ) 


( 10 ) 


Wo = (W-SMc^^Neo), 

If the ‘tunnel* be considered as a cylinder with area of cross-section irr^ and 

length (^0 = ~ > 1 ) > ^be zero-point energy of a pion will be given by 

Yc \ / 


^Ir 

r 

--f- 

ro L 


6-784+^®+4^ l2ny+ni+T)\ 
The maximum number, Nmax . , of pions produced is 
^ W-SMc^ 

Ni 


( 11 ) 


max. 


€0 


_ r. 

- ^ 1> 

J 6-784+»?8 

w* (y+n)* 1 

“ c» [ 

(2ny+n2+ 1)*J 

i(2ny+n^+Vp 

'■4»* (2ny+n2+l)2j 


For very high primary energies 


JVma.. < - — »J»2 = 8-49lJ»*, 

IT 


.. ( 12 ) 


(13) 


takiiig 


M' 


: 016. 


Explicit calculations of the relatives probabilities have been made for » = 1 and 
n s; 5. n ss 1 corresponds to the case of a collision between two nucleons, while 
« =s 6 corresponds to the collision between a nucleon and a heavy nucleus. 


(i) Nucleon-Nucleon Collision : 
In this case 


l(, 

Me^ M 7} \ 


6 - 784 +, 8 +^)* 


(14) 
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Calculating 

creation) 


and substituting in (9), we obtain (neglecting nucleon pair 


where 

and 



yMc^ denotes the energy of the bombarding nucleon in the laboratory system. 
Table I shows the relative probabilities for the production of various numbers N 

of pions calculated from equation (16) for f =s 1 and ti? = 3, 4 and 6. N is the 
average number of pions produced. For comparison we reproduce in Table TT 
Fermi’s results, obtained without introducing the zero-point energy. 


Table 1 


y 

w 

€o/Mc2 

o 

II 

B 

2 

3 

N 

JVmax. 

35 

3 

0*697 

20 

80 



0*80 

1*67 

7*0 

4 

0*696 

2 

66 

43 


1*42 

2*88 

11*6 

6 

0*806 

0 

12 

78 

10 

1*98 

3*73 


Relative probabilities for the production of N pions in a nucleon-nucleon collision when the 
zero -point energy is taken into account. Nmax* is the maximum number of pions produced, 
while N is the average number of pions produced during the collision. 


Table II 


y 

w 

B 

B 

2 

3 

B 

6 

6 

B 

N 

3*6 

3 

9 

69 

30 

2 





12 

7*0 

4 


13 

40 

33 

11 

2 



2*6 

11-6 

5 


2 

16 

34 

31 

14 

3 

1 

3*6 


Relative probabilities for the production of N pions in a nticleon-nucleon collision, dis- 
regar^g the zero-point energy. 


(ii) NucUm-NucUua CoUiaion : 

In this case we take n » 6. €o then changes inappreciably in the range Y < 10, 
and hence in differentiating we may regard it as constant. CSarrying out the 

























256 


K. K. SINGH: FBEMl’S THEORY OF MXJI-TIPLB 


calculation, we finally obtain for the probability of a state consisting of six nucleus 
and N pions, 




/ eo 

(4^S J|f8\^+6 

( 25w Y* 


\McV ' 

[Sn f,*) ' 




(16) 


where z = 



(Co/ifc2) 

may be taken as 


gp _ 
Mc^ 


ch 1 TT /Lt 0*471 

2((n/iJLc) ~r^ 


.. (17) 


Table III shows the relative probabilities for the production of various numbers 
N of pions calculated from eqn. (16) for ti? s=s 8 and s= 10 and f «= 1. In Table 
IV are given the relative probabilities obtained by letting €o 0. The last column 
in each table gives the average number of pions emitted. 


Table III 


y 

w 

N ^0 

1 

2 

3 

4 

5 

6 

N 

3-8 

8 

12 

54 

33 

1 




1-22 

7-4 

10 



5 

26 

46 

21 

2 

3-89 


Relative probabilities for the production of N pions in a, nucleon-nucleus collision, taking 
into account the zero-point energy; yMc* is the energy of the bombarding nucleon and N is the 
average number of pions produced . 

Table IV 



Relative probabilities for the production of N pions in a nucleon-nucleus collision, disregard- 
ing zero-point energy. 


III. In this section we return to Fermi’s thermodynamic theory and show 
that his estimate of the total number of pions produced has appreciable error 
(Kothari, 1954). According to Bose-Einstein statistics, the number of particles 
Ui in the energy state €< is 

1 

, 

A 


where A is the degeneracy parameter. Fermi assumes that the number of pions 
produced in an extremely high energy collision is given by 


1-2 




N 


.. ( 18 ) 




















EtON PRODirOTION AND THE ZEBO-FOINT BNBBOY 


267 


where T is the temperature of the pion assembly. He replaces the 
integral 


aOO 

_ 4mgQ „ 

(cA)» e*/*^-l ~(27rc»)»' 

n 


i(3) {kT)^ = Ni, e&j 


sum by the 


(19) 


g is the weight factor of the pious (equal to 3) and Q is the volume in which the 
pious are assumed to be generated. It is given by 


__4ff/S\®2ifc2 _ 2Jlfc2 

W being the total available energy in the O-sysiem. If we write 


(20) 


No-=N-Ni. I 


then 


Nn - xgikTIfiC^ ( 21 ) 


a being a numerical factor of the order of unit^. {kTjfW^) is the first term of the 
sum (18) for (fic^jkT) small. The temperature ibf the pion gas is given by Stefan’s 
Law, viz., 


lF-2Jlfc* g 6?(4) 
Q , “2w2c8»« 


(kT)* 


( 22 ) 


Substituting for kT from this equation, we obtain from (19) and (21) 


^0 

N 


0_ [9^:(4)]*/gp\* J 


(23) 


u ^ A t ^ 

where «; = j^,,and/=^^. 

Nn 

When / 1, ^ 0 00 . 


However, the actual value of Q assumed by Fermi is (20) ; hence we have 

Ni * 2i:{3) \2Mj 
^ 0*54 (for a = ^). 

Thus we see that the number Nq is of the same order as Ni and hence Fermi’s 
expression (equation 19) seriously underestimates the total number of pions pro- 
duced. In the laboratory system, the No pions will form a narrow jet moving along 

w 

the direction of the incident nucleon, each pion having energy ^ 

In conclusion, I wish to express my thanks to Dr. D. S. Kothari and Dr. F. C. 
Auluck for help in completing this work. I am also grateful to the Atomic Energy 
Commission, India, for the award of a research fellowship. 


SXTMMABY 

Fermi's statistical theory of multiple pion production is extended to the case of a nucl^n* 
nucleus collision, taking into account the zero-point energy of the pions. Numerical calculations 
of the relative probabilities are made. It is seen that the introduction of the zero-point energy 
substantiaUy reduces the number of pions produced. 

Fermi’s estimate of the number of pions produced on the basis of statistical thermod3mamics 
is shown to have appreciable error. 
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MO CALCULATION ON THE ABSORPTION SPECTRA OP TETRAPHENYL 

PORPHINE 


by Sadhan Basi7, Department of Chemistry, University of Calcutta, Calcutta 9 
(Communicated by B. N. Ghosh, P.N.l.) 

(Received July 13; approved for rea/^ing on August 5, 1955) 
iNTEODtrOTKlN 

It has been shown by Basu (1954) that tj^e MO calculation on as complex a 
molecule as phthalocyanine can be used in predicting the spectral transition for 
this compound. In view of the insolubility of this compound in common organic 
solvents, an experimental verification of the calculated results have not been made. 
Recently Calvin et al. (1946) have reported the results of their experimental 
investigation on the absorption spectra of tetraphenyl porphine (Pig. 1) in alcohol 
and in chloroform. Since MO calculation can be extended to this compound with 
equal ease, computation has been made on tetraphenyl porphine and the results 
have been found to agree fairly closely with the absorption spectra of this com- 
pound, as reported in the present paper. 



Fig. 1. Tetraphenyl Poiphine. 


Method of CAiiOULATioN 

The method has already been described in detail (Basu, 1964). Only a short 
account will be given here. 

In the LCAO MO method each electron is considered to be in a self-consistent 
field due to other electrons and atomic nuclei, and the single electron wave function 
is approximated by a linear combination of atomic orbitals each belonging 
to one of the nuclei. We treat the problem as a ir-electron system, excluding the 
G-electrons involved in the formation of single bonds. 

“ 2 
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The electronic energy of the molecular orbital can be obtained as roots E = 
Ej{j 1,2,3 1) of a secular equation 

E = I H„k-8„kE I = 0 

where I denotes the number of w-electron atomic orbitals and Hmh and 8mh are 
given by the following equations respectively 

= J dr, » J dr 

For simplicity it is assumed that the atomic orbitals are orthogonal and normalised, 
viz., 

= 1, if w =* a 
J =0, otherwise. 

On these assumptions the energy of an electron in ^ is given by 

m 

We make further assumption that (Eq) is same for all carbon atoms, Eo+2p 
for nitrogen and Hmk == P for any two neighbouring atoms bounded to each other. 
With these assumptions the secular equation takes the form 

(E •^Eq)c^'^2jPcs = 0 
or Wc^+Eflcs =s 0 

or zc^+Ecs =5 0 

where x = {E--Eo)IP an energy parameter. 

There are in all 48 MOs and 50 ir-electrons in tetraphenyl porphine. With restric- 
tions that two electrons of opposite spin can be adopted by each orbital, 25 out of 
48 orbitals will be occupied. The calculation of absorption frequencies due to 
electronic transition between the occupied and vacant levels is made with the 
following prescription : — 

(i) Compute the roots (z) of the simple secular equation. 

(ii) Set p = —23,000 cm.-i for aromatic C— C bonds. 

(iii) The transition frequencies are given by z (empty) —a: (highest filled) 

and is governed by the symmetry of the corresponding MOs. 

Results 

Like phthalocyanine the group symmetry in tetraphenyl porphine is and 

ir-electron MOs belong to group species A 2 U, A^uy B^uy and Eg, The last 
species exist in doubly degenerate pairs. The energy equations for these species 
are as follows: — 

A 2 UI — 10a:®— 9a:6-f-27a;^-f 22a;S— 16a;2— 12a; s= 0 

B 2 u- a;^— a:® — 8a:®+7a:*-f 18a:®— 13a:2— 9a;+4 = 0 
Aiui a:^— a:®— 2a:2+a:+l = 0 
Biui a:®— 4a:®+6a:— 2 « 0 

Eg : a?W-12a:8+a:7+36a:®+10a:B-41a:^-44a:®+32a:«+23a:-4«: 0 

All these equations are solved by method of successive approximation correct up to 
first decimal place. The values of x (the energy parameter) for different species 
are listed in Table I in increasing order. 
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Table 1 


Energy parameter for tetraphenyl porphine 


No. 

Group species 

X 

No. 

Group species 

X 

1 


-3*25 

23 

Eiu 

0-48 

2 

Eg 

-3-25 

24 

A2U 

0-90 

3 

Eg 

-2-70 

25 

Eg 

0-96 

4 

Eg 

^2*70 

26 

Eg 

0-95 

6 

A2U 

-2-33 

27 . 

E2U 

0-98 

6 

Bga 

-2*00 

28 / 

Eg 

1-00 

7 

Biu 

-1*98 

29 ' 

Eg 

1*00 

8 

E^u 

~ 1-80 

30 ‘ 

Eg 

100 

9 


1*18 

31 ; 

32 1 

Eg 

1-00 

10 

Eg 

1-00 ! 

-4 lit 

1*00 

11 

Eg 

-1*00 

33 • 


1*00 

12 


-1*00 

34 ti 

Eg 

MO 

13 

Eg 

0*75 

35 1 

Eg 

MO 

14 

Eg 

-0*75 

36 (I 

Eg 

1*20 

15 

A2U 

0*61 

37 i 

Eg 

1*20 

16 


-0*60 

38 

A jii 

V61 

17 

Eg 

-0*55 

39 

Bin 

1*65 

18 

Eg 

^0*55 

40 

B2U 

1*71 

19 

A2U 

0-00 

41 

A2U 

2*00 

20 

Eg 

0*31 

42 

A 2a 

2*13 

21 

22 

Eg 

B2U 

0*31 

0-40 

43 

B2a 

2*25 


Only 43 energy levels have been listed in the table since calculated transition 
extends up to that level. 

Lowest 26 of these levels are filled. The electron transition between the 
highest filled level and the vacant levels are controlled by the requirements that 
there can be no transition between levels belonging to the same group species, i.e. 
there can be no transition between Eg and Eg or between Bm and Biu and so on. 
With this restriction the first allowed transition is between the levels 26 (Eg) and 
27 the second between 26 and 32 and so on. But it may be noted 

that the energy difiFerence between these states are extremely small, so there will be 
strong configurational interaction and the levels will mix, as discussed in the previous 
communication (Basu, 1964). These transitions will give absorption in the infra- 
red region, the exact position of which will be rather uncertain. Transition accom- 
panied with appreciable energy difference so as to give absorption in the visible 
and near ultraviolet region are listed in Table II along with the calculated and 
observed wavelength. 

Table II 


Calculated and obeerved absorption maxima for tetraphenyl porphine 


Levels 

Group species 

Degeneracy 

Wavelength (A) 

Calculated 

Observed 

26-38 

Axu — Eg 

Double 

6521 

6500 

26-39 

Biu — Eg 

♦* 

6210 


26-40 

Bgu — Eg 


5434 


25-41 

Agtf — Eg 

>» 

4223 


25-43 

Bgu — Eg 

»» 

3344 
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It may be observed that the agreement between the calculated and observed 
wavelength at maximum absorption is fairly close. A better agreement is not 
expected in view of the approximations used in solving the secular determinant 
and the neglect of configurational interactions for these high energy transitions. 

Summary 

Calculation of energy levels in tetraphenyl poiphine has been made by LCAO MO method 
and ^e result has been correlated with the observed spectral transition. 
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(Gommamcated by K. Banerjee, F.N.I.) 

(Received December 3, 1954; after revision Jlilay 14 ; approved for reading on 

Avgust 5, 19^) 

i 

lNTRODirCTI(|N 

Fluoranthene, a crystalline principle isolated from high boiling fraction of 
coal-tar by the normal process of distillation aiid repeated fractional crystallization, 
has the molecular formula CjoHjo as determinep. from a study of chemical reactions 
and formation of various derivatives. Formeliy, its molecular formula was given 
as C15H10 by Fittig and Gebhard, but liter on Braun and Anton (1929) 
established uniquely the molecular formula of Fluoranthene as CicHjo. The 
present paper reports some new morphological data, differing from those given by 
Groth and an X-ray investigation of single crystal of Fluoranthene. 

Experimental Results and Conclusions 

Single crystals of Fluoranthene of suitable size were obtained by the slow 
evaporation of the concentrated solution of the substance in ethyl alcohol. On a 
morphological examination with the help of a two-circle goniometer, the crystal 

was found to be monoclinic with (100), (001), (102) and (111) faces developing 
moderately well, but 6(010) face being absent. The crystal grois^h has a tendency 
to be elongated along b axis. Rotation photographs taken about various possible 
crystallographic axes were used in determining the fundamental axes. The follow- 
ing Table I gives the results of the complete goniometric study of single crystal of 
Fluoranthene. 

Table I 

Inter -facial angle of Fluoranthene crystal according to the present aulhoTe 

(111) ;(Ill) =: 68® 

( 111 ) : ( 001 ) == 86 ® 

(l02) ; (001) « 36® 40' 

(102) : (101) = 33® 26' 

(101) ; (lOO) = 61® 39' 

( 100 ) ; ( 001 ) = 68 ® 15 ' 

« 121® 46' 

Thus it can be seen that the indices of the so-called m and r faces referred by 
Groth should be modified to (111) and (102). The axis which has been referred by 
Groth as c axis is really a diagonal axis, i.e. [Ill], and this is also corroborated by 
the X-ray rotation photograph taken about this diagonal axis and, consequently, 
the new monoclinic angle should be 121° 46', From rotation photographs axial 
lengths and axial angle were obtained as follows: 

a = 18-46 A 

b = 6-206 A /5 = 121* 46' 
c = 22-11 A 

whence a: 6: c s 2-975; 1; 3-563. 
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TABZ.K n 

Indexing of spots and their estimated intensities, 
h axis zero-layer 


Index of 
spot 


200 

300 

600 

600 

700 

800 

900 

( 10)00 

( 11)00 

(12)00 

(13)00 

(16)00 

102 

104 

106 

202 

204 

206 

208 

20 ( 10 ) 


Intensity 


m. 

v.s. 

m.w. 

m. 

m. 

m. 

m.w. 

v.w. 

w. 

v.w. 

v.w. 

v.w. 

m. 

m.w. 

m.w. 

s. 

m.w. 

m. 

m. 

w. 


Index of 
spot 


20(12) 

20(14) 

20(16) 

302 

304 

306 

308 

30(10) 

30(12) 

30(14) 

30(16) 

402 

404 

406 

408 

40(10) 

40(12) 

602 

504 


Intensity 


v.w. 

w. 

w. 

8. 

m. 

w. 

m. 

w. 

v.w. 

v.w. 

v.w. 

v.w, 

m. 

m. 

m. 

v.w. 

v.w. 

v.w. 

m. 


Index of 
spot 


606 

608 

60(10) 

602 

604 

608 

702 

704 

802 

804 

902 

906 

908 

90(10) 

(10) 04 

( 11 ) 02 
(11)04 
(13)02 

(13)04 


Intensity 


m.w, 

v.w. 

v.w. 

in. 

m. 

v.w. 

m. 

v.w. 

m.w. 

m. 

m.w. 

v.w. 

w. 

v.w. 

v.w. 

w. 

v.w. 

w. 

w. 


Table III 

hidexing of spots and their estimated intensities, 
a axis zero -layer 


Index of 
spot 

Intensity 

i 

002 X 

v.s. 

004 


v.s. 

006 


8. 

008 

1 * 

S. 

00(10) 


m. 

00(12) 

l 

w. 

00(14) 


v.w. 

00(16) ^ 


w. 

012 

w. 

013 

m. 

014 

W. 

016 

.v.w. 

016 

v.w. 

017 

v.w. 

018 

v.w. 

019 

m. 

01(11) 

v.w. 

01(12) 

v.w. 

01(13) 

v.w. 

01(16) 

w. 

01(16) 

w. 


Index of 
spot 

Intensity 

020 

s. 

040 

v.w. 

060 

w. 

021 

s. 

022 

m. 

023 

w. 

024 

s. 

026 

s. 

027 

w. 

028 

m. 

029 

w. 

02(10) 

m.w. 

02(11) 

w. 

02(12) 

m.w. 

02(13) 

m.w. 

02(14) 

m.w. 

02(16) 

m.w. 

02(17) 

m.w. 

031 

v.w. 

032 

v.w. 

033 

v.w. 

034 

v.w. 


Index of 
spot 

Intensity 

036 

v.w. 

039 

v.w. 

03(10) 

v.w. 

03(11) 

v.w. 

041 

m. 

042 

m. 

043 

w. 

044 

m.w. 

046 

v.w. 

047 

v.w. 

048 

m.w. 

049 

w. 

04(11) 

m.w. 

04(12) 

w. 

04(13) 

v.w. 

04(14) 

v.w. 

062 

v.w. 

063 

v.w. 

066 

v.w. 

066 

v.w. 


* (001) planes observed in a and h axes zero-layer Weissenberg photographs. 
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(a) 


(b) 



(c) 

(а) Rotating (Crystal Photograph takon about a axis. 

(б) Rotating Oi*y8tal Photograph taken about 6 axis, 
(c) Rotating Crystal Photograph taken about c axis. 

Camera : Cylindrical ; radius 4*601 cm. 
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The density of the crystal determined by floatation method was found to be 
1-238±0*01 gm. On the basis of this value and those already obtained 

from values of the axial parameters the number of molecules in the unit cell was 
calculated and found to be 8. 

Over-exposed zero-level Weissenberg photographs were taken about b and 
a axes by the normal-beam method, giving {hOl) and (Okl) reflections respectively. 
The spots were identified by drawing requisite Weissenberg charts by the method of 
Schneider (1928). The relative intensities, as determined by the eye-estimation, 
were noted down against all the spots in Tables II and III. 

First and second-level Weissenberg photographs about h axis were also taken 
by the equi-inclination method, giving (hll) anid (h2l) reflections respectively and 
the indexing of the spots showed that there vj&re no systematic absence in (hkl) 
planes. ; 

From Tables II and III it is observed that^ the conditions of extinction of the 
spots were ; 

{hOl) planes absent when I is odd. 

{OkO) planes absent when k is odd. ; 

The extinction of Ml when I is odd implies the presence of a glide plane parallel to 
(OkO) with glide component c/2. Then the space-group of the crystal definitely 
contains a glide plane. Again the extinction of (OkO) when k is odd implies that 
h axis is a two-fold screw axis. So the space-group of the crystal may be written 

as P2i/c or C® 2 A- Now the number of equivalent point in this space-group is 4, i.e. 
if one molecule occupies any general position in the unit cell of the crystal, by 
symmetry operations there should be altogether 4 molecules in the unit cell. But 
experimentally it has been found that the number of formula weights CjeHio in the 
unit cell is 8. Thus there are two sets of 4 molecules in the unit cell of the crystal, 
the orientation of the two sets being independent of each other. 

Abstract 

Singlo crystal of Fluoranthene with the molecular formula OigHjo has been studied both 
morphologically and by means of X-rays. Goniometric study, together with rotation photo- 
graphs and density measurement, showed that the crystal was monoclinic with the following 
axial lengths and axial angle : 

a = 18-46 A, 6 = 6-205 A, c = 22-1 1 A 
P = 121° 45' 

(number of molecules per unit cell = 8) 

Weissenberg photographs about the crystallographic axes showed that (hOl) planes are present 
when I is even and (OkO) plane is present when k is oven. The crystal is foimd to belong to the 
space-group P2i/c, and so there are four asymmetric pairs of Fluoranthene molecules in the 

unit cell. 
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(Communicated by J. K. Chowdhury, P.N.I.) 

(Received May 28, 1954 ; approved for reading on August 5, 1955) 

Inteodttotion 

Jute contains about 10-6-14% lignin, 24-30% hemicellulose and 66-63% 
a-cellulose. From the carbondioxide values of jute, the total hemicellulose and the 
3 rield of furfural, its hemicellulose components have been subdivided into polyuro- 
nides, pentosans and hexosans. Little attempt has been made in the past to isolate 
and identify these hemicellulose components even by selective extraction and pre- 
cipitation. The idea that polyuronide is polygalacturonic acid and pentosan is 
xylan, is based more on assumption than on experimental evidence. 

With the development of partition chromatography the isolation and 
characterisation of the components of polysaccharides have become easier. The 
success of the preliminary partition chromatography (Sarkar, Mazumdar and Pal, 
1960; Bose and Burma, 1962; Das, Roy Chau^uri and Wareham, 1962) suggested 
that useful information might be obtained in applying the methods of paper 
chromatography (Consden, Gordon and Martin, 1944) as applied to sugars 
(Partridge, 1946) to a detailed study of sugar components in jute holocellulose and 
this communication describes the separation and identification of the different 
sugars present in jute holocellulose. 

In selecting the acid for hydrolysing jute holocellulose, it was thought desirable 
to try a weak acid so as to prevent decomposition of sugar components as far as 
possible. In this coimection the work of Spoehr (1947) on the use of formic acid 
as a hydrolysing agent for algenic acid seemed to be encouraging as he showed that 
uronic acid was not decarboxylated with boiling formic acid in contrast to boiling 
mineral acid solution. In addition the normal method of using mineral acids is 
rather cumbersome whereas in the formic acid method no neutralisation is required 
and therefore avoids the' possible loss entailed through adsorption of the inorganic 
salts. 

In view of the observations (Das, Mitra and Wareham, 1962, 1963, 1954) that 
some pentosans remain associated with the so-called a-cellulose, it is desirable to 
hydrolyse the holocellulose completely. The main difBculty encountered in this 
study is the drastic treatment required for complete hydrolysis of the holocellulose. 
The usual process of dissolving holocellulose is the 72% H 2 S 04 method of Norman 
and Jenkins (1933) which seemed to be too drastic for the detection of sugars which 
may be present only in traces. Hence it was thought desirable to try repeated 
treatments of formic acid, which being weak is unlikely to cause any serious decom- 
position of sugars. Another advantage of this procedure is to obtain several 
fractions and thus to study homogeneity of these fractions with respect to their 
composition. This procedure was also undertaken to establish the observation of 
Das, Mitra and Wareham (1952, 1953, 1964) that celluloson is present in jute. 

72% sulphuric acid has been used by Sarkar, Mazumdar and Pal (1950) for 
hydrolysing jute a-cellulose, 72% sulphuric acid and also hydrochloric acid of 
varying concentrations have been used here as hydrolysing agent for jute holocellu- 
lose in order to compare the results obtained by the mineral acids with those found 
by formic acid method. 
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Methods and Materials 

Jute, — ^The sample was white jute (Gorchorua Capaularia) obtained from 24- 
Parganas District of West Bengal and was of good and soft quality. The whole 
fibre stem was puriiied by extraction with alcohol-benzene mixture (1 : 1) in a 
Soxlilet apparatus followed by washing in water. After drying in air, it was freed 
from adhering bark and specks by hand, cut into short length (1 cm.), any traces of 
grease absorbed in the process being afterwards removed by further extraction 
with alcohol-benzene mixture. The jute was then rinsed in distilled water, filtered 
and dried in air. This was then mixed thorougldy, and stored over 72% R.H. acid 
at 35^0. in a desiccator. The ash content of jute was determined by igniting 
samples of known dry weight (1 g.) till constant fti weight. In order to characterise 
jute, the lignin content was determined by thd method of Norman and Jenkins 
(1933), a-cellulose was estimated by treating the |iolocellulose obtained after chlorite 
treatment (Chattopadhyay and Sarkar, 1946) ^ith 17-6% caustic soda solution 
according to A.C.S. method slightly modified byparkar, Chatterjee, Mazumdar and 
Pal (1948). The hemicellulose content was cfklculated by difference. Furfural 
was determined by the method of Hibbert et dk (1923) as modified by Chattopa- 
dhyay and Sarkar (1946). The formula given py Doree (1947a) was used in the 
calculation. The carbondioxide value of the fibjre was estimated by the method of 
Nanji, Paton and Link (cf. Doree, 19476). The results are given in Table 1. 

Tablr 1 

Chemical composition of jute 

(% on dry weight.) 


a-Cellulose . . . . . . . . 61*40 

Hemicellulose . . • . . . 26*12 

Lignin . . . . . . 11*78 

Ash , . . . . . 0*81 

Furfural . . . . . . . . 9*38 

CO 2 value . . . . . . . . 1*26 


A. Preparation of holocellulose . — 

The holocellulose was prepared by sodium chlorite method (Taylor et aL, 1940) 
as used for jute by Chattopadhyay and Sarkar (1946), which involved the treatment 
of cut defatted jute with 0*7% sodium chlorite (liquor ratio 1 : 50) for 2 hours at the 
boiling water bath at pH between 4-5 to 5 using acetic acid and sodium acetate 
buffer. It was then filtered, washed thoroughly with distilled water and then dried 
in air. The loss in weight recorded was 11*85% which approximately corresponds 
to the value of lignin content (11*78%). The lignin content of holocellulose was 
0*33%. 

B, Conditions of hydrolysis . — 

Three methods of hydrolysis have been tried. 

Method (i): Sulphuric acid.— Holocellulose was treated with 72% sulphuric 
acid (liquor ratio 1 : 20) at temperature below 10°C. for 16 hours. The product 
was then diluted to a strength of 3% sulphuric acid, followed by heating in a water 
bath under reflux for 2 hours and filtering through a sintered crucible. The filtrate 
yas then neutralised with barium carbonate, centrifuged and then passed through 
alfeharcoal filter. The clear solution was then evaporated under reduced pressure 
to a syrup when the distillate was treated for furfural yielding products with aniline 
reagent and phloroglucinol. 

Method (ii): Formic acid. — 0’6 g. jute holocellulose and 30 c.c. of 86% formic 
acid were taken in a test tube with ground joint (B24). The mixture was 


4 
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thoroughly shaken to obtain as complete a suspension as possible and to avoid 
formation of lumps. The tube was then connected with an air condenser with glass 
joint, the upper end provided with a calcium chloride tube and the mixture boiled 
for 30 minutes in an oil bath maintained at 130~136°C. The tube was then cooled 
rapidly under a tap, the contents were filtered through a sintered crucible and 
washed with a few changes of water. The filtrate was termed as fraction 1 and the 
precipitate fraction 2. 

Fraction 1. — ^The filtrate with its washings was then evaporated to dryness 
under reduced pressure in a water bath and the distillate tested for furfural 3rielding 
substances as usual. The residue was dissolved with a small quantity of water and 
again evaporated to dryness imder reduced pressure. This was then refiuxed with 
30 c.c. of water in boiling water bath for 3 hours and again evaporated to dr3miess 
under reduced pressure. This process of dilution and distillation was repeated 
imtil the distillate was only faintly acidic to litmus. The residue was then taken 
with water and treated with activated charcoal and then filtered through a charcoal 
bed. The filtrate with washings was then found to be neutral which was subse- 
quently evaporated under reduced pressure to a S3n*up. 

Svbfractiom, — The residue (fraction 2 mentioned above) was estimated by 
dr3ring at room temperature in a vacuum desiccator over P2O5 until constant in 
weight, further hydrolysed with 86% boiling formic acid (liquor ratio 1 : 60) for 
24 hours, and the filtrate termed as subfraction 2, and the residue again hydrolysed 
in the same way when the filtrate was denoted as subfraction 3. The process was 
repeated until subfraction 4, subfraction 6 and subfraction 6 were obtained. The 
residue left was termed as subfraction 7. 

Subfractions 2, 3, 4, 6 and 6 were purified, decolourised and made to syrups in 
the same way as that of fraction 1, while for subfraction 7 sulphuric acid method of 
hydrolysis and purification, as explained above, was used. 

Rate of hydrolysis, — In order to study the rate of hydrolysis of holocellulose and 
also to evaluate the percentage of these fractions and subfractions on the total holo- 
cellulose, 0-6 gm. holocellulose was hydrolysed with 30 c.c. of 96% boiling formic 
acid for the required length of time and at the end of this period, the contents were 
filtered through a tared sintered crucible, washed until free from acid. The filtrate 
was purified, decolourised and evaporated to dryness in the same way as before and 
then taken up with 1 c.c. water while the residue with its container (sintered 
crucible) was dried in an oven at 106°C. to constant weight. In ail cases the first 
distillate was noted for furfural yielding substances as usual. 

Method (iii): Hydrochloric acid of different concentrations (l.^-6JV) was tried 
for hydrolysing holocellulose, the procedure adopted being the same as that of 
formic acid, the duration of boiling in all cases was however 24 hours. The syrup 
was always slightly acidic. 

C. GhromaJtographic Techniques : Apparatus , — 

Round drums made up with galvanised sheets were used as chromatographic 
chambers while the solvent troughs were of glass. A vacuum desiccator top 
with grease was fitted on the chamber in order to make it air-tight. For inserting 
solvent during chromatography without disturbing the equilibrium a separating 
funnel was fitted on the lid of the desiccator, end of the former reaching to 
the solvent trough. 

A conical flask with a fine glass jet connected with an electric air blower was 
found quite satisfiEkctoiy for fine and uniform spray. Generally No. 1 Whatman 
filter paper was used whereas No. 3 occasionally, especially for isolation of sugars 
when larger quantity was desirable. Ooodbrand air oven with arrangement for 
constant draught of pre-heated air (106°±2°C.) was used for drying and developing 
the chromatograms. 

4B 
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Solvents. — General solvents used are phenol saturated with water (9:1) and 
n- butanol saturated with water (4:1); the upper layers of the mixtures were only 
used as running liquids whereas the lower layers were placed at the bottom of the 
chambers. 

The major advantage of selecting moist butanol and moist phenol as solvents 
is the fact that while with the former galactose runs slower than glucose and arabi- 
nose slower than xylose; these cases are reversed in the case of latter solvent and 
thus helping detection of these four sugars all of which are present in juto holo- 
cellulose. For certain specific purpose especia^y for separating galactose from 
glucose the upper layer of the mixture of ethyl »oetate-water-pyridine (2:2:1) as 
suggested by Jermyn and Ishorwood (1949) wa| used. The lower layer as usual 
was used at the bottom of the chamber. ( 

Spray liquids. — ^In general a saturated \«|ater solution of aniline oxalate 
(Partridge, 1948a) was used. Ammoniacal silver nitrate solution was also tried 
occasionally but in view of the fact that the aj^iline oxalate develops a beautiful 
pink colour for pentose, yellow for rhamnose, ttown to yellow for hexoses and a 
pinkish brown colour for uronic acid, aniline oxa|Ebtc was preferred to silver nitrate. 

General procedure. — ^As one dimensional chromatography has been used in all 
cases, it was sometimes essential to run the chromatograms as long as 72 hours in 
moist phenol and 128-168 hours in moist ?i-butaniDl. The latter procedure has been 
found to be quite suitable to separate glucose from galactose. In the case of ethyl 
acetate-water-pyridine mixture (Jermyn and Isherwood, 1949), it has been found 
that 32 hours are quite suitable for this purpose. 3 fxl solution was used for each 
spot. 

D. Identification of sugars . — 

The colour developed by different sugars in the chromatogram after spraying 
with aniline oxalate together with their relative positions were the primary guides 
for their identification. But as there is the possibility of the presence of some of 
the sugars either only in traces or of similar R.P. value, both of which prevent 
separation, misleading information is likely to obtain by the normal chromato- 
graphy alone. This is especially found to be true in the case of identification of 
galactose in the hydrolysate in presence of glucose, the former being pn^sent in jute 
Ixolocellulose only in small proportion to that of the latter. For this purpose it is 
desirable to separate the individual sugars by paper chromatography followed by 
the characterisation by their physical properties (e.g. optical rotation) and com- 
pound formation. While this is being in progress and the results will be 
communicated later on, in the present investigations the sugars were separated by 
pax>er chromatography and provisionally identified in the following way. 

No. 3 Whatman filter paper was generally used for this purpose. Consecutive 
spots of same dimension of the syrups of different fractions wore spotted on the 
stalling line of a 20 cm. wide paper (length 65 cm.) and the chromatogram was 
run in moist phenol for about 72 hours. It was then dried at 106®C. and a 2 cm. 
strip from side across the length was cut off and sprayed with aniline oxalate reagent 
and then the strips were developed by baking as usual. The different strips from 
the under-developed portion corresponding to the different bands of sugars were 
then cut off, across the width of the paper. These strips were then extracted 
separately with water and evaporated to a syrup as usual. The purity of different 
sugars obtained and their identifications were tested by further chromatography 
and whenever possible by specific colour tests as explained below : 

(i) By repeated chromatography. — About a 7 cm. wide filter paper was spotted 
with three different spots, one with the test syrup, the next with the corresjxondmg 
pure reference sugars and the last with a mixture of test solution and corresponctog 
pure sugar. The chromatograph was then run in two different solvents for sufficient 
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length of time to effect separation of sugars of close R.F. values, if present. In 
most of the cases single non-diffused spot was observed indicating pure sugar but 
occasionally some mixtures of two sugars were also obtained. In the latter case the 
process of chromatographic separation (in these cases by No. 1 Whatman filter 
paper) as described above was repeated when pure sugars were obtained. Tliis 
was especially experienced in separating and identifying galactose in presence of 
glucose. 

Prom the rate of travel, the spot No. 2 was considered to be a di- or tri^ 
saccharide. This isolated sugar when heated with naphthoresorcinol and hydro- 
chloric acid and then extracted with ether, the extracted ether solution gave purple 
colour whereas the aqueous liquid was green indicating the presence of uronic 
acid and other non-extractable sugar. Spot No. 2 when further hydrolysed with 
95% formic acid for 1 hour gave spots for methyl glucuronic acid and xylose only. 

(ii) By colour tests . — Several colour reactions have been used to identify the 
sugars. These are naphthoresorcinol and hydrochloric acid test for Forsyth (1948) ; 
naphthoresorcinol and trichloracetic acid test of Partridge (1948a); aniline phthalate 
in butanol as suggested by Partridge (1949) and further extended by Hough, Jones 
and Wadman (1960); aniline oxalate in water (Partridge, 19486) and lastly the 
usual basic lead acetate test. The test results of the different syrups with these 
coloured reagents are recorded in Table 6. 


Table 2 

Degree of hydrolyaie and degradatiort of holoceUuloee by different eicida 


Acid used for 
hydrolysis 

Concentration 
of the acid 

Duration of 
hydrolysis 
(hrs.) 

% Total 
holocellulose 

Test for furfural on the 
first distillate (intensity 
of colour reaction) 

Formic 

*6% 

»* 

i 

31'9 

Faint 


3 

33*9 

-f- 


• t 

6 

37*4 



t» 

12 

49*3 



f» 

24 

73-0 

+ + *f + 


»» 

48 

88*8 

+ + + 

»» • • 

*9 

72 

96*0 

+ + + + 

Hydrochloric . . 

IN 

24 

38*0 

+ + + + 

* * 

2N \ 

99 

62*0 

+ 4* + + 

9$ • • 

4LN 1 

99 

84*4 

+ + 

• * ] 

6JV 

99 

86*0 

+ + + + 

Sulphuric acid . . 

72% 

18 

1000 

(approx.) 

4- + + 4- 


Above results show that when the duration of hydrolysis with formic acid is 
I hour, decomposition of the pentoses and uronic acid is negligible or very little 
although about one-third of the total holocellulose is dissolved under this condition. 
Considering hemicellulose is likely to be attacked fiirst than the oc-cellulose, it should 
more or less represent the hemicellulose part of the holocellulose. As the jute 
holocellulose contains about 28 5% hemicellulose it seemed possible that the major 
part of hemicellulose, if not all, plus a small portion of oc-oellulose are dissolved 
during this treatment. 






















SPOT Mo. 
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In the case of hydrolysis with hydrochloric acid, however, although the loss in 
weight with acid is 38*0%, a value similar to that of formic acid when the dura- 
tion is 6 hours, the high intensity of the furfural yield with the former method 
indicates that formic acid method is superior to hydrochloric acid method. 


Table 3 

Colour intensity of the spots shown in Figs. I and 2 after spraying with aniline oxalate soltUion 




■ 


Xylose 

Arabinose 

Rhamnoso 

spot No. (Figs. 1 and 2) 
(1) Hydrolysate by 

1 

2 


4 

6 

6 

formic acid ; dura- 
tion — 

( 0 ) i hr. 


+ 4-4' 

+ 

+ + + + 

+ + 

+ + 

(6) 6 hrs. 

+ + 

+ + + 

4- 

+ + + + 

+ + + 

(+) 

(c) 12 „ 

4 - 

4 - 

+ + 

4- 4- 4" 4* 

+ + + 

— 

(<*) 24 „ 

+ 

+(+) 

+ + + 

+ + + 

+++ 

— 

(e) 48 „ 

Faint 

( + ) 

+ + + + 

+(+) 

+ + 

— - 

if) 72 

— 


+ + + + 

+ 

+(+) 


(2) Hydrolysed by HCl 







for 24 hrs.; strength 
of acid being — 

( 0 ) IN 



+ 


+ 


(b) 2N 

— 

•— 

— 

— 

— 

— 

(c) 42^ 


— 


— 

— 

— 

(d) 6N 

— 

■ — 

— 

— 



(3) Hydrolysed by 72% 







sulphuric acid 

+ 


+ + + 
(no 

galactose) 

+ + 

+ 


Reaction with aniline 







oxalate after spray- 







ing and roasting . . 

Pinkish 

Yellowish 

YeUow 

Pink 

Pink 

Yellow 

yellow 

pink 

brown 





This is clearly evident from the results of chromatography that while six spots 
could be identified with the formic acid method, only two have been noticed with 
HCl acid method and four by 72% H 2 SO 4 method. Galactose and rhamnose have 
been completely missed by both the mineral acids hydrolysis whereas the uronic 
acid could be found with H 2 SO 4 hydrolysate only in a small quantity but none with 
HCl hydrolysate. Spot No. 2 , while very strong in the formic acid hydrolysate, 
is absent in the mineral acid hydrolysate. All these, therefore, suggest in favour of 
using formic acid method of hydrolysis. To ensure less degradation and also for 
convenience it was, however, thought desirable to use more a diluted form of formic 
acid available in the market (85% Merck) and this has been used in all the 
subsequent experiments. 
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Fio. 3. Diatr^Hon of holoceUuloae in different fracUona 
Holooellulose 


Boiling with formic acid (85%) for 1 hr. 

i 

I 

Filtrate 
(Fraction 1 ) 

(28-89%) 

Residue 

Boiling with HCOOH for 24 hrs. 

(85%) 

Filtrate 
(Snbfraction 2 ) 

(12-7%) 

Residue 

Boiling with HCOOH for 24 hrs. 
;■ ( 86 %) 

Filtrate 
(Subfraction 3) 

(11*09%) 

i 1 

1 Residue 

{Boiling with HCOOH for 24 hrs. 

l ( 86 %) 

^ 1 

Filtrate 
(Subfraction 4) 

(16-76%) 

'■ .1 

Residue 

Boiling with HCOOH for 24 hrs, 
( 86 %) 

Filtrate 
(Subfraction 6 ) 

(8-27%) 

Residue 

Boiling with HCOOH for 24 hrs. 
( 86 %) 

Filtrate 
(Subfraction 6 ) 

(6-06%) 

Residue 

Dissolved in 72% H 2 SO 4 
(Subfraction 7) 

(17-23%) 


Table 4 

Colour intenaity of the spota shown in Fig, 4 after spraying with aniline oxalate 


Ref. Sugar arranged 
in descending line 

Glucuronic 

acid 


Glucose 

and 

galactose 



Rhamnose 

Spot No. (Fig. 4) 

1 

2 

3 

4 

5 

6 

Fraction 1 

+ + + + 

+ + 

4" 

+ + + + 

+ + 

+ 

Subfraction 2 


4* 

4-++ 

+-+-++ 

+ + + 

— 

» 3 


— 

4-4- + 

+ + 

+ + 

— 

„ 4 

— 

— 

+ + + + 

+ 

+ 


6 

— 

— 

4- 4* 4- 4- 

+ 

+ 


„ 6 

— 


+ + + + 

(H-) 

+ 

— 

.. 7 

— 

— 

+ + + + 

— 

— 


Reaction with aniline 
oxalate after spray > 
ing and roasting . . 

Pinkish 

Yellowish 

Yellow 

Pink 

Pink 

Yellow 

yellow 

pink 

brown 



1 

i. 
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FlO. 4 

Chromatogram of different fractions of jute holocellulose in moist phenox. (72 hrs.) 



Chromatogram of different fraotione of jote holooelluloee in moist n-botanol. (128 hm.) 




Colour ifUensity of the spots shown in Fig, 5 after spraying with aniline oxalate 
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Discussion 

The results presented in Tables 2 and 3 and Figs. 1 and 2 show that under the 
conditions of our experiments hydrolysis by formic acid ensures less degradation 
of the different sugars present in jute holocellulose than in the case with either 
hydrochloric or sulphuric acid. Thus formic acid method has been found to be 
©specially suitable in detecting rhamnose which is apparently present in jute holo- 
cellulose only in small quantities and also uronio acid. 

Fig. 5 shows that glucose can be completely separated from galactose by means 
of moist w-biitanol when the duration of chroiinatogram is as high as 128 hours. 
Using this solvent as well as that of Jermyn and Isherwood (1949) no galactose has 
been detected in the hydrolysate of jute holocel|ulose when the hydrolysis is carried 
out by 72% sulphuric acid method, whereas thelsame is found in fraction 1 (Fig. 5) 
obtained by the formic acid method. These observations together with the fact 
that formic acid can hydrolyse jute holocellulo|[e, a part at least, to simple sugars 
suggest that this acid should preferably be ufed in hydrolysing different carbo- 
hydrates especially when identification of fdifferent sugar constituents and 
preparation of some oligosaccharides (Das, Mitr| and Wareham, 1953) are aimed at. 
Practically all jut© holocellulose (96%) is dissolved with formic acid when the 
duration of hy^olysis is 72 hours. In this retepect the values recorded in Fig. 3, 
however, are much lower than those of the corresponding ones in Table 2. This is 
mainly due to the fact that in obtaining the values recorded in Fig. 3, the process of 
hydrolysis was not continuous as in the other case but was interrupted at different 
stages followed by washing and drying with the repeated formation of hard masses 
wliich are less prone to attack by the acid. The lower value is also due to the more 
dilute (86%) acid being used for obtaining the results recorded in Fig. 3 than that 
(96%) for the results of Table 2. 

When however the duration of hydrolysis is high as is required for dissolving 
higher percentages of holocellulose, degradation of sugars occurs as is evident from 
the presence of furfural (Table 1). From Figs. 1 and 2 and Table 3 the absence of 
rhamnose, uronic acid and with only a trace of xylose is especially remarkable. 
Spot 2 is further hydrolysed and finally disappears when duration of hydrolysis is 
over 48 hours. Arabinose and glucose seem to be less prone to attack by formic 
acid. All these inferences support the recent study of Das, Mitra and Wareham 
(unpublished investigation) on the rate of decomposition of different sugars with 
formic acid obtained with Somogyi’s (1946) reagent. 

From the chromatographic results recorded in Figs. 4 and 6, Tables 4 and 6 and 
also the colour tests recorded in Table 6, methyl glucuronic acid, glucose, galactose, 
xylose, arabinose and rhamnose have been provisionally identified in jute holo- 
cellulose. This has been supported by separating these sugars and identifying 
them by further chromatography as explained previously. That the uronio acid 
component is gluco — and not galacto — ^has been concluded from its failure to give 
any muoic acid test but forms saccharic acid which was identified in the form of 
j;-Balt. 

Spot No. 2 has been separated and identified as a compound of methyl glu- 
curonic acid and xylose from the observation that on further hydrolysis of this 
compound with formic acid it splits up into these two sugars. This proves the 
existence of methyl uronio acid-xylose linkages in the jut© hemicellulose chains. 

The above results also show that the seven fractions or subfractions obtained 
by the formic acid method from the jute holocellulose differ in chemical composition. 
I^t two fractions represent most of the hemicellulose and only a small amount of 
glucose, coming presumably from a-cellulose. None of the other subfractions 
contain any uronic acid, oligosaccharide or rhamnose but all of them except the l^t 
one more or less contain glucose, arabinose and probably xylose thus supporting 
the view of Das, Mitra and Wareham (1952, 1963, 1964) that cellulosan exists in 
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jute. The absence of xylose or its presence only in traces in the last two fractions 
is due to the possibility of this sugar being seriously decomposed as the duration of 
hydrolysis is very great. 

That arabinose is present in every fraction or subfraction of holocellulose and 
also that the rate of hydrolysis of arabinose in jute is slow supports the suggestion 
of Das, Mitra and Wareham (1953) that arabinose might be present in jute in 
pjrranose form. 


StTMMARY 

It has been shown that under the conditions of the experiments hydrolysis by formic acid 
causes much less destruction of jute holocellulose than is the case with mineral acids. 

From the rate of hydrolysis of jute holocellulose it seems that the degree of decomposition 
of xylose, glucuronic acid and rhanmose by formic acid is quite marked whereas in the case of 
arabinose and glucose it is less pronounced especially in the latter. 

The formic acid method has been found suitable for the detection of uronic acid and also 
rhamnose, the latter being present in jute only in a small amount. 

Methyl glucuronic acid, galactose, glucose, xylose, arabinose and rhamnose have been 
ohromatographically separated and provisionally identified from jute holocellulose. 

A complex (spot No. 2) has been detected which indicates the presence of a linkage between 
methyl uronic acid and xylose. 

It has been shown that galactose can easily be separated from glucose by using n-bulanol 
as the solvent if the time of chromatograph is as high as 168 hours. 

By fractional hydrolysis of jute holocellulose, seven fractions or subfractions were obtained. 
Some of these have been shown to differ in chemical composition. 

The presence of pentose with glucose in almost all the subfractions supports the cellulosan 
theory. 

It supports the suggestion that arabinose in jute, some of it at least, exists in pyranose form* 


Acknowledgement 

The authors record their thanks to the Directors, Messrs. Jardine Henderson, 
Ltd., for permission to publish this paper. 


Befbrenoes 

Bose, R. K., and Burma, D. P. (1952). Paper chromatography in the study of sugar con- 
stituents of jute hemicellulose. Science and Cultwre, 18, 39-40. 

Chattopswihyay, H., euid Sarkar, P. B. (1946). A new method for the estimation of cellulose, 
with special reference to jute. Proc* Nat. Inst. Sci. Ind., 12, 23-46. 

Consden, R., Gordon, A, H., and Martin, A. J. P. (1944). Qualitative analysis of proteins; a 
partition chromatographic method using paper. Biochem . «/., 38, 224-232. 

Das, D. B., Mitra, M. K., and Wareham, J. F. (1952). A study on the association of xylan with 
a-cellulose in jute by partition chromatography. Science and Culture, 18, 249-250. 

(1953). Association of glucose, arabinose and xylose in jute. Nature, 171 , 613-614. 

(1954). Pentoses associated with jute a-cellulose. Nature, 174, 228-229. 

Das, D. B., Roy Chaudhuri, P. K., and Wareham, J. F. (1952). A note on the constitution of 
jute by paper chromatography. Science and Culture, 18 , 197. 

Dore4, 0. (1947a). Method of cellulose chemistry, London, Chapman A Hall, 377. 

(19476). J6td., 393. 

Fors 3 rth, W. G. C. (1948). Colour reagents for paper chromatography of sugar. Nature, 161 , 
239-240. 

Hibbert, H., Henderson, W. F., Johnson, B., Mitscherling, W. O., and Wise, L. F. (1028). The 
preparation of standard cotton cellulose and the proposed method of analysis. J. Indue. 
Sing, Ohem*, 15 , 748—751, 

Hough, L., Jones, J. K. N., and Wadman, W. H. (1950). Quantitative analysis of mixtures of 
sugars by the method of partition chromatography. J.C.8,, 345 , 1702-1706. 

Jermyn, M. A., and Isherwood, F, A. (1949). Improved separation of sugars on the paper 
partition chromatogram. Biochem. J,, 44, 402-407. 

Norman, A. Q., and Jenkins, S. H. (1983). A new method for the determination of cellulose, 
baaed upon observation on the removal of lignin and other encrusting materials. 
Biochem, J.,m, 818-831. 



OHROMATOGRAPHIO STUDY OF JUTB HOLOOELLULOSl 


279 


Partridge, S. M. (1946). Application of paper partition chromatogram to the qualitative 
analysis of reducing sugars. Nature, 158, 270-271. 

(1948a). Filter paper partition chromatography of sugars. Biochem, J., 42, 238- 

260. 

— (19485). Application to carbohydrate studies. Biocheni, J., 43, Proc. XLVllI. 

(1949). Aniline hydrogen phthalate as a spraying reagent for chromatography of 

sugars. Nature, 164, 443. 

Sarkar, P. B., Mazumdar, A, K., and Pal, K. B. (1960). Association of xylan with a-celluloso in 
jute. Nature, 165, 897-898. 

Sarkar, P. B., Chatterjee, H., Mazumdar, A. K., and Pal, K. B. (1948). The combination 
between lignin and polyuronic acid in jute fibre, J. Textile Institute, 39, T1-T7. 

Somogyi, M. (1946). A now reagent for determination of sugars. J. Biol. Chem., 160, 61-68. 

Spoehr, H. A. (1947). The hydrolysis of alginic acid with formic acid. Archives of 
Biochemistry, 14, 163. 

Taylor, M. C., White, J. F., Vincent, Q. P., and Cunniilghem, G. L. (1940). Sodium chlorite— 
Properties and reactions. J. Indus. Eng, Chem^ 32, 899-903. 


Issued December 28, 1955. 



EFFECT OF E.M. RADIATION ON LAMB SHIFT— II 


by Indbbjit Singh, University of Delhi 
(Communicated by F. C. Auluck, P.N.I.) 
[Received Janmry 20 ; read May 27, 1955) 


iNTRODtrOTION 

The ultra-violet catastrophe in the line-shift problem is associated with the 
electromagnetic mass of the electron, Bethe (1947) postulated that the observed 
electronic mass already contains this part. The electromagnetic mass therefore 
is a non-observable quantity. This idea is sufficient to separate out at once the 
infinity, in the expression for the line-shift : A field-theory must allow for the frcc- 
electron contribution in its theoretical apparatus for calculating the observable 
effects of the transverse self-energy on the quantum states of a bound electron. 
This contribution also diverges, but since the two divergences are of the same order, 
the residue got through the process of mass-renormalization converges to a small 
finite value. The value so obtained (Salpeter, 1963) is in excellent agreement with 
the Lamb shift in the fine structure of hydrogen (Triebwasser, Dayhoff and Lamb, 
1953). Hence the observed 28^ — 2P^ displacement is of electrodynamic origin. 
It is due to the interaction of the electron with the vacuum. Keeping this shift in 
view, there is perfect agreement between the observed hydrogen spectrum and 
that predicted on Dirac’s theory, according to which the 2 jS|- and 2Pj-levels should 
be degenerate. 

.Mother very encouraging conclusion which emerges from Bethe’s work is that, 
it showed for the first time that the higher orders involved in perturbation theory 
also correspond to reality and thus there is no ‘deep-seated limitation’ in the 
perturbation technique itself, a« was formerly supposed (Heitler, 1944). 

The Lamb shift is due to the perturbing effect of the zero-point energy of the 
radiation field. If, however, an external transverse electromagnetic field is switched 
on, the higher modes of the oscillating field are also excited, which, too, interact 
with the electron. Thus there is an additional displacement of the energy-states 
of the atom from the Dirac energy-level scheme. This depends essentially on the 
energy density and spectral composition of the radiation field perturbing the 
bound electron. It is the purpose of the present paper to give a theoretical treat- 
ment of this problem and to evaluate numerically the expressions for the line-shift 
so obtained. The case of a free electron was considered in a previous paper (Inder- 
jit Singh, 1954), which is hereafter referred to as paper I. 

I. Consider a system consisting of a hydrogen atom immersed in a radiation 
bath. It is the case of a bound electron in interaction with the surrounding field. 
The Hamiltonian for such a system is 

H = £fiud+-£rMat+Hint • • • . • • • • (1) 



Hjiat *= a . p+Pii+V{ r ) 
fri„t = J?'--.'Vfi(a.A(f)) 


( 2 ) 
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Here e is the unit eleotronic charge and a, are the usual Dirac matrices 


a = 




(3) 


Here a is the two-component Pauli matrix, A is the vector-potential of 
the external transverse field, given by 


^ = 2 a/2) (Ca . exp (iiA . T) + oonj.) (4) 

A 

where the constants and the operators are the same as in paper I. A = 1, 2 
describe the types of polarization of a photon. I 

The first term in the Hamiltonian given b;|| Eq. (1) gives the total energy of 
the radiation field. The second term leads to Ibhe Dirac energy-levels, while the 
last term represents the electrod 3 miamic shift |n these levels. We are interested 
only in this term, which arises due to the inte|action between the radiation field 
and the charged particle. It is not possible tc| deal with this interaction exactly. 
The usual technique is to consider Hmt as a sii|all perturbation and then solve the 
Sclirodinger equation describing the system by the method of perturbation theor>^ 
due to Dirac. It consists essentially in finding the time-dependent amplitude of 
the system as a series-expansion by the method of successive approximations. 

In the present problem, the first significant interaction term is the one which 
is quadratic in the perturbation energy. Here transition is possible only if it takes 
I)laoe via the intermediate states | f > . The second-order matrix element for the 
interaction Hamiltonian is 


^ (n\H'\i)(i\ir\n) 

Z4 En-Ei 
i 


(6) 


The intermediate states can arise in two ways: 

(1) A photon of momentum k is absorbed by the electron in state | w > . So 

there are — 1] quanta in the intermediate state | i > . In going 
to the original state, the electron emits the absorbed photon. 

(2) The electron emits a quantum of momentum h to go to the intermediate 

state. Hence there are [iV(fc)+l] quanta of ra^ation present in the 
state \i> • The transition to the final state is made by absorbing a 
quantum of the same energy, so that the total energy in the state | n> 
remains conserved. However, in the intermediate state there need 
be no conservation of energy. Hence all intermediate states are 
possible. Since these transitions may involve a violation of the law 
of conservation of energy, they are essentially virtual, though in the 
process ‘real quanta may be absorbed and emitted *, as is the case in 
the present problem. 

Taking account of these processes in Exp, (6) we have 


I k Em-^Ei k E^^Ei 1 

where the sum is over all intermediate states and also over the directions of polariza- 
tion of quanta. The present problem was first considered by Auluck and Kothari 
(1962), but they overlooked transitions of type (1), which arise only when the atom 
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is situated in a real photon field, but are absent in the problem of the Lamb shift. 
We are, however, not taking the line-width of the levels into account in the present 
treatment, as it will not materially affect our conclusions. 

In the non-relativistic approximation, the Dirac operator a should be replaced 

by the velocity vector v. Also the oscillator strength f{n, i) for the transition 
n -► t is defined by the relation 






(7) 


where /i is the mechanical mass of the electron and n and I are the usual quantum 
numbers. Using Eq. (7), the non-relativistic expression for the interaction energy 
becomes 


= - 





fin, i){Et-E„)^ 


+ 


fin, i) 

iEt-~En+k)^ 


kdk 


( 8 ) 


Here a is the Sommerfeld fine structure constant. 

The second term arises even in the absence of all quanta of radiation and it is 
this term which is responsible for the Lamb shift. The change in Lamb shift 
is therefore given by 


W 


I* 


2 dk . Nik ) . k 


iE,-E„)i.fin,i) 

iEt-E,)^-k^ 


(») 


11. We have now to evaluate expression (9). For this we have first to re- 
place N(h) by a suitable distribution function for the photons, determined by the 
quality of the radiation field in interaction with the atom. 

Following Auluck and Kothari (1952) we consider three distinct cases; 

(1) The atom is entrapped in a Hohlraum, surrounded by impenetrable walls 
at a temperature T. In this case the energy density and spectral 
composition of the radiation field is governed by the relation 


N(k)^ 


1 

exp (fc/iT)— 1 


( 10 ) 


This gives the average number of photons of energy k per oscillator. 

(2) The atom is under the influence of a transverse radiation field as in case 

(1), but the effective spectrum is cut off beyond a certain frequency, 
which is taken to be less than the ionizing frequency of the atom. 

(3) The atom is surrounded by isotropic radiation of frequency | k | con- 

tained in a bath of volume 0. If I(k) ia the intensity of the radiation 
in the bath, 

( 11 ) 


For case (1), exp. (9) reduces to 


where 


W’iT) 



xdx 

exp(2w*)— 1 


2 




Ef^Eg 

2mRT 


iEi-E,)Kfin,i) 


.. ( 12 ) 


.. ( 18 ) 
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It can also be expressed in the alternate form 

{-~2it ^) . Etipq) 


where 


Et{-x) = ~ 


P 9 

+.exp (2ffj)g) Ei{-pq)} . q^f(q) 


/■ * 

exp (^<) . - 


(14) 


(16) 


and tables for it are available. j 

The only interesting case is when RT 1 . | 

The first term in exp. (12) is capable of beiiig expressed as a power series con- 
taining the well-known Bernouli numbers, a^nd integrating term by term 

we get I' 


?L V V (~^)' 


m+1 


{2-nRT) 


2m+2 




./(«, t) 


(16) 


where i denotes the summation over the discrete and continuous intermediate 
states and m takes all integral values starting from zero onwards. 

In the first approximation 


Since 


and 


W\T) ^ ~ ^ (jBT)2 
3/i 


^f(n, i) = 1 


= i .. 


(171 

(18) 

(19) 


Hence the shift increases quadratically with temperature and in the first 
approximation is the same for all levels. Note that the Lamb shift is pronounced 
only for fl^-levels. If the higher order terms are considered, we have 


W'(T) 


- ^ (BT)* 


[ 2tr« V /(«, i) 

[ 7 A (E,-EJ‘ 


(RT)s+ .... 


.. (20) 


ednoe 



Expressions 



/(». i) 

(E,--En)*' 


etc. are to be evaluated numerically. 


Hie case when BT^ 1 has no ph 3 rBioal significance, for the atom has little 
riumoe to survive in such a radiation i>ath. It becomes of interest only if the 

radiation spectrum is out off at | Ibo |, where | | is always less than the ionizing 

fipequency of the atom. When this is the case, the exponential term in Eq. (12) is 
capable of being evolved in a power series, giving after integration over x, 
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W'{T) 








Sf—E„ — ko 

+\{E,-En)*.f{n, i) . log 




+ terms containing powers of {IjRT). 

(J?r>l) 


( 21 ) 


Finally, consider the case when N(k) represents a monochromatic radiation field of 

frequency | k | and intensity /( | A; | ) contained in a volume 0, which also contained 
the electron under consideration. Then 




( 22 ) 


Expressions (20), (21) and (22) give the shift in the three cases when the summa- 
tions over the intermediate states consisting of the discrete spectrum and the 
continuum are carried out. 

III. In order to perform the summations 2, we need the values of f{n, i) for 

i 

the discrete and continuous spectrum of hydrogen. Tables for the oscillator 
strength for transitions to the discrete levels are available (Bethe, Handbuch der 
Physik, 24/1), but it has been pointed out by various authors (Bethe, Brown and 
Stehen, 1950) that Bethels Table 16 contains many numerical mistakes. The 
strengths for a few transitions to the 2s- and 2p-levels have been re-evaluated by 
Bethe, Brown and Stehen (1960). We give here a much larger revised table (Table 
I). Since present-day experimental precision demands increased accuracy, we 
give values correct to four significance places. 

The oscillator strength for the transition | n > -> 1 i > is given by the relation 


with 


/(n,i) = {2^/ft)i»„|J (n|r(i)(iT " (23) 


_ E„—Ei 
*1 — « 


(24) 


Clearly 



(26) 


For taransitioiis to the discrete spectrum Eq. (23) reduces to (Bethe, Handbut^ 
der Phynk, 24/1)— 


/(», m) 


1 maac (1, V) 

3 21+1 E, o* 


(26) 


is the dipole moment of the hydrogen atom of raditu a and is given by 
Ibe relation 



5B 


B^Smrr^dr 


(27) 
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where BfU and Rtni' are the renormalized radial wave-fimctions for the hydrogen 
atom and has been calculated by Gordon, such that 

Jfm.t-i _ (-1)“*' \{n+l ) ! (m+i-l) !]* 

' 4(2/-l) ! ■ [(»-«- 1) ! (m-l) U ■ (»+»»)-+’" 



(»+»ra)® 



— m,, 21, 


—imn \ ) 
{»— m)®/ ) 


where, F va& hypergeometrio series 


F(a., p, y, x) 


I 


a(a+l) .... (a+i>-l))8 .... (p+v-l)xZ 
Y (y+v— l)v! 


(28) 


(29) 


with the radial quantum numbers — 


rif ■n—l—l 
mr ■ m—l 


(30) 


The expressions for the oscillator strength for transitions from a given shell to the 
continuum are obtained by making use of theoretical relations for the photo-electric 
absorption coefficients. 

In this way we get 


. 128 exp (— 4n arc cot ») 

d/{l«, ») = — v-*dv — f-i — - — ^ 

' 3 1— exp (—27m) 

( V exp I — 4» arc cot 

3+'-‘) l-^p (-2«) 

( V exp I — 4w arc cot 


<y(2p, ») = g v~Hv 


-exp (— 27 m) 


and so on. Here we have taken 


En=^RJn^ .. 


(31) 

(32) 


(33) 

(34) 


The contributions from the continuum and discrete states to the oscillator 
strengths for the 2«- and 2p-states ^ve been evaluated in a manner outlined in the 
next section. The results are tabulated below (Table III). 


Tablb n 

OteiUaior strtngthtfor hydrogen cUom inn <= 2 state 


Oscillator strength 



Discrete 

Continuous 

Total 

Actual 

2« 

0-64895 

0-85109 

1 00004 

1 

2P 1 

0 80915 

019078 

0 09983 

1 
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IV. The oscillator strength for transitions into a small frequency interval 
dv of the continuum, the initial level being the 2^-state, is given by 


[ . *1 exp ( — 4 n arc cot 5) 

l+v-i — , . 

3 J 1 -exp (-27m) 


(32) 


The contribution from such transitions to the oscillator strength /( 25 , n) is obtained 
by integrating (32) with respect to the variable v. It is more convenient to use 
the variable n while performing numerical work, where 


v=l+-i i 
4^n* f 


(36) 


When n is small, (32) can be expanded and inte^ted analytically. In this way we 
find that contribution from the region n == 0 to^ =« 0 04 is negligible. 


From n = 0 04 to n = 01, ii^erval = 0*01 ] 
01 to 


= 01, ii^erval = 0*01) 
= 1 interval = 005) 


(36) 


From n =5 1 to n 00 we introduce again, Allowing Bethe, Brown and Stehen, 
a new variable 


1 


instead of n itself. 


Prom y = 0 to ^ s= 1, interval = 0 05 


(37) 

(38) 


The numerical integration is then performed, using rules like Simpson’s and 
Waddle’s. 

df(2p, n) is to be tackled in a similar manner. The contributions from the 
discrete spectrum are evaluated using Table I. For n > 10, it is sufficiently 
accurate to use the asymptotic expressions given therein. The error in Simpson’s 
rule is greater than that in Waddle’s and varies very approximately as the fourth 
power of the interval used. 

To evaluate Eq. (21) for RT very large, we need the value of 


A 


2 (Et—En) .fin, i) log 


E^'—E^-^kQ 


(39) 


It consists of two parts, such that 

A = Aj^+A^ (40) 

where Aj^ is the contribution from the discrete transitions and A^^ arises because 
of the continuum. We take the case when is equal to one Rydberg. Consider 
the second term in Eq. (4). This contribution is assessed in a manner outlined 
above. However, the term 

Ti = (Ei-E,). fin, i). log \Et-E,-ko\ •• («) 

tends to infinity as (Jr|— JS?«) -»• fco- Starting from v = 0, therefore we s^ 
up to V a 1— «, and then from v = l+€ to v a oo. There is little contribution 
^m the range v a I— e to v = 1+c, to Bq. (41). In our case 
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The contribution to 

T2^(Ei-E,).f(n,i)Aog\Et^E,-\-ho\ •• • • (43) 

from the region v ~ 1— « to v = is however finite. Hence 
from n = 0 to n s=s 1, intervals as in (36). 

But ( 38 ) is modified : 

y =55 0 toy sn 0-85 interval =» 0*06 1 

== 0-85 = 0-8817 = 0-0317 C . . . . (44) 

0*8817 = 1 = 0*0394 ) 


To find the contribution from the discrete spectrum to Exp. (40), we note that 

2 






(46) 


which is easily evaluated using Table I. In this way we get Table III. 


Table III 


State 

Contribution from 

Discrete 

Continuum (A^) 

Total (A) 

2a 

00356 

0*2782 

0*3138 

2p 

-0*1086 

01366 

0*0271 


V. Using the values given in Table III, in Eq. (21), we find 
W'(T, 2p)-W'(T, 2a) s 68 (RTjR^) megacycles 
iRT > IE, 

I ifco=l. 

The additional shift is in a direction opposite to that for the Lamb shift. As in 
the case of the Lamb shift, the shift for the 2p-level is much smaller than that for 
the 2«-level. The ratio 

W',(T.2a) _ 

— 10 , 

W^{T, 2p) 

However, the 2p-level shift is not so insignificant here as in the case of the Lamb 
shift, where the ratio 

Lamb sMt (^) ^ 

Lamb shift (2p) ~ 

The lAmb shift is due to ‘photon-vacuum*, while the additional shift is due to 
photons, and increases as the temperature is raised. 

The Lamb shift and the influence of e.m. field on it, for the case of a harmonic 
oscillator imd othmr allied problems, will be the subject of a subsequent paper. 
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SUMMAEY 

The efteot of interaction with the electromagnetic in modifying the spectral terms of a 
Dirao electron in an external held of force is investigate, using the conventional form of per- 
turbation theory. The magnitude of the shift is evalua|ed numerically. It is shown that this 
displacement of the energy-levels differs in many respe<^ from the Lamb shift, which is due to 
the effect of the scalar radiation field as it exists in the liptcuum. 
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ON THE LAMB SHIFT AND OTHER RADIATIVE EFFECTS— III 


hy Indebjed Singh, Univemty of DeVii 
(Communicated by F, C. Aidaok, F.N.I.) 


(Received February 2; read Moy 1955) 
lBrTEODHOrio4 

The technique of mass and charge renormaliui.tion provides a useful procedure 
for calculating the reactions of the field withiJ the present ‘faulty’ structure of 
quantum electrodynamics. It involves the ta|it assumption that although the 
mass m and charge e of an ‘isolated’ electron isolated even from vacuum fields) 
appear in the original description of the atom without radiation field, all the final 
results of the theory should depend on the experufeentally observable mass (m+ Am) 
and the experimentally observable charge (e+4^) the As arise due to the 

perturbing effect of the field which is present in every physical situation, being a 
property of the vacuum. It is further supposed ad 1109, that these corrections are 
to be small. Thus, quantum electrodynamics in its present form is good enough 
to handle observable radiative effects, althou^ its weakness becomes apparent 
when the electron itself is to be dealt with. 

Welton (1948) provided a physical foothold to these quantum mechanical 
calculations. He showed that the Lamb shift is due to a mean extension of the 


position of the electron, because of its coupling to the vacuum. These position 
fluctuations are the result of the infinite energy of zero-point field oscillations. 
Though itself unobservable, it makes the electron perform a sort of Brownian move- 
ment. Because of this Welton-Bewegung, the charge is no more a point singularity 
but behaves as distributed over a finite area. In a state devoid of orbital angular 
momentum, the electron is under strong influence of the nucleus. The spherical 
charge due to the fluctuating electric vector is not so well bound to the nucleus, as 
is a point charge. This results in a slight upward shift of the /S-levels. It is signi- 
ficant to note that in the actual calculation, we assume of a quantum mechanical 
force behaving in a classical manner. 

Clearly the phenomenon of Lamb shift depends essentially on the electron 
behaviour at distances from the nucleus which are of the order of the Bohr radius. 


rather than of the electron Compton wavelength. It is because of this very fact, 
that the Lamb shift cannot be treated by a straightforward expansion of self- 
energy effects in powers of the external field, even though the break-down of the 
expansion is a mild one. It is also clear that the non-relativistic effects depend, in 
an essential way, on the structure of the atom, and so should be carefully separated 
from the relativistic effects. 

In this paper we have calculated the shift in the energy levels of a Harmonic 
Oscillator, due to its coupling with the vacuum. The problem is investigated in 
two ways, using perturbation technique supplemented with mass-renormalization 
idea and on Welton *s phenomenological theory. It is shown that both methods 
lead to the same result. The presence of transverse radiation field wiU be the 
source of additional perturbation. This effect can be handled by both theories, 
but the two approaches lead to different results. The reason for this divergence is 
indicated. Koba’s improvement of Welton ’s model (1949) through the introduc- 
tion of Schrodinger Bewegung is also discussed, and has been used to calculate the 
spin-coupling energy oontribution to Lamb shift. Some scattering problems 
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involving electrons are reviewed with special reference to eleotro*magnetjo inertial 
effects, on Welton-Koba theory. In the last section, we have calculated the 
additional magnetic moment due to black-body radiation at a temperature T, in 
which the electron is supposed embedded, and also the problem of the anomalous 
magnetic moment of the nucleon. 


2. Radiativb OoRBEonoN TO Osoillatob-Sfeotrum 


Let us apply Bethels renormalization procedure to the case of a Spatial 
Oscillator. For simplicity, we confine ourselves to a simple type of oscillatory 
system, one which is one-dimensional, linear and conservative. It consists of a 
charged particle of mass M and charge c executing forced vibrations, under the 
influence of an ‘elastic’ restoring force which varies as the first power of the dis- 
placement. Such a system has an energy spectrum given by 


Wn 


(2n+l) 


%w 


( 1 ) 


assuming that the particle is not influenced by the vacuum, which is not so. Thus, 
in our problem is involved simultaneous interaction of the particle with the restor- 
ing force as well as with the electro-magnetic field. We consider the field in its 
lowest energy state (complete absence of photons); and calculate the correction it 
produces, treating it as a small perturbation. 

Following Bethe, the displacement in energy levels is given by 


Wn 


2£2 y 


<:n\v\i'> 




( 2 ) 


for the oscillator-states where Ei are the intermediate virtual states in which the 

particle finds itself, because of the perturbing effect of the field. Here a n]v\i '> 
is the velocity-matrix, and 

(3) 


The Hamiltonian of the system (without radiation) is 

nio%- 


which gives 


Or 


^P^QH-HQ [i = %/-!] 


MtJdag use of (9) in (4), we get 


Wn 


2e^-[Ei-En-? 

Swftc® 


' Me* 


<n\q\i > 


I Ef—En 


(4) 

( 5 ) 

( 6 ) 

( 7 ) 


XB 
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The same expression for the shift is obtained on Welton's theory. The effect of 
fluctuations on the potential energy is: 



. . . . (8) 

When this is averaged over the quantum mechanical state, 



.. (9) 

with A-( ,, )| .. .. 

. . (10) 

We get for the electrodynamio shift I 



.. .. (11) 

which agrees with (10), if | 


Ici ^ Jiai ^ . 

. . (12) 


Thus, the whole oscillator-spectrum is shifted upwards by a slight amount, given 
by (8), though the difference between any two levels remains unaffected. 

The agreement between perturbation theory and semi-classical theory of 
radiative reactions leads us to a significant conclusion. It shows that the particle 
is behaving like a wave-packet, within which the potential energy is sensibly con- 
stant, so that the position and momentum vectors of the packet can be very closely 
represented by their expectation values. Thus we may conclude that perturbation 
theory will give sensible results so long as the electro-magnetic field does not change 
appreciably over the dimensions of the particle, or over distances of the order of 
Compton wavelength. At present, it is very difficult to say beyond which frequency 
precisely, present-day quantum electrodjnuamics fails. However, because of the 
almost non-relativistic nature of reactive effects, this lack of information does not 
involve much error. It is asstuned that beyond the Compton frequency, the contribu- 
tion from each wavelength falls off rapidly and is not much affected by the external 
potential. During renormalization, therefore, such contributions almost cancel each 
other. 

3. Effect of Eleoteo-Magnetio Radiation on Lamb Shift 


In this section we consider the cases of a Hydrogen Atom and a Harmonic 
Oscillator immersed in black-body radiation at Temperature T, 

A free electron executes steady forced vibrations under the action of an incident 
light wave and emits a scattered light wave of the same frequency. The effect of 
these position fluctuations will also be to make the electron tehave as if its charge 
is effectively spread over a small region. Hence a bound electron in such a field 
will give rise to additional effects similar to those caused by zero-point oscillations 
of the electro-magnetic field. 

We initiate our study by calculating the additional shift in the Hydrogen 
energy states due to coupling of the atom with the transverse radiation field 
surrounding it. It is a straightforward extension of Welton's idea. The electro- 
dynamic shift due to additional perturbation is 


W^{x)^^aL.e^ 


(-y 

\mcj 


l0«(O)i 


dx 


Xo 


1 ) 


(13) 


where 


a? BB lUajRT, 


.. (14) 
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and a « {e'^/Jic) is Sommeriield Fine-structure constant, Xq BT is the average 
excitation potential of the Hydrogen atom and has a value of 16*64 By for the 
2jS-8tate, according to the numerical calculations of Bethe, Brown and Stehen. 
Usiog the familiar exponential integral 





(15) 


expression (13) is transformed into the equivalent form 
W'ix) = - I ae* ^.(0) |« 2 

= - ^ aS . 1 2 Rydbergs (16) 

X 


Expression (18) is obtained by using the relation 



•• (17) 


where Z is the nuclear charge number and a is the Bohr radius. For the 2iSf-state, 


W"{x, 2a) = -136 2 Ei{-x) Mcjseo. . . 

X 


A few values of Ei(-^x) for various values of x are given below: — 


(18) 


^0 1 

T°K, 

GO 

S ^Ei(—x) 

XX. x^ 

0 


00 

0-01 

3 X 108 

97 0662 

01 

107 

8-2100 

1 

10« 

0-2868 

10 

108 

0-0000 

00 

0 

0 


The radiation shift is zero at the absolute zero of temperature and increases rapidly 
with increase in temperature. This steep rise is due to the exponential character 
of the integrand, and the shift tends to infinity as the lower limit tends to zero. 
Very high temperatures however have no physical meaning, because the atom will 
not survive in such a radiation bath. 

Equation (18) predicts in general lower values than are given by the non- 
relativistic theory, which has been discussed by Auluck and Kothari (1952) and by 
Inderjit Singh (1955). It is shown by the later author that the shift is given by 
the expression 


it: (20= 


2a j* xdx V /(», f) 


.. ( 19 ) 


wbexe 


?( 


~2iTST 


.. ( 20 ) 
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and 


/(», i) ass [2ml%) fp* r ^idi 


( 21 ) 


It is interesting that while Lamb shift is due to the emission and absorption of 
virtual photons, this additional shift is brou^t about by transitions involving 
real photons. For RT 1 


«+i 


r(y) = _?LVy(=i)_ 




'Sasrt-I 


{'2nRTf"*^ 

(Et-En)^ 


•/(». *) 


with w = 0, 1, 2 . . . i cx) (22) 

Here Bernoulli numbers, Quanturl mechanical calculations predict a 

shift of negative sign. On the other hand W^ton’s theory gives a positive shift* 
It predicts further that only iS-levels. should utfiergo a change, which is again con- 
tra^cted by (16). Also, the fluctuations shoi|^ contribute to the kinetic energy 
of the electron which shifts all levels by an fequal amount. However, in l^amb 
shift one is concerned with the 2/Sf— 2P separatifcn, and so the kinetic energy effect 
does not show itself. Nevertheless, tliis shift i| there and is another weak point of 
the semi-classical theory. f 

It may be remarked here that it is the reijormalization procedure which makes 
the Lamb shift positive. The self-energy of a bound electron is more than that of 
free-electron of the same energy. Since what we observe already includes this 
additional mass Aw of the electron, our experiments should reveal only the difference 
which is positive, i.e. the /S-levels appear raised from the positions expected on 
Dirac’s theory. 

Consider now the case of a Harmonic Oscillator. Proceeding on perturbation 
theory, as for the Hydrogen atom, we get 




where 

On Welton’s theory, we obtain 


2 / €^\ f X dx 

Stt \%c/ Me* ’ e*--l 

0 

q = UwjRT, . • 


Wlx) 


- A /!!\ 

Stt \Jic/ Me* 


dx 




1) ‘ 


.. (23) 

.. (24) 

.. (26) 


Thus, here again, there is disagreement. Equations (23) and (26) become identical 
for g, tending to zero. The same is true for (13) and (19). This leads us to another 
conclusion. Welton’s theory is correct only in the ideal limit when the force of 
binding is small. The lower cut-off is arbitrary and the agreement with perturba- 
tion theory is not of much interest. The infra-red catastrophe in Welton theory 
is due to improper handling of the infra-red spectrum. These low energy traiwi- 
tions are playing a more important part here than for the case of the Lamb shift, 
and the lower out-off is too high and washes out their contributions. 

Gunther (1949) has calculated by Welton’s method the radiation correction 
to the ionization energy of the Helium atom. The most accurate theoretical value 
is 198,319 cm“^ while the experiment value is 198,305 cm~^. It has not been 
possible to account for the whole discrepancy as being due to the effect of the 
vacuum. However, the effect of fluctuations on the mutual potential energy ww 
neglected by him and so it is very difficult to say whether Welton’s theory is 
capable of explaining this difference or not. As for the observed Lamb shift for He, 
it cannot be correctly assessed on the theories of Bethe and Welton. 
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4. Koba’s Tbeatbient of Reactive Cobbeotions 


Welton got a correction Aft to the static magnetic moment ft associated with 
the spin of the electron of wrong sign, though of correct order of magnitude. 

A magnetic dipole with a static moment p placed in a homogeneous magnetic 

field H, has an interaction energy — fijET. So far we have neglected the influence 
of zero-point field. Its magnetic vector is undergoing incessant fluctuations. Due 
to this the dipole is tossed to and fro and makes on the average an angle d with the 
magnetic field H, reducing the magnetic moment to —ft cos By i.e. we should expect 
a correction of negative sign, and Welton *s more refined calculation gives 


Si -e2/27r»c, (26) 

While on Tomonaga-Schwinger formalism, we get 

8 ^ e^j2rr%Cy • • • • • • • . . . (27) 


for the correction Afi/ft as has been independently shown by Schwinger (1948) and 
Luttinger (1948). Weisskopf (1949) concludes that while the line-shift problem is 
amenable to a simple pictorial understanding, the interaction between spin and 
magnetic field is not, because of the pure quantum mechanical character of spin. 

Koba (1949) has shown that this failure is rather due to the neglect of virtual 
pair creation and annihilation, wliich plays an essential role in the magnetic moment 
problem. The vacuum polarization effect will be understood by paying due atten- 
tion to Schrddinger’s Zitterbewegung of the Dirac electron. This produces a 
correction 

82 . . . , . . . . . . (28) 

giving 

81+^2 e^l2whc .. .. ,. .. (29) 

/ 

which is in agreement with (27). 

The Schrodinger bewegung will also produce a mean-square change in the 
position of the electron. The position vector q, according to Schrodinger, consists 
of two parts 

(i-1,2,3) (30) 

where the first part commutes with the Hamiltonian and the other anticommutes 
with it. Welton bewegung affects the first part, while the second is affected only 
by Schrodinger bewegung. Considering both, we get for the mean-square extension 


k 


( 31 ) 


with 


qflc) * 


eE.{k) 

mk^ 


(32) 


~ '^mk{2m+k) 

giTing for ihe correction, to Welton extension, 


TMs produces an additional shift — 


a /RV 


.. (33) 

.. ( 34 ) 
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For the 2jS-level, we get 


ITo (28) 100 Mo/sec. 


However caloiilations on positron theory give for the spin-coupling energy a value 
of 68 Mo/Sec. 

The contribution to line-shift due to E.M. radiation is given by 


= r(-)' 

o'rr \mc/ 


<V^V>^^.RT 


(2^+xRT){e’’-l) 


and is therefore quite negligible. 


6. Radiative Effects in Sca^bbing Pboblbms 


Consider the case of an electron of momintum p, wliich undergoes elastic 
scattering due to interaction with an electroftatic field V. like the line-shift 
problem, it involves simultaneous interaction of an electron with the fixed external 
potential and with the electro-magnetic field| The only difference is that now 
the scattering process is real. So the proble^ can be handled using Bethe’s 
approach, and has been tackled in this manner by Lewis (1948), giving for the change 
in cross-section 


(p- 5 ) 


Here K is the momentum of the scattered electron and k is the frequency of the 
photon whose emission and re-absorption produces this effect. The lower limit T 
in the integral is the kinetic energy of the electron of mechanical mass m. 

The same expression can be obtained by using Welton’s idea that the position 
->■ — ► 

vector q changes to g+ A^. We have merely to consider the change in the phase- 
factor introduced by the mean-square fluctuations. We get 

<«p- •■(?-«)(■;+ 

-oip. [•-g(p_5)'< (A?)’ >,!.]+ (39) 


Therefore 


/ n r* dk 


which is the same as (38). The same result is got using Epstein’s (1948) method 
which consists essentially in calculating 

8(da)=^.8Jf .. .. .. .. (41) 

where 8Jf is the difference between the experimental and the mechanical rest- 
masses. This illustrates in a very striking manner that the correction is the result 
of a change in the particle’s rest-mass. ^ 

Again, the scattering cross-section is 

I j»p [-f (13)]. r 
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for a particle of zero spin. For a Dirac electron, the above expression is changed 
by a factor of 


8 ' = 1 - 




(1— cos 6) 


•• (43) 


where 0 is the angle between p and k. Koba has got this factor as a consequence of 
the Zitterbewegung by using relation (31), so that 

exp 1 ^ -ijl . §) j . exp (p . f j j <=« 1 “ ^ (1 -cos 6) . . (44) 

which is the same as (43). This will also affect relation (40), and we get 

W = ,45) 

da 27 r \mc/ \ j 

which is very small compared to the correction (40) due to Welton bewegung. A 
similar correction will arise while considering non-relativistic Compton scattering. 
Welton gets for the radiative correction to low-energy Compton scattering. 



Now we must also take into account the. Zitterbewegung of the Dirac electron. The 
correction arising due to these fluctuations can be calculated in the same manner 
as for the elastic scattering for an electron, and which has been considered above. 
In this way we get 

8,((fo) ^ _ a 
da TT \mc/ 

which is again small compared to (46). 

We can again introduce the effect of external 

a charged particle of momentum p is elastically 

potential F, so that the scattered electron has a momentum K, This problem is a 
dynamic analogue to the corresponding line-shift problem. The effect of the electro- 
magnetic field can be considered in a similar manner. The details of the calculation 
for this reason are not being reproduced here. We get 


(47) 

transverse radiation field when 
scattered by a fixed external 


B'ida) _ 
da ““ 


1? / ® 

stt 


^ Xi 


dx 


x(e^^l) 


(48) 


for the radiation correction to the differential cross-section when the scattering 
process is taking place in space containing black-body radiation at a temperature T. 


6. Anomalous Magnetic Moment 

Magnetic moment of a Dirac electron is due to circular currents of ra^dius 
hfme. The zero-point oscillation of the field make this current role and pitch, thus 
reducing the magnetic moment by a cosine factor. In addition to this, there is the 
effect of the Zitterbewegung of the Dirac electron which makes the ring-current 
vibrate. The net effect is a correction of the order of al2n. If the electron is 
situated in an electro-magnetic field, the coupling between the two gives rise to 
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additional disturbance, thereby introducing a slight change in the magnetic moment 
which will be a function of the nature of the surrounding radiation field. 

An electron having a spin vector, a, under the influence of field H, will be 
governed by the relation 


at me 


giving 




{RT)^ 


X dx 
e^-1 


.. (49) 


Now 

and 

where 


^ -■ ! ( a ( cos 

2mc 2mey 

<003 0 s COS 5 [1 < ( A ^ J 


<(Aep>. = 


<IAcr)* >. 


.. (50) 

.. ( 51 ) 

.. (62) 


Hence, we get for the correction ^ ft due to radiation field at temperature T to 
the magnetic moment /i of the electron, 


fi 3 ' ’ \mc^/ 


.. (63) 


Let US now consider the case of a nucleon. Again, according to Dirac’s theory, 
the magnetic moment should be one nuclear magneton, if the particle is charged and 
none at all, if it is neutral. Experiments, however, show that 


ftp s= 2-79353 nuclear magneton 
= - 1-91354 


- . (64) 


This means that quite unlike the electron, the proton and the neutron have pro- 
nounced anomalous magnetic moments. In fact, the neutron is behaving much 
like a spinning negative charge. 

The cause of this discrepancy is to be sought for in the unique property of the 
nucleons to undergo transmutations which are the essence of nuclear forces. A 
proton, for example, can transform into a neutron and the converse is equally true. 
In fact, it is such transformations which keep a nucleus intact. But they also 
change the observable magnetic moment of the nucleon. 3^is is because the 
magnetic moment of a proton, for example at any instant, is either umty or Jlf/wi, 
depending upon whether the proton is still a proton or has changed over into a 
neutron with the emission of a meson of mass m. Jf is the mass of the proton. 
A measurement cannot distinguish between the two and it represents therefore the 
probable value (March, 1961). A neutron has a negative magnetic moment, because 
of tile emission of a negative meson, and also because the resulting proton will ^ve 
a spin —4, because the spin vector of the meson must be in the direction of the 
field (Frohlioh, Heitler and Kemmer, 1938). If the cause of the anomaly in the 
physically observable magnetic moment is the emitted meson field, then it is reason- 
able to expect that 

( 5 ®) 


App+Apjvl~0, 


beoause 


.. (56) 
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if the surplus magnetic moment is to be ascribed to the meson-nudeon interaction. 
The yalues of fXp and given in (54) amply corroborate Eq. (65). 

The interaction is given by the second order matrix element 



< n I Hint 1 1 >< 1 1 ffint I n > 


(67) 


Hence, the self-energy of a proton surrounded by a positive vector meson field, due 
to interaction between the two sub-systems, is given by the expression 


“ 3v2 

^ n 


( 68 ) 


This consists of two parts, self-energy due to interaction with the vacuum meson 
field, and that due to interaction with the real field. The vacuum self-energy 
ITvac comes out divergent. If, however, the integral is cut off at h^x 


vac ^ 







(59) 


where / is the interaction constant and x gives the rest-energy of the meson. The 
second part of self-energy, Tr 2 , when the meson field is at temperature is 




37r*P 


(J?T)8 


x*dx 


e*— 1 






(ifT)» 


An) sin n 


'Zfh 

- Siipq ) . cos pg +1 cos pg-j p (1 -p^g-s) | 


where 




RT 


. (60) 


But since x is very large, we have for Exp. (60) — 



where ^(6) » 1-0369 (62) 

To calculate the surplus magnetic moment, we have to consider the system as 
placed in a weak magnetic field, then 




IFku “ 


/eOO 

1/1*. X eH k*{Nk+l)dk 

3w» ' n (x*+ik*)® 

>1 0 


.. ( 63 ) 


The correction A^^p due to the vacuum meson field is 



INDHBJIT SINGH: ON THB LAMB SHIFT AND OTHBB BADIATIVB BFFBOTS— HI 301 


and, due to the surrounding field, is 

\n^ 


AiUp ^ 




{BT) 


x*dx 


(^+*2)2 e*-l 


( 66 ) 


Bq. (66) is easy to integrate, but it loads to a oumbersome expression. 

For the sake of a neater result, we again apply the approximation used 
before and get , 


tkiflp ft:! 


\f]^-e{BTl6 


m-m 


( 66 ) 


t 
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The influence of radiative forces on several processes, involving the interaction between a 
charged particle and a fixed potential, is investigated. The effect of fields as they exist in the 
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ON THE RADIAL PULSATIONS OF AN INFINITE CYLINDER WITH A 
MAGNETIC FIELD PARALLEL TO ITS AXIS 


by K. P. Ohopba arid S. P. Talwab, University of Delhi, Delhi 
(Communicated by F. C. Auluck, F.N.I.) 

(Received April 25; read May 27, 1955) 


1. Introduction 


Chandrasekhar and Fermi (1953) deduced the general equations governing the 
adiabatic radial pulsations of an infinitely conducting, infinite cylinder, under its 
own gravity, and with a constant magnetic field parallel to its axis. They obtained 
an integral formula for the period of the pulsations. We have, in this note, deduced 
the pulsation equation for an axial field varying with the distance from the axis. 
An expression for the amplitude of the magnetic variation (as a consequence of the 
radial pulsations) in terms of the characteristic amplitudes of the pulsations is 
also obtained. We have obtained explicit expressions for the characteristic 
functions and values for the particular case in which the magnetic field is assumed 
to be proportional to the square root of the pressure inside the cylinder (with a finite 
magnetic field at the surface). The numerical calculations for six different models 
of such a field have been carried out. The dependence of the period of pulsations 
on the prevalent magnetic field is investigated. It is found to decrease with the 
magnetic field. 

2. Thb Pulsation Equation 


Following Chandrasekhar and Fermi, we assume the gas to be compressible, 
of uniform density p, and having an infinite electrical conductivity. The effect of 
the last assumption is that the lines of force shall be pushed aside along with the 
matter in motion, which shall result in the magnetic pulsations of the same 
frequency as that of the radial pulsations of the cylinder. 

Imagine an element of cylinder, of radius r and unit height, to be displaced 
through Sr. From the conservation of mass, the equation of continuity can be 
written as 


where m = nr^p, is the mass 
of motion can be written as 


/-(vr*) = ? 
dm p 

of the element under consideration. 


a*_r 



2Gm 

r 


where the total pressure is 




8w ** 


. .. ( 1 ) 

The equation 

. .. ( 2 ) 

. .. (3) 


3> 


gas preiMure, 


m 

8w 


magnetic pressure, and H being the magnetic field at the 


(fistance r from the centre. Let SP and ip denote the corresponding changes in 
the total pressure, density and the magnetic field at the distance r firom the axis. 
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Cluuidiasekliar and Fermi gave the folloTdng equations governing the radial oscilla- 
tions of small amplitude 


and 




(4) 

(5) 


From equation (3) 


SP = 8p4 




Aw 

Ihm 


p I 47r 


(6) 


where y is the ratio of specific heats. It is, hfwever, assumed to be constant within 
the cylinder. I 

In a medium of infinite electric conduetpity, the change 8J7 in the magnetic 
field, as we follow the motion, is given by f 


8J7 = curl (8rx^4*(8^- grad)F 


(7) 


Since H is in the z-direction and 8r is radial, the only non-vanishing component 
of Si? is 


SP. = -l|.(Fr8r)+8r.^ 


r dr 


irh) 


and 


H.m ^ 

-S 


rp - IP d, ^ . 


Substituting from (9) in (6), we get 
8P 

which on substitution in (6) yields 

d* - 1 d ryp„ d , s s 

W^--p nT"- 57 s'' *'>J +-W *'• 

With the help of equations (3) and (4), it reduces to 


( 8 ) 

(9) 

( 10 ) 




or since m « rrr^p 


(g_4^,)s. = I|[l{rP+f(2-r)}i;(,Sr)] .. 

The gravitational pressure, at a distance r from the axis, is given by 


»R 

- P- 

" f 


2Gm 


dr = wQpHm-rt) 


( 11 ) 


( 12 ) 
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If we assume that all the physical variables vary with time as then 
equation (11), with the help of equation (12), will reduce to 

(a,2+4^(?/,)Sr = - [{y,rO/>2(122-r*)+g (2-Y) } 1 (r Sr)] . . (13) 


For convenience, we put 


A = 


1 

y 





and introduce new variables 


B' B 


•• (14) 

.. (15) 


The differential equation (13) takes the form 


Let us define a function 4) sTich that 

dx 




(16) 

(17) 


then the equation (16), on integration, gives 

„S, 

The constant of integration is zero, because 

d<2> 

at a; = 0, ^ = 0 (19) 

The equation (18) is independent of the manner of variation of H. 


3. Exprbssiok of SH in tbbhs of x and 'P 


Using the substitutions (16), the equation (8) can be written as: — 


81?. 




( 20 ) 


4. Chabaotbbistio Valitbs fob thb Maonbtio Fibdd fbofobtionad 

TO THB SQUABB BOOT OF PbESSTTBB 

We assume that the magnetic field is proportional to the square root of pressure, 
such that 

H* - -a*) (21) 

The values of the magnetic field at the centre and sur&ce being given by 

ff as i?o at » “ 0 ; 1? as IT, at a s: 1. 
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/=iH 


Sir^Gp^R^ { +(^0 } 


== G+JS{l~a:2) 


where 


STt^Gpm 

Sn^Gp^B^ 


(22) 


Let us assume that the solution of the eqpation (20) is of the series form 


The indicial equation 
gives a = 0, so that 


^ ^ f 

0 zst y 

((7+l+J5)a:%o = 0 
00 

^ = 2 “*** 


.. (23) 


is the solution of equation (20). We obtain the following recurrence formula for 
the coefiScients : — 

r, A 1 

a* (i;+2)*'l+J?+C [ (1+5)J!:*J 




where 


l+B+G 

The coefficients ai, Ua, « 5 » ® 7 i ^re all zero. 

It is clear from the recurrence relation (24), that the series terminates for 

A = (I+jB)!*^ ; i s=s 0, or even 

= 4j2(l+jB), j 8= integer or zero. . . . . (26) 

Normalization of the characteristic values and functions 

If the n-th characteristic function is denoted by then the corresponding 
amplitude tj$^ is given by 

di 

S 

subject to the orthogonality relation 


I 

J 0 


jcdx sst 0 


.. (27) 
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Partially integrating and remembering that A =: 4j*(l+jB) we obtain 




dx = 


1— La;* 


.. ( 28 ) 


since this formula must be valid even if j and h are interchanged, the integrals 
vanish i£ We choose the arbitrary factor in the characteristic functions so 

that we have 


where 


dx as 4:pL 

I * 

= 1 for j 
s= 0 for j^h 


— LA^xdx = 8.* 

l-Lx* 


(29) 


Characteristic functions normalized in this fashion are : 

WL{2~L) 

j _ 1— _ {l-ZLxi)(l-Lx^) 

^ \/2i(4- 14L+20 j[, 2-9/.» V'2//(4-14L+20L*-9i8 / *• 

, l-9£a:H18LV-10£*a^ 


'\/3i(6-61//+200L*-366Z/*+312L‘-100L5 


while the corresponding amplitudes are : 

1 




h — 


VL(2-L) 


{-2Lx) 


1 


:(-8Lir+12£**8) 


\/2i(4-14/v+20i/*-9L8 
(~18Zkc+72LV-60X8a;8) 


V'3i(6-61L+200i.*-366i8+3l2i4-.100i/8)J 


(31) 


6. DlSOtTSSION 

(a) Dependence of period of piihations on the magnetic field. 
From equations (14) and (16), we have 

l/f«2 


v\itOp 


‘) = 


+4 = J. = 4»«(l+S), 


B 


0-l) 


whidi clearly shows that cylinder is stable for radial oscillations. 
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Jf T denotes the period in the presence of the magnetic field, and Tq without 
the magnetic field, then it follows that 


i-j 


y-i 


y(i+5)-i 


(32) 


This relation shows that the time period decreases with magnetic field. The 

T 

Table I and figure 1 exhibit the variation of ^ with B for y s= 1-6. 


Table I > 

The Dependence of Period o^ MagneUc Field 





io| 

1 



B 

00 

0*5 

1*5 

2*0 

T/To 

1*0 

0*6325 


0*4372 




(6) The am/p1Mv£ka of radial fuUaUofM 

In Table III are listed the calculated values of the amplitudes corresponding 
to the following six different models of the magnetic field : — 

Model I. corresponds to the case of zero magnetic 

field. 

Model n. iff, «=0, (1— »*); which corresponds to the case 

‘magnetic field proportional to the square root of pressure inside the cylinder, but 
zero at the surface '. 


Model in. Ht =* Bo '• which corresponds to the case of uniform field. 

Model IV "i ^0 ) 

Mod:i V U« - I \tl f 

Model VI 3 Hs 10 Ho ) 

The Models IV, V, VI correspond to the case 'magnetic field proportional to 
bhe square root of pressure within the cylinder but finite at the surface • 

The values of ^ change linearly wifii x (as shown in figure 2). 
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Table II 


Values of L 



10 

01 

0-01 

0-001 

00 

1-000 

1-0000 

1-000000 

1-00000000 

10 

0-600 

0-9960 

0-999960 

0-99999960 

1*6 

0-400 

0-9940 

0-999940 

0-99999940 

30 

0-260 

0-9926 

0-999926 

0-99999926 


Table III 


The Values of Characteristic Amplitudes 
Mode I (n = 1) 


Model 

H = 0 

o 

II 

H,/Ho = 1 

|g| 

1 

1 

0-6 

0-4 

0-25 








0-00 

0-00 

0-00 

000 

0-00 

HSwTiH 


-0-40 

-0*2309 

-0-20 

-0-1511 


-0-80 

-0-80 

— 0-4619 

-0-40 

-0-3023 

0-60 

-1-20 

-1-20 

— 0-6928 

-0-60 

-0-4535 

0-80 

-1-60 

-1-60 

-0-9238 

-0*80 

-0-6047 

1-0 

-200 

-2-00 

-1-1647 

-1-00 

-0-7559 


Table III — (contd.) 


Model 

H,/Ho = 10-^ 

Ht/fTo - 10-2 



0-994 

0-9926 

0-999950 

O' 999040 

0-9099925 


0-0 

0-0 

0-0 

0-0 

00 

00 


-0-3980 

-0-3976 

-0-3970 

-0-3999 

-0-3999 

-0-3999 


-0-7960 

- 0-7952 

-0-7940 

-0-7999 

-0-7999 

-0-7999 

0-60 

-M940 

- 1-1928 

-1-1910 

-1-1999 

-1-1999 

- 1-1999 

0-80 

-1-6920 

-1-6904 

-1*6880 

-1-6999 

-1-6999 

-1-6998 

1-00 

-1-9900 

-1-9880 

-1-9860 

- 1-9999 

-1-9998 

-1-9998 


Table III — (contd.) 


Model 

H,jHo = 10-® 

Vir 

0-99999960 

0-99999940 

0-99999925 

0-00 

0-0 

0-0 

0-0 

0-20 

-0-3999 

-0-3999 

-0*3999 

0-40 

-0-7999 

-0-7999 

-0-7999 

0-60 

- 1-1999 

-1-1999 

-1*1999 

0-80 

-1-6999 

-1-6999 

-1-6999 

1-00 

-1-9999 

-1*9999 

-1*9999 


2B 
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Table III — (contd,) 
Mode II (n = 2) 


Model 

o 

11 

II 

o 

H./ffo = 1 

X 

1 

1 

0-5i 

0-4 

0-26 

*\ 






mi 

00 

0-0 


0-0 

0-0 


-1 0634 

- 1-0634 

-2-6133 

-2-1824 

-1-3889 

KigiiM 

-1-7197 

-1-7970 

-4-7|98 

-4-0428 

-2-6609 

0-60 

-1-6613 

-1-6613 

-6-«28 

-6-2592 

-3-6591 

0*80 

-0-1810 

-0-1810 1 


-6-6096 

-4-2866 

1*00 

-2-8284 

4-2-8284 

-3-3106 

-4-4721 

-4-4065 


Table III — (eontd,) 


Model 

H,/Ho = 10-1 


X 

0-995 

0-994 

0-992S 

0-999960 

0-999940 

0-999926 









0-0 

0-0 

0-0 

0-0 

0-0 

0-0 


-1-0586 

-1-0576 

-1-0663 

-1-0634 

-1-0634 

-1-0634 

0-40 

-1-7139 

-1-7128 

-1-7113 

-1-7196 

-1-7196 

-1-7196 


- 1-6627 

-1-6630 

-1-6636 

-1-5613 

-1-5611 

-1-6613 


-0-2017 

-0-2058 

-0-2120 

-0-1812 

-0-1812 

-01813 


42-7723 

42-7612 

-f 2-7448 

42-8278 

42-8277 

-f 2-8276 


Tabxje III — {eontd,) 


Model 

H,IHa == 10-® 


0-99999960 

0-99999940 

0-99999925 


0-0 

0-0 

0-0 


- 1-0634 

-1 0634 

- 1-0634 


-1-7196 

- 1-7196 

-1-7196 

0-60 

-1-6612 

-1-6612 

-1-6612 

0-80 

-0-1810 

-0-1810 

-0-1810 

1-00 

42-8284 

42-8284 

■f 2-8283 



























Values of BH[H at the surface {x = 1 ) 
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(c) The amplitude of the magnetic pulsations | 
The equation (20) can be rewritten as 



For TO = 1 

m ^ 4L 
H ~ VH2-L) 

which is independent of x. 

For TO = 2 

!^= _9!L+ I 

H r'*'-v/2i(4-J4L+20L*-9i8)J 

which depends both on x and L. 

hH. 

In Table IV, we give the evaluated values of — for a? = 1 for all the models, 

iz 

whereas in Table V, we calculate HjE^^ and several values of x (only, 

for n 1). Figures (3) and (4) demonstrate the respective nature of variations. 


Table V 


The Amplitude of Magnetic Fulaationn 



X 

0 

H/Ho 

8 fl / H « 

1 

0-2 

- 0-4000 

0-980 

3*919 

2 

0-4 

- 0-8000 

0-916 

3*666 

3 

0-6 

- M 999 

0-800 

3*200 

4 

0-8 

- 1*6999 

0*600 

2-400 

5 

0*9 

- 1*7999 

0-436 

1*744 

6 

10 

- 1*9999 

0*010 

0-040 
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Abstract 


The expression for the amplitudes of the radial adiabatic pulsations and consequent 
magnetic variations of an infinitely conducting, infinite cylinder, subject to a variable axial 
field, are obtained. The numerical calculations of the characteristic amplitudes are carried out 
for six different models of the particular case in which the magnetic field is assumed to 
be proportional to the square root of pressure. Further, the period of pulsation is found to 
decrease with the magnetic field. 
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ON THE RADIAL ADIABATIC PULSATIONS OF AN INFINITE CYLINDER 
m THE PRESENCE OP MAGNETIC FIELD PARALLEL TO ITS 

AXIS— II 


by K. P. Chopra, Department of Physics, University of Delhi, Delhi 
(Oommiinicated by D. S. Kothari, F.N.I.) 

{Beceived June 20; read August 5, 1955) 


1. Intbodttotion 


S. Chandrasekhar and E. Fermi (1953) deduced the general equations govern- 
ing the radial adiabatic pulsations of an infinite cylinder of compressible medium 
of infinite conductivity under its own gravity, with a constant magnetic field parallel 
to its axis. They obtained an integral formula for the period of pulsations, viz. 


-r- 

J 0 


r*dTO = 4{(y-l)-Mll} 


( 1 ) 


where 

to = frequency of pulsations. 

V = Cp[C, (the ratio of the specific heats at constant pressure and at con- 
stant volume). 

r radial distance from the axis. 

m = wr*p (mass per unit length of the cylinder, interior to r). 

M = Mass per unit length of the cylinder. 

M ss total magnetic energy. 

U = heat energy. 

E. Lytkens (1954) obtained the explicit solutions of the pulsation equation for the 
case where there is prevalent a magnetic field proportional to the square root of 
pressure, and vanisMng at the surface. K. P. Chopra and S. P. Talwar (1955) 
have shown in a recent note, hereinafter called Paper I, that the amplitude 

( 2 ) 

^ = 8r/B ; x = rjB 

^ Sv^Op^B* \y / 
holds in general for any field. The corresponding equation in terms of the 
oharaoteristio functions ^ ^defined by ^ s is 

(8) 


equation, viz. 

where 

and 


VOL. 21, A, No. 6, 



K. P. OHOPBA : ON THB BADIAL ADIABATIO PULSATIONS OP AN INPINITB CYLINDBB 315 


They further obtained the explicit solutions of the pulsation equation in the 
special case where the variation of the magnetic field with distance from the axis is 
given by 


(4) 


where H, = field at the sur&oe of the cylinder (i.e. at a; = 1), 

Ha = field along the axis of the cylinder (i.e. at x — 0). 

The mechanical and magnetic pulsations occur in phase (on account of infinite 
conductivity) with a frequency oj given by 




The frequency parameter A can take up tl^ values 


where 


^=4i*(l+5); i = |.2,3, 

Jt> s= 


8i,*6piSi • 


(6) 

( 6 ) 

( 7 ) 


The characteristic functions <f) ’s and their amplitudes Jt *s satisfy the normality 
and orthogonality relations. 


[ 


1 • 




1-x^+f 


xdx = 8,] 


where ijk is the Kronecker delta, satisfying the properties 

8j*=l forjssik) 

8,* = 0 (oT j^k.) 

The characteristic functions normalized in this way are: 

, 1-Lx^ 

^ VM2-L) 

j (1-L!>^)(]-Ux^) 

* V2i/(4- 14L+20/.,2_9jr,3) 

, ^ (1 ~Lx^)a -8Lx^+ 

® \/3i(6-61L+206/>2-366I/8+312i*-100L6), 

with their characteristic amplitudes. 


.. ( 8 ) 


• (9) 


.. ( 10 ) 


wh»e 


, -2Lx 

, ~8Xa;+12Z,»a;« 

V2i(4- 14L +20L*-9L®) 

- 18Xa;+72£«ic»~602/»xS 

“ V'3i(6-61i/+200L*-366L*+312i/*-100I/6) ; 


L 


1+B 

1+B+C 


.. ( 11 ) 


.. ( 12 ) 
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2. Fobmulation op thb Pboblbm 


In this note, called Paper II, I will make use of the well-known Rietz method 
of evaluating Eigen- values in calculating the higher approximations to the oharac- 
teristic function A, and the contributory influence of the other modes corresponding 
to the values of j = 1, 2, 3, 

In general, it is reasonable to put 

0 as . • • • • • • • • • (13) 


where 02, 03, . . . , a* are constants, to be chosen suitably. The expression 
(13) gives a very good approximation to the characteristic functions. The corres- 
ponding expression for the amplitudes is 

W as + ^202+^803+ • • • • • • • • • • (14) 

Let xW = X* • • • • • * • * • • • • • • (1^) 

Then we can write (2) in the form : 




(16) 


while the characteristic functions of this equation are given by 

X = Oia^i+a2a;^2+®83^3+ .... . . . , (17) 


3. The Chakactebistio Function A 
Let us form the quotient. 


A = - 


J n 


f 

w n 


(18) 


:X*dx 


duj 


Substituting for x from (17) and difEerentiating with respect to we get 

d d ^ 

BS - - — 

2 2 “ aw *** 

kmml^ 0 

If is to be minimum, then this expression should vanish. 

Since 0*s are normalized and orthogonal, equation (19) reduces to 

AOi+lC'^^ a* £ (#y)} I ^ 

n ^ 


( 19 ) 


( 20 ) 
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On replacing ^ by the derivative of ^ we have 

With the help of the equation (3), the second and the third terms in (21) can 
be reduced to : 

= -2o2».'i‘^+m45]f ' 

A=1 I 

(provided C <. B) 


so that (21) can be written as : 


{A-mi+B)}a^-2C 2 wl 

^ X mil 

In Table I are given the values of the two terms within the parenthesis of the 
second term in (22) 


Table I 
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Substituting the oonesponding values from Table I (for j » 1, 2, 3 ; i es 1, 2, 3) 
in the equation (21) we get the following linear homogeneous equations for the 
ooefSicientB Ui, : — 

For j = 1 

{A -4(l+5-2C?)}oi-20V'2C'a2+40‘v/3Ca8 = 0 \ 

For j = 2 I 

-20V2C’oi + U-16(l+B-4C)}a2-52\/^O8*0 ^ .. (23) 

For J = 3 

40\/3(7oi-62'\/6C'«2+ -S6(l+B-60)}(h =» 0 j 

If only the first charaoteristio function was retained 

= 4(1+J5-2<7) 

If only the second characteristic function was retained 

Ai = 16(1+5-40). 

If only the third characteristic function was retained 

Ai = 36(1+5-60). 

The exact values of Ai, A 2 , A 3 (when the infiuence of the other two is also taken 
into account) are obtained by solving the determinant: 

^-4(1+5-20) -20\/^ 40\/3O 

-20\/20 4-16(1+5-40) -62\/60 =0... (26) 

40\/3C? -62\/60 4-36(1+5-60) 

On expansion the determinant yields a cubic in A 

48-(a+P+y)4*+ { (a/S+/3y+ya)-218240®}4- 

-{a)»y-32(607«+160)3+26y+166000)0*} =0 .. (26) 

where a = 4(1+5—20) | 

/3= 16(1+5-40) > (27) 

y = 36(1 +5-60) j 

Let the roots of (26) be a', j3', y', such that 

a' = a+ejl 

i8'=)S+e2> (28) 

y' = Y+*z) 

where ex, e^, cs remain to be determined. But a cubic whose roots are a', /S', y' is 

4»-(a'+i3'+y')42+(a'/8'+/S'y'+y'a')4-a'/8'y' = 0 (29) 

Comparison of (26) and (29) yields, with tilie help of (23) and (24), 



*1 

*2 

*8 


= -217 


G* 

1 +5 


= -744 


0 * 

1+5 


= 961 


O* 

1+5 



.. ( 30 ) 
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Thus the exact values of the characteristic functions are : 


4(1+5-20-64^-^) 

Ai = 16 ( 1 +5-40-46-6 j^) 
^8 = 36 ( 1 +5-60+27 ^) 


.. (31) 


In Table II are given the values of Ai, Ai and Ag for two different models: 
( 1) C/B « 10-2 ; (2) 0/B = 10-^. I 


Tablb 11 I 
Characteristic FuncMona 



CjB 

= 10-* 


B 


A, 


0-20 

4-7832 

19-0695 

42-7712 

0-40 

6-5656 

22-1366 

49-6470 

0-60 

6-3471 

25-1992 

66-3268 

0*80 

7*1282 

28-2616 

63-1066 

1-00 

7*9091 

31-3228 

69-8886 

1-20 

8-7898 

34-3833 

74-0796 

1-40 

9-4702 

37-4432 

83-4553 

1-60 

10-2506 

40-5027 

90-2397 

1-80 

11-0308 

43-6617 

97-0246 

2-00 

11-8110 

46-6208 i 

103-8096 

2-20 

12-6908 

49-6784 

110-2996 

2-40 

13-4712 

62-7379 

117-3806 

2-60 

14-1612 

56-7963 

124-1666 

2-80 

14-9312 

59-8545 

130-9626 

3-00 

16-7111 

61-9126 

137-7387 



4-7991 

6-6972 

6- 3946 

7- 1916 

7- 9883 

8- 7848 

9- 4821 

10- 2783 

11- 0744 

11- 8704 

12- 3680 

13- 4622 

14- 1661 
14-9649 
16-7607 


19-1962 

22-3889 

26*5794 

28-7684 

31*9664 

36-1436 

38-3302 

41*6266 

44-7122 

47-8880 

61-0723 

64-2686 

67-4636 

60-6286 

63-8134 


43*1966 

60-3913 

67*6870 

64-7827 

71-9784 

79-1740 

86-3697 

93-5664 

100-7261 

107-9568 

116-1624 

122-3481 

129-6438 

136-7396 

143-9362 


Substituting the values of A from (31) in (23) we obtain, for C, sufficiently less 
than 5, the values of ratios of coefficients: — 

For the first characteristic function : 


^ -2 367 


G Ug 

1+5’ oi 


^ - 2166 


C 

1+5’ 


For the second characteristic function: 


^ = 2-367 


G 

1+5’ 


'l+5‘ 


For the third chaiaoteristio function: 


^ =» 6-368 


?l«_ 2 - 166 r^. 

1+B ag 1+B 
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In Table III the calculated values of the ratios of coefficients for the three 
characteristio functions are given. 


Tabus III 


B 

First Charaoteriatic 
Function 

Second Characteristic 
Function 

Third Characteristic 
Function 


o,/o, 

«s/«l 



oj/oa 

a«/»8 


-0*0039 


■M 

-0*0103 

0-0106 

HilH 


-0*0067 



-0*0177 

0*0181 



-0*0088 

0*0081 

0-0088 

-0-0232 

0-0238 


■ 3:11 

-0*0104 

0*0096 

0*0104 

-0*0276 

0*0282 


1-00 

-0*0117 

0*0108 

0*0117 

-0*0310 

0-0318 


1-20 


0*0118 

0*0128 

-0*0338 

0*0347 


1-40 


0*0126 

0*0137 

-0*0362 

0*0371 


1-60 

-0*0145 

0-0133 

0*0145 

-0*0382 

0-0391 


1-80 

-0*0161 

0*0139 

0*0151 

-0*0399 

0*0409 



-0*0157 

0*0144 

0*0157 

-0*0414 

0*0424 


2-20 

-0-0163 

0*0150 

0*0163 

-0*0430 

0*0441 


2*40 

-0*0166 

0-0162 

0*0166 

-0*0438 

0*0449 



-0*0170 

0*0156 

0-0170 

-0*0448 

0*0459 



-0*0173 

0*0159 

0*0173 

-0*0467 

0*0469 

-0*0173 


-0*0176 

0*0162 

0*0176 

-0*0466 

0*0477 

-0*0176 
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Abstract 

The radial adiabatic pulsations of an infinite cylinder with a prevalent magnetic field had 
already been considered in a previous paper. In this note the higher approximations to the 
characteristic functions and the contributions of other modes are dealt with. 
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INTERNAL BALLISTICS FOR COMPOSITE CHARGE 
by S. P. Aogaswxl, Defence Science Laboratory, New Delhi 

(Communicated by R. S. Varma, F.N.I.) 

{' 

(Deceived May 21 ; read August 5, 1955) 

j 

1. lUTEODTTOTit)!! 

The problem of composite charge, which coKdsts of a mixture of grains of two 
or more nominal sizes with the same or different composition, has been discussed by 
Comer (1950), Hunt, Hinds and Clemmow (1951| and Venkatesan and Patni (1953). 

The general problem of composite charge as it stands is quite a difficult one. 
Comer, Hunt, Hinds and Clemmow obtained as approximate solution by reducing 
the problem of composite charge to a single eqraivalent charge with adjusted para- 
meters. Venkatesan and Patni have given a Ibreot treatment to the problem on 
the following assumptions 

(i) Vj as Vg as y, i.e. the ratio of the two ^cifio heats for the two propellants 

is the same ; 

(ii) the co-volume of the gases equals the specific volume of each propellant ; 

and 

(iii) a linear law of burning has been assumed, i.e. r = /9p. 

In this paper the author has dealt with the problem of composite charge under 
less restricted conditions and the effect of different gammas for the two propellants 
on the ballistics of the gun have been discussed. 


2 . Basic Equations 

There are four basic equations of internal ballistics. 

(i) Energy equation : 

Total energy given out by the two propellants is 

vi-i y*-! ' 

Thermal energy of the propellant gases is given by 

JofTCiZi "t" J 

We have equation of state as 

p{V—b) = nRT, 

where b is the weighted mean of the two oo- volumes, and 

niCiZi+nzC^Z^ 

“ CiZi+GzZi ’ 

and ttf being the number of gram-moleoules per gram of the two propellant ^ises 
ro^otively. 
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Also we know that 


1 =* 


With the help of these equations, the thermal energy is written as 


JaTCiZi+JaTCiZi 


p(F-S) (C.Z,+0,Z.) 




Energy of the shot, taking into account the frictional and rotational energy, 
and kinetic energy of the propellant gases, is given by 

where = 1-06 JF+ i(C'i+ C's)* 

Hence the energy equation becomes 

w , w. 


FjCiZi FiG,Z, ^ - \V^-l 

^ 8 “^ {niGiZi^n^C^Zf) 


+Jwi»2. 


(GiZi-\-0^^)V ®= Kq-^-Ax- 


Oi(l-Zi) Otil-Z^) 


(V-b)(CtZt+G^Z^) = Ko+Ax- _ MpM -b(GiZ^+C^Zi) 




Neglecting co-volume correction we get 

(V-^b){GiZi+GiZ2)^A(l+x), 

where A?«=No~^ — 

®1 ®2 

Therefore the energy equation in the final form is 

An(1J.r\ I niOt^s \ 

FiOiZi FtlOtZa _ ^ \ ^ / 

yi~l y,-! {niOiZi+niOiZf) 




where k 


n-1 




(ii) Dynamical equation is 


dv . 
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(iii) Form functions are given by 


= (1— /j)(l+Si/i) .. 

. . (3a) 

= (i-Mi+flsM 

. . (36) 

are 


dfi 

•• •• 

. . . . (4a) 

= •• •• 

.. (46) 

Si, Vi refer t<| first charge and C 2 , 

^ 2> Di, 02, 


3. Solution of the ^Iquations 
Eliminating p from (2) and (4a) and integrating we gc^t 


^ 57 1- constant, 

^Wi 


where p' 


Applying initial conditions that at 

a: = 0, V = 0,/i =/,o and Zi = Zio, 

we get 



Similarly from (2) and (4ft) and applying initial conditions 
X = 0, t’ = 0, /2 «/20 and Z 2 = ^201 

we get 

•• •• 

where /S* - 

U 2 

Prom (3a) and (6a) we obtain 

Qf.j, 

Zi = - 210 +^' v{l-ei+20ifio)- 01^. 
Similarly from (36) and (66) we have 

0*2 2 

, p y) 

Z% = ^20+ »(1— ^ 2 + 2 ^ 8 / 20 ) — ^2*** 

Putting $ SB 1+ j. equation (2) becomes 

Wi dv 




( 7 ) 
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Substituting the values of Zi and Zg from (6a) and (66) respectively in (la) 
and then putting the value of p from (7), we obtain, after simplification, 




Ki(ai—v)(bi+v)v dv 


where 


( 1 ) 


( KKi(a—v)(h-\-v)(az—v){P2-\rv) 

,, Yi-l 

K = »!+ ® 2 +~ 2 “ 

1 (I-O2+2O2/20)] 

-i 


( 8 ) 


ah 


1 ri^iC'iZio + A'i^2^2^2ol 


- JL r 

K ; 


Wi 


Ki 


lcn,G/^wl 
^2 






( 2 ) 


I ai -61 = {i-e»+ 20 tfio)] 


^ \niGiZio-\-hniGzZz(A 
^2 = Ti ‘'iH r;: ''2 




/I* 


and ( 3 ) < a-gi+ 20 i/,o)+-- ’‘- ; |^ - - ^ (1-02+2^2/20) 


®2^2 — "i?* [Wl C^1^10+ **2^2^201- 

Ji-i 


Breaking the R.H.S. of equation (8) into partial fractions, we get 

A Ai B^ Gt Dr 

^ ^ a-v^bA-v^a^—v'^bi+v’ 

, , KKi 

where A, =» —=— 

F-i 

^ g(ai-o)(fci+o) 

^ (h+ 0 )(® 2 — ®)(^ 2 +®) 

5 6(®i+6)(6-fti) 

^ (®+ 6 )(® 2 + 6 )( 62 — 6 ) 

C ^ ® 2 (®l-® 2 )(ftl+® 2 ) 

^ (a— aj)(6+®2)(®2+&2) 

7) — f>i(fl\+bi){bt—bi) 

^ ~ {a+bi){b-bi){ai+b2y 

Integrating equation ( 9 ) we get 

Ai log ^ [—A log (a— e)+JB log {b+v)—G log (o,— ») 

+D log {62 +»)]+ constant. 
3B 


( 9 ) 


.. (10) 
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Initially f = 1, i; = 0, so we get 


Therefore 



‘ ‘1 

LV-t;/ \ b I 

\02-V/ \ *2 / J 


1/Ai 


This equation expresses shot-travel as a function of ». 
Prom equations (8) and (7) we get | 

_ \yw\ (a—v)(b+v){c%—v){bi+v) 


P = 


Al 


l(«i- 


i+») 


(lOo) 


(11) 


This equation gives pressure as a function if v being a function of v). 

These equations are valid so long as both tie propellants are burning. 

There are three possible ways of burning of the two charges : 

(!) Charge Ci bums out first and char^ continues to bum till all-bumt 
position. The condition for this 21 /3'/2o > P’/io- 
(ii) Charge bums out first and char^ Ci continues to bum till all-bumt 
position. The condition for this hi p'fzo < PVio- 
(iii) Charges Gi and bum out at the same time. 


Hence two cases arise : 

Case I. Both the propellants bum out simultaneously. 
Case II. The two propellants bum out at different times. 


Gaae 1. Simultaneous burning of the two propellants. 

For this case all the equations up to (11) hold good. 
The velocity at ‘ all-bumt ’ is given by 


»* 




(where suffix 2 denotes the all-bumt position). 
The shot-travel is given by equation (10a) as 


\i “ )" 

1 / 6 +V 2 \^ 

02 


[\a— V2/ 

\ h / 

W — V2/ 

1 bz / J 


and the pressure is given by ** 

AiWi (a—Vz)(b+Vt)(<H—Vi){l>i+Ve) 
Al f2{ai-»8)(*'i+»s) 


At ‘ all-bumt ’ position equation (la) becomes 




Ap(]L-tr^)(uiCi-^lcnfp^ 

(wiCid-TiaC'g) 


Vi-l 

2 




With the help of equation (7) this can be written as 

f.vdv ( niCi+lPntG^ _ F ^G^ kF 2 C 2 _ ^ 

s ^ ^ niGi+UfPz I Wi Wi 2 


.. ( 12 ) 

.. (13) 

.. (14) 

.. (16) 

.. (16a) 
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where L 


2 \FrG^ 

Vi-lL wi 


• /wiCi+AW 2^2\ yi ~^ rr 

\ niCi+ntPj 2 '■ 

ifcJ’aCal 


^ 2 vdv ^ d( _t. ^ (»iC'i+»2^'2)(yi“l) 

Therefore = A* j. where Az 


Integrating this we get 


Initially 


Therefore 


-log [Z/— »*] = A* log l-l-oonstant. 


v = Vz and f = fg. 


The pressure is given by 


(i^*- = [izSl 

\(J 


XzWi (Z/— V*) 


Let Vs and denote the values at the muzzle; then the muzzle velocity is 
given by 


Hence 


w [L-viy 


Case II. Non-simuUaneous burning of the two propellants. 

Let us suppose for the sake of definiteness that charge Ci burns out first. 
We will have to deal this under two headings : 

(i) When only Cg is burning and Gi is burnt out. 

(ii) When Og is also burnt out. 

Part (i) ; In this case equation (la) becomes 

which can be written as 

. dv {n^Ci+hniC^^ __ FiGi kF^OiZz yi— 1 « 

^ di (ttiOi+nsOs^*) ” u>i u>i “ 2 ' 


This can be put as 


' f (a'-e)(6'.l.e)(a;-.e)(6;+e)’ 
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where As =* — 


_ Yi-l . , 

K - — + 22 


' 1 [kF^C^' 

a-b 

_ 1 fJ-iOi 
f fcngCgjS’X 


jPlC?i 2 ^ 2-^20 
t<;i w?i 


( 1 — ^2 + 2^2/20) j 

F 2 ^ 2 -^ 2 o 1 ;; 

w^i J ; 


- ] 
^ ^Wi( 7 i+A;rt 2 ( 72 -Z 2 oj 

-^1 ‘‘ 


1 ^ 2 = 21 ‘'2 

and ( 3 ) ' “ 2"*2 = ^' (l-» 2 + 2 « 2 / 20 )j 

® 2^2 “ {niCx+n^CzZio}. 

> *2 

Putting R.H.S. of equation ( 21 ) into partial fractions, we get 

,31 = 41 +^ + ^+^. .. .. ( 22 ) 

f a —V ® +*’ <* 2 — f 63 +® 

a'(a'— a)(6|+a ) 

“ (^a;-a)( 6 ;+«') 

5'K+6')(^)_ 

^ (o'+6X«2+^ )(^2“^ ) 

a^(a^-a 2 )(&i+«D 
^ ~ (a'— a 2 )(*>'+®^(® 2 +^ 2 ) 

6 ;K+t>;)( 6 ;-&;) 

^ (a'+ 6 ;)( 6 '-&;)(« 2 + 6 D 

Integrating equation ( 22 ) and applying initial conditions. f-fs. 1 . we get 

which gives diot-travel fts a function of v. 



328 


S. r. AQOABWAI.: nnCBlBNAI. BAIXI8TIOS VOS. OOMPOSITlt OHABQE 


From equation (2(te) pressure becomes 

Al ^(a[ -v)(b\ +») 
Part (it) : In this case equation (la) reduces to 

As in Case I it can be written as 

2vdv 


-A ^ 


where A 2 = 


{fiiCi + 2) (Vi — 1 ) 


(niCi+kn^C^ 

Integrating and applying initial conditions, v = t? 2 , f == ? 2 > 

.. 2 I 


\U L-»2 


The pressure is given by 


P 


X 2 W 1 {L-v^) 
2Al ( 


and the muzzle velocity by 




where ^2 is obtained by putting V 2 in (23), and 

^2 ~ D# — /20* 
p Wi •' 


.. ( 24 ) 

.. (26) 

.. (26a) 


(26) 


(27) 


4. Maximum Pressure 

In the following cases the maximum pressure can occur : — 

Case (a) both tjie charges are burning ; 

Case (6) Cj is burnt out and G 2 is burning ; and 
Case (c) at the position of * all-burnt \ 

Case (a). Prom equation (11) we get 

« - ^ (a-P)( 6 +p)(g 2 -t>)( 62 +t>) 

Al ^(uj-t;)(6i+e) (28) 

For maximum pi'essure dp =< 0. Therefore differentiating (28) and simplify* 
ing we get the equation giving the value of v at maximum pressure as 

— — L_4,__L_ _ 2g 
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Putting yi «= y2 = y as a first approximation, we get 

K(a-b) 

, 2Z+1 ’ 


.. (30) 


where i = 1. This is the first approximation to the value of v. 

Now from Newton-Raphson’s method of iterative process we get the (w+1)*^ 
approximation as 

*^(«i+i) — ^(«) ** ’* *' ** 

where V{„) is the solution to the w-th approximation. 

Let 

V = m \ (32) 

V 

be the second approximation to the value of v. ) 

Therefore the maximum pressure is | 

« _ [«-»>(2)][^+»(2)][aif-«(2)P2+%)] /«ov 

Al ^(o.,k-®(2)Pl+»(2)] ^ ’ 

where ^(2) is obtained from equation (10a) by piiiring v = V( 2 )- 
Therefore 

- li^r i^r‘ 

For the occurrence of maximum pressure in this case, the conditions are 

/ii > 0 and fzi > 0. 

With the help of (5a) and (66), these become 

/j0> ^(2/ 

^ jS'Wi 

and 720 > ’'(2)- 


Case (b). Prom equation (24) we get 

_ ^ (a-v)(b'+v)(az-v)(ps+v) 

For maximum pressure dp « 0. Therefore differentiating (36) and simplifying 
we get 

1 I i (36) 

As done before, putting yi = y, =» y as a first approximation, we. get 

_ Ki{a'—b') /31JX 

2Z1+I ' 

where 4 « !*• 

As indicated before here also we apply Newton-Raphson’s iterative process 
and get the desired second approximation. 
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where 


Therefore the mazimiun pressure is 


( 38 ) 


C — e y O'' — *>2,1 \ S + *>(2) \ f “s'" *^2,1 \ r ^2 + *^( 2) \ 

<2) ^^ [■} a'-t;(2) 3 |6'+»2.ij 

of maxiiniim pressure in this case, the conditions are 

n 




' [ ( a -V(2) 3 (^0 ^ V2, 1 ) ( 

For the occurrence of maximum pressure in this case, 

/ii ^ ^ /21 ^ 

Hence 


and 


ho = -J- *'( 2 ) 

/20 > V(2), 

where W( 2 ) is the second approximation in this case, 


P'f20>P7l0- 


In view of this condition, /21 caimot be equal to zero. 

Case (c). In this case two possibilities are there : (i) maximum pressure can 
occur when both the propellants bum out simultaneously and (ii) at the position 
of ‘ all-burnt * when the two propellants burn out at different times. 

(i) This has already been dealt with in case (a), 

(ii) For this case the conditions are 


which reduce to 


fn - 0 and fn - 0 


fio — 


A 


»(«) 





whore V{^) is the value of case (6). 

Hence maximum pressure in this is given by equation (38). 
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Summary 

In this communication the author has dealt the problem of internal ballistics for composite 
charge under less restricted conditions. The propellants having dtSerent gammas (ratio of 
the two specific heats OpjOv) have been considered and a linear rate of burning has been 
assumed. 
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A NOTE ON THE (RELATIVISTIC) STATISTICAL MECHANICS OF AN 
ASSEMBLY IN MASS-MOTION 

by R. K. Pathbia., Department of Physics, Delhi University, Delhi 


(Communicated by D. S. K^hari, F.N.I.) 
{Beceived May 25; read Aiipist 5, 1955) 


The present paper deals with a relativistic Ijtudy of the Statistical Mechanics 
of an ideal gaseous assembly in mass-motion, l^i order to determine the distribution 
appropriate to the laboratory system 8, ^ may proceed by introducing 

the conservation of the net linear momenllam P of the assembly as an 
additional constraint besides the usual constraints of the total number N 
of the particles and the total energy E. It is shown in the first section that the 
distribution law so derived is formally the same as an observer in the rest system 

would obtain without introducing the momentum-conservation (since P = 0 
in )S®) : in fact, the one follows from the other by applying the Lorentz transforma- 
tions for the energy of the particle, the components of its momentum and the tem- 
perature of the assembly. The second section deals with the derivation of the 
equations connecting the macroscopic quantities referring to the two systems of 


co-ordiimtes. 


It is thereby shown that it is the quantities 


P. g(P+pF)| , and not 



, that transform like the components of a four- vector. 


I. The restrictive conditions controlling the distribution with respect to the 
laboratory system are 



Then, the distribution law states that wy, the number of particles possessing an 


energy = c (p*+m*c2)*, where has the components p„, Py and p, as measured in 
8, is givmi by 


n. 



( 2 ) 


where is the number of wave functions or states of the particle with eigenvalue 
ey of the energy. /5 depends upon the type of statistics obeyed by the particle. 

y is the Lagrange’s undetermined multiplier that takes care of the conservation 
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of net momentum P just as a is for the conservation of N. Evidently y, 
whose magnitude y has the dimensions of (momentum) -i, is a vector parallel 
to the only privileged direction, i.e. that of the mass-motion. We take the 

z-axis of otir co-ordinate system in this direction so that if & is the unit vector along 
the z-axis, we have. 

y = yifc, P = Pi and Y.p, — Yp . 

We can, therefore, put the distribution law in the form 


n(p)d^p == p 


-yp,y 


In order to determine y as a function of the macroscopic properties of the 
assembly, we calculate the value of v, the velocity of mass-motion. This will 
obviously be equal to Ug, the z-component of the particle velocity averaged over the 
whole assembly in its equilibrium state. 

Now 


d€ c^.pg 


Hence 


JL ^ 

-« exp —yp^+^ 


JL 

_« exp —Yp^+P 


To simplify the integrals involved in this equation, we make tlie substitutions 


Px^pI’ Py^^Pr Pm = 




SO that 


€^+YI^ .p° 


c®(jj*+j)y+pf)—e® = c^{pf +pf = —m'c* 

dSp as d'^po 

1+YkT.py^ 


sas d^pO 
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The equation (6) thus becomes 


( 10 ) 


Remembering the equation (7) whereby €t is an even function of tlie 
quotient on the right hand side of (10) immediafely turns out to be ykl\ This is, 
therefore, the velocity of the rest system with inspect to the laboratory system aS. 
Consequently the microscopic quantities with th^ superscript 0 occurring in (6) and 
(7) are appropriate to We thus obtain the relation 



Now the distribution law as stated in (2) becomes 




( 12 ) 


For an observer in the rest system, v = 0 and hence the distribution law 
in iS® would be 


zj, 


The same is the distribution law arrived at by conserving N and Eq in the 
rest system. 

Further, in order that the laws of thermodynamics be form-invariant under a 
Lorentz transformation, we have for the transformation of temperature (Tolman, 
1934) 

.. ( 14 ) 

This relation, coupled with the special Lorentz transformations (6), immediately 


€—vp, _ 

kT ~kTo' 


.. (16) 


Thus we see that the distribution function derived in 5 by introducing 
momentum-conservation is formally the same as that derived in ^ without 
conserving the momentum, except for the appropriate Lorentz transformations. 
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2. Let 118 now define certain macroscopic quantities referring to 8^. With 
the help of the distribution function (13), we have 




Zo 


^00 


dSpO 




00 


p - '^0 


kTo/ 




€0. . . 


(16) 


.. (17) 


+P 


Moreover if uO and represent the velocity and the momentum of a particle 
respectively, then by the usual arguments of the kinetic theory, the pressure Po of 
the assembly will be given by (Kothari and Singh, 1942) 


Pa = \ 

PoVo = 


»p^ . n{€^) 
, % 


Fo 




p2 




^ -00 


exp 




( 18 ) 




Having set up the integrals for the ‘proper’ macroscopic quantities N, Eq and 
ToVof we now take up the evaluation of the macroscopic quantities referring to S in 
terms of the ‘proper’ ones. 

From the distribution function (12) and the restrictive conditions (1), one gets 




p=i 

*3 


d^p 


E = 


A* 


exp 

1 

s 

I 1 

+)8 


d^p 


exp 

^ kT \ 

+/3 


d^p 


exp 

' kT \ 

+)8 


. c. 


( 19 ) 


( 20 ) 


( 21 ) 


Bewriting the substitutions (6) and (8) with the help of (11), we have 

V 

'c*' 


P*=‘P% Pv^pI* Pu' 




^+vp° 

7 


i'-tr 


( 6 ') 
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and 


d^p =5 




(‘-S) 

Also as a consequence of the Lorentz contraction 

r=F,(l-gf. 


,2\f •* 


(S') 


( 22 ) 


Using these relations in collaboration with (16), the equations (19), (20) and 
(21) become ; 

/•CO 

Vo 


N: 




d^jfi(l+vp°/e 


expj 




p_Zp 

A8 




d^po{i+vpy^) 


..e«p(-«+^j+^ (l-S) 

** €^+vp^ 


(23) 


(24) 


(26) 


The second part in the integral (23) vanishes and the remaining integral, when 
compared with its equal (16), yields the result 

a =s a®. 

This means that the Lagrange’s multiplier for the conservation of N is an 
invariant under a Lorentz transformation provided that we include the rest energy 
of a particle into €j. Remembering (17) and (18) along with this result, it follows 
from (24) and (26) that 

P = - gp+g® . ^ . r (26) 


cH 




P'o+^PqVq 


H)' 

Further, the transformation equation for pressure, i.e. 


(27) 


coupled with (22) and (27) gives 

E+pV 


P-Po, • • 


P'o'i'PoVo 



.. (28) 
. . (29) 
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From the relations (26) and (27) it follows that the total momentum P and the 
total energy E of the assembly do not transform like the components of a four- vector, 

rather the combination of (26) and (29) suggests that the quantities ^ (i?+jpF)j 

form a four- vector. This is due to the fact that the assembly under consideration 
is not a closed system in that it consists of a thermodynamic fluid contained in a 
vessel imder the influence of the ‘extemar pressure from the walls of the vessel. 

In fact, the very result that |^P, ^ Ej is not a four- vector may, in general, be taken 

as a proof that the system considered is non-closed (Moller, 1952). The transforma- 
tions obtained above from the statistical considerations of the microscopic 
properties of the assembly are well-known transformations in relativistic thermo- 
dynamics and can also be established macroscopically by treating a perfect fluid in 
motion according to the principles of special relativity (Tolman, 1934, and Moller, 
1952): 

It may be mentioned in passing that the treatment of the text involves the 
following limiting cases of general interest: 

(i) IcTq ^ mc2, so that the single-particle energy spectrum may be taken to be 

€<> BB pO . c. 

Evidently a moving ‘Hohlraum’, being an assembly of particles with zero rest- 
mass, suggests itself as an example of this case. 

(ii) kTQ mc^, so that the energy-momentum relation becomes 

eO = 

An ideal gas for which the i)article velocities in 8^ are non-relativistic is an 
example of this case. Further, the velocity of mass-motion may also be either 
relativistic or non-relativistic. 

The application of the general results to these limiting cases is quite straight- 
forward. 

The Statistical Mechanics of a gaseous assembly in rotation is being studied by 
introducing the angular-momentum conservation and will be discussed in sub- 
sequent papers. 

3. It is, indeed, a pleasure to acknowledge my deep gratitude to Prof, D. S. 
Kothari for his kind interest and constant encouragement and to Prof. F. C. Auluck 
for his valuable guidance. 


Summary 

Linear momentum-conservation is applied to cm ideal relativistic gaseous assembly in 
mass-motion. It is ehown that tiie distribution function thus obtained is formally the same as 
one would obtain in the rest, system without conserving the momentum, except for the appro- 
priate Lorentz transformations. The four-vector character of the quantities ^P, ~ (J2^+pF)| is 
thereby established. 
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Note, added in proof : Expressed in terms of inverse hyperbolic functions, the 
equations of transformation, from one inertial system to another, of the macro- 
scopic quantities pertaining to the assembly can be shown to take an interesting 
form.* As is customary in the special relativity, we have two inertial systems S 
and 8' such that the velocity of S" with respect to iS is »i in the direction of one of 
the common axes, say the 2 -axis. Let the rest system /S'® of the gaseous assembly 
have a parallel velocity t >2 in 8*. Its velocity v in /S is then given by 


tanh“i - = tanh~i — -|-taaih”i — . 
c e f c 

From (26) and (29), however, one readily obtains 


tanh~i - = sinh'^w 
c 


So+PoVo ^ A’o+^>oFo 


We can, therefore, write 
Pc 


sinh"i 




= sinh“i 


P^c 




-sinh'i 


P^e 


■®o^■^>oFo 


and 


cosh'i 


E+pV 

■^o+PoFfl 


cosh"i 


A’o+PoFo 


C08h-l|?^^. 

■®o+l>oFo 


In these equations v, P and (E+pV) are the macroscopic quantities of the 
assembly, as observed in <5 ; v^, P 2 and {E^-^-PiY^ are those observed in S' while 
Vif Pi and (^^i+PiFi) arc those observed in 8 for an identical assembly at rest in 
S', i.e. they appear by virtue of the relative motion of the two systems. 


• The corresponding treatment for a single particle will be appearing in an early issue of 
the American Journal of Physics. 


laatied January 16, 1955. 



EFFECT OF CATALYTIC AGENTS ON THE PHASE-TRANSFORMATION 

OF QOTHITE 

by D. B. DASauFTA, Besearch FeBow, N.I.8.I., X-ray DepartmerU, Indian Association 
for the CuUimtion of Science, CcUcutta 32 

(Communicated by K. Banerjee, FJIJ.) 

(Beeeived December 12, 1954 ; after revision June 6; read August 5, 1955) 

INTEODUCTION 

Recently we (1956) have studied the complete phase-transformations of the 
monohydrated iron-oxide minerals, viz. Limonite and Gdthite, during thermal 
treatments. The common faith of the mineralogists that Limonite was amorphous, 
was proved to be baseless by Posnjack and Merwin (1922). We (1952) have also 
shown that Limonite is definitely crystalline. Gothite and Limonite have the 
identical molecular structures but their physical appearances and properties are 
quite different from each other. The complete chemical analysis also gives different 
amounts of iron-oxide and water in different samples of Limonite and Gdthite. But 
their molecular structures being similar, they must have the same molecular formula. 
But so far the earlier workers depended on the chemical analysis alone, they could 
not determine the exact percentage of adsorbed water in Limonite and Gdthite. 
Moreover, the common impurities present in those minerals were Si02, 1^02, 
Mn02, etc. It is likely that these impurities and the adsorbed water enter the pores 
and capillaries of those minerals thereby taking no part in the structural distribution. 
In order to determine the amount of ad^rbed water in those minerals, we had carried 
out differential thermal, thermal mid X-ray analysis of Limonite and Gdthite. It 
was seen that with the rise of temperature both Limonite and Gdthite lost some 
percentage of water, which was definitely due to the expulsion of water from 
the minerals. X-ray analysis showed that though Gdthite and Limonite lost 
a certain percentage of water during heating, the original structure did not 
break down up to a certain temperature, which was different for limonite and 
Gdriiite. The transition temperature for Limonite was 210°C. and for Gdthite it was 
250‘’C. The only explanation for this variation in the transition temperature may 
be the different amounts of adsorbed water and impurities present in the minerals 
and also the different particle sizes of Limonite and Gdthite. But a look at 
Table I would show that the amoimt of adsorbed water and impurities in different 
samples of Limonite and Gdthite are different. 


Table I 

The a^ucA percentage composition of OStkite and Limonite 


Samples 

Fe,0, 

% of impurities 
SiOt 

Water 

CrystaUine 

Adsorbed 

Gdthite (Alabama) 

86*1 

. . 

9*7 

4*0 

Limonite (Alabama) . . 

81*9 

2*78 

9*32 

6*0 

Limonite (Jobbnlpttr) . . 

84*44 

6*78 

9*68 

0*1 


VOIi. 2L A, No. 6. 
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Had the water (adsorbed) been responsible for the variation of transition temperature 
we would get, for different samples of Limonite, different transition temperature* 
But the transition temperature for all samples of Limonite was foimd to be 210®C. 
So we could easily discard the effect of the adsorbed water on the phase-transforma- 
tion of Limonite. Moreover, the different particle sizes and amount of impurities 
in those minerals, may have some catalytic influence on the phase-transformation of 
those minerals. It was for this reason, i.e. to see the role played by the silica on the 
phase-transformation of Gothite, the present wo^ was taken in hand. 

'k 

Experiment^ 

Gothite was crushed to fine powder in an agne mortar. Known weight of silica 
was added to a known weight of powdered Gfthite. This was then heated in a 
furnace at a particular temperature for at l^st twenty-four hours. Different 
samples, having different percentages of silica land Gothite, were thus prepared. 
All these samples were then heated at various t«peratures. Silica was added both 
in amorphous and crystalline forms. X-ray p(wder diffraction photographs of all 
these samples, having different thermal history| were taken in cylindrical camera, 
using Fe X-radiations from a Hadding-tube, rui| at a voltage of 40 kV with a tube 
current of 10 ma. The exposure time of each f^otograph was at least eight hours. 
The following table (Table II) and figures (Plate XV, Pigs. 1 (A) and 1 (B)) will give 
the experimental results. 

Table II 


(A) Effect of amorphous silica on Qdthite 


% of silica added 

Temperature to which 
the mixture was heated 

Structure after 
thermal treatment 

1 

0-6 

230°C. 

Same as G6thite 

(>•6 

235°C. 

Same as Fe208 

1-6 

225°C. 

Same as GSthite 

1-5 

230’'C. 

Same as Fe 203 

2-0 

220^0, 

Same as Fe 203 

2-6 

210^0. 

j 

Same as Fe 203 


(B) Effect of quartz on Gothite 


% of quartz added 

Temperature to which 
the mixture was heated 

Structure after 
thermal treatment 

1-6 

226''C. 

Same as Fe 203 

20 

220'’C. 

Same aa 

2*6 

200*0. 

Same as Gdthite 

2*6 

1 

210°O. 

Same as FegOs 


Discussions 

The main object of the present work was to see whether silica added to Gdthite 
could form any bhemioal compound with GOthite when heated up to high temperatures 
or they simply bdiaved as a catalytic agent so as to hasten the reaction during which 
Gothite was being transformed into Fe20t. That silica could not form any chemical 
compounds with Gdthite is quite evident from the fact that we could not obtain any 
4 
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difiraotion patterns which were quite different either jfrom that of Gothite or of 
Fe 203 . Had it formed any definite chemical compound we could have found a 
different dif&action pattern. 

Moreover, it has been stated earlier that the transition temperature for Gothite 
is 260®C. But we, in the present investigation, have found that this transition can 
be made to take place at lower temperatures by gradually increasing the amount of 
silica added. It is known that the presence of any catalytic agent can cause a 
change in the transition phenomenon. It is likely that in this case the presence of 
silica has a catalytic influence on the phase-transformation of Gothite. But in all 
the pictures we have not found any line or band due to the presence of silica in the 
mixture with Gothite. The cause for this was that the percentage of silica added 
was too small to give any line or band in the diffraction pattern. 

Actually it was found that with the increment of the amount of silica the 
transition temperature changes. With 0*6% of silica the transition temperature 
was found to be shifted from 250°C. to 235°C. (Table III). With 1*5% of silica it 
was230®C., when the transition temperature came down to 210®C. at a concentration 
of 2-5% of silica in the mixture. By increasing the amount of silica, it was found 
not possible to lower down the transition temperature below 210®C. Similar was 
the case when amorphous silica was replaced by crystalline quartz. Thus it was 
seen that the saturation limit to cause any change in the transition temperature of 
Gdthite was reached when the presence of silica in the mixture was 2*5%. 


Table III 

Bragg angles and spacings of the diffraction pattern of the mixture of Qdthite and silica 

(0-6%) heated to 2S5^C. 


Bragg angle 

Intensity 

Spaoings 

Spacings of Fe 203 by Hanwalt, 
Binn and Fravel 

2V6' 

8 

2*698 

2*69 

22HZ' 

a 

2*512 

2*51 

26^5' 

m 

2*207 

2*20 

30°41' 

w 

1*847 

1*84 

34^56' 

m 

1*696 

1*69 

40®56' 

m 

1*452 

1*452 


The spaoingB and Bragg angles of all the other patterns of the mixture of silica and 
Gothite (heat treated) where Gdthite is said to be changed are similar to the above. 


From this study, we can also account for the different type of transformation 
in GdtMte and Limonite, both having the similar molecular structure. Chemical 
analysis of Limonite (Table I) shows that in the Jubbulpur sample, the amount of 
silica present was 6*78% and 2*78% in the Alabama sample. It has been already 
seen that the presence of 2*5% of silica in Gothite was sufficient to change the transi- 
tion temperature to 210®C. Thus it is seen that the amount of silica present in 
Limonite is quite greater than the limiting amount of silica necessary to transform 
Gdthite to Fe208 at 210®C. It is also l^ely that the amount of silica present in 
Limonite is responsible for its different physical properties and appearances from 
those of Gothite, though Limonite has the same structure as that of Gothite. 

In fine, the author wishes to express his sincerest gratitude towards Prof. K. 
Banerjee, D.Sc., F.N.I., and Dr. A. Bose, D.Sc., for their keen interest in the work. 
He is also grateful to the Council of the National Institute of Sciences of India 
for awarding him a research fellowship. 

4B 
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Abstbact 

Dtiring tho phaBe-transformation study of monohydrated iron-oxide minerals, Limomte 
and G^thite, on thermal treatments, it was found that though the two minemls have identical 
structures, the transition temperatures for Limonite and G5thite are quite different. The 
cause for this difference was attributed to the different amounts of impurities present in the 
minerals. In the present investigation the impurities, which were present in Limonite, were added 
to powdered Gdthite by different amounts and their effects on the phase -transformation of 
Gdthite during thermal treatments were studied by X*ray diffraction method. It was found 
thot, with the increasing amount of the impurities added, the transition temperature was also 
lowered. But up to a certain amount of impurities added, the transition temperature came 
down as low as 210°C. from 250°C. in the case of Gflihite. After that further addition of im- 
purities did not cause any change in the transition t^perature. From this study the cause 
for Limomte having a lower transition temperature w||b also well established. 
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ON BALLISTICS OF COMPOSITE CHARGES FOR POWER LAW OP 
BURNING TAKING ACCOUNT OF DIFFERENT GAMMAS 

hy S. P. Aooabwal, Defence Science Laboraiory, New Ddhi 
(Communicated by R. S. Varma, P.NJ.) 

(Received May 21 ; read Angusi 5, 1955) 

1. Intbodttction 

The theory of composite charge for linear rate of burning has been discussed by 
various authors. Comer (1960), Hunt, Hinds and Clemmow (1961) dealt with the 
problem of composite charge for linear rate of burning by reducing the problem to 
a single equivalent charge with adjusted propellant parameters. Venkatesan and 
Patni (1963) gave a direct treatment to the problem on the assumptions that (i) the 
ratio of the two specific heats for the two propellants is equal, i.e. yj = y, = y, (ii) 
the covolume of gases equals the specific volume of each propellant and (iii) a 
linear rate of burning W been assumed. This was extended by the author 
(S. P. Aggarwal) of this paper for diflFerent values of gammas, i.e. relaxing the first 
assumption. Further, the author and A. K. Mehta (1966) gave a direct treatment 
to the problem of composite charge of two tubular propellants for power law of 
burning under the following assumptions : 

(а) y^ as yj xs y for the two propellants, 

(б) index of rate of burning of the two propellants is the same. 

In the present paper the author has dealt with the problem under less restricted 
conditions, i.e., the condition that the ratio of the two specific heats for the two 
propellants is equal has been relaxed, and has assumed different values of 
gammas for the two propellants, Vi and respectively. The index of rate of burn- 
ing of the two propellants has been assumed to be the same. 


2. Fundamsstal Eqxtatioks 


The fundamental equations of internal ballistics for composite charge taking 
different values of V have been deduced by the author and are as follows : — 

(i) Energy equation is 


WiC\Zi . FjCgZj 

Vi-i y*-! 


nsPi,Z^ 

APil+x)\Yi--l yg-l/ 




( 1 ) 


which can be written as 


Ap(l+x)(niCiZi+k njC^Zj) 
(n\C\Zi’^n%C^Z^ 


+ «»!»* . . (lo) 


where ni and are the number of gram moles per gram of the two propellant gases, 

also h and wj = 106W+ i(C?i+£7*). 

y«— 1 
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(ii) Dynamical equation is 


dv 


(iii) Form functions are given by 

= (i-AKi+fii/i) 

Z2 = (1— /2)(1 +®s/2) 

(iv) Bafie of burning equations are 

n o 




where Ci, Fi, ) 5 i, Di, Zi, ni, Yi and 81 ifefer to the first charge and 

^2> fs> ”' 2 > ^2 82 refer to the secoM charge. 

We make the following dimensionless transibrmations 


. ( 2 ) 

(3a) 
. (35) 

• (4a) 

.. (45) 

Ci, Fi, 


!l (Ml) 
8 i \ Al J 


- FlC^pt V Al J 

_ vADi (FiCA 
“ FiCiSi \ Al ) 




{2 = jP 


Mi = 


FiCi^i 

' Al 
^F^C, 

Al 


and Mi -= 

and the equations (1) to (4) reduce to 


>i» {FjC^^ 

\ Al J 

£ 

ihvi \ Al J 


_ kFiCi- , ^{nxGiZi-^kn^iZ^ 

“ ^^^HH^Z^^niCiZi) ^ 2Jfi ’’ • 


= .. .. 

fli^^Miii .. 

Zj s= (1— /i) (l + ®i/i) 

Zs «» (l"”/£) (l+^afs) 


.. (7a) 

.. (75) 
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, ^ r “ 

andij8^ = — Ca* .. 


3. SoLimoN ov Equations 
Dividing equations (6) by (8) we get 


Equations (8) can be written as 


dri2 Tijf Y 


^1 ®= —Cl 
rj 2 = —£2 


a dj 
dfi 

adl 

dU 


Substituting the values of rii and rj 2 from (10) in equations (9) we get 

■■ ■■ 

4(^:1)-^.'.-“ ■■ ■■ 

4. Constant Burning Surpacb with the Covolumb Cobpfioibnt 

The energy equation can be written as 

^ _ r ^ (niCiZi-k-kn2C2Z2\ , ^ 1 — 1„2 

Z,+BZ, = . . 


where 




hF 


FjCi 

For constant burning surface we have 

=0 

and j s 0. 

Therefore form factors reduce to 

Zi =. (1-/,) 

Zi - (1-/2) 

Difibrentiating these equations (13) we get 

d^2 


.. (8a) 
.. ( 86 ) 

.. (9a) 

.. (96) 

.. (10a) 
.. (106) 

.. (11a) 
.. (116) 

NSOLECTBD 

.. ( 12 ) 


.. (13a) 
.. (136) 

.. (14a) 
.. (146) 
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So that equations (11) become 

To find the relation between and Z 2 , we get on dividing (4a) by (46) 

Ml — ^ 2^1 — ifVgav) 

dfi ^ 

Substituting the values of and df^ froH| equations (14) we get 

dZi 1 I 

dZz r I 

dZ^ — Td^j . , . . • • 

Integrating this and applying initial conditions we get 

Zjj = rZi 

With the help of equation (19) energy equation (12) becomes 
7 n i m t f , ’'i-l 2 

z,{i+R) - Ui [■n,c;+^f^a;r ^ ■ 

DifiFerentiating both sides of this equation we get 

dZi (1+J?) = Qi (dJi^+ Wf) + dVh 


.. (16a) 


.. (165) 


where 


^ niGi^Tkfi2C2 


With the help of equation (6a) the above equation reduces to 


QdZi 




dCi^+ 


Vi-l+O 


HidS . . 


where Q = (1+i^) 


where 


QdZi = Qi{dCii+YCid$} 
yi-l+<?i 

Qi 


This further becomes as 


= where = (21) 

This is the energy equation in the final form and which is of the same form 
as deduced in the previous paper (Aggarwal and Mehta). 


(l+ifcf^) intCi+Tn^Ci) 
(niCi + T 1cn%C %) 
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and 


- h" 

*1/ _ j= 


14 


»iC'i4-J’i»2C'jjl 




(niOi4’3’«sC^8) 


(«iCi 4" 2’1^W2C8) 


Now we have to proceed in the same way as in the previous paper with 
modified values of Q and Y, as Q 2 <^nd Y. Making the substitutions, 


and h f 


- 

“ Ui/ 


where we have to choose proper values of m and n, we get 

‘-®© ^ ■ 


and = 

Substituting these values in (I 60 ) and taking n = 

{7- 


. dF 

1 


(22) 

(23) 

(23a) 


2n 


we obtain 


3-2a’ ”* Y-n 


XY 


dY^ iy^n) 
Further making the substitution, Y 
2XZ d^X 2n(? 


P-l)n/dXY , , ,^dX , . 

fTrt (j?) +i(l+«)X^=.|»(V-«) .. (24) 


14 - w. 

n{Y—n) 


Z , the above equation reduces to 


i+« dZ 2 (i+»)(r 


-1) (dXV 
y—n) \dz) 


dZ~^ 


(26) 


This is exactly the same equation as deduced earlier. Hence the problem of 
composite charge for different gammas can now be tackled very simply without 
introducing any difficulty. 

We can solve equation (26) by numerical methods such as Runge Kutta. 

Now we consider two cases. 

Caae i. Finite shot-start pressure. 

(niCi+Tn^G^) 


For this case, Xq — Qz—- 


{niCi-\-Tlcn2Cg) 


„ _n{?-n)Mi ,iin. 
Zo - ■ _ Co 


and the velocity is given as 


Vi 






{ftiC 1 + T fi^C 2 ) 


{fiiC I "{•T 10112(^2) 


[^rwr^ 


dX 


So that ^ is zero initially. 
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Caw II. Zero ^ot-start pressure. 

For this ease Xo » and Zq «= 0. 

The initial value of ^ 

a/i (Jo 


(n^Ci-^-TkniCi) 




{niCi+Tn>^iC^ 


Series solution for equation (26) for zero shot-start pressure is 




^8 2(3d“7i)(y- 


n)Z^ [ 


{(l-w){g+3w)+(y-l)(7-5ro)}Z 

■Z{5+n){Y-n)Ql 


+ (27) 


6. Conditions fob Simultaneous and i'ON-siMULTANEOus Bubnino of 

THE TWO ChAWES 

From (19) condition for simultaneous burning is T = 1 and for non-simultaneous 
burning T < 1 or > 1 according as charge 0] Bums out first or charge bums out 
first. 

SimuUanema burning of the. two charges. 

All the above equations from (1) to (27) are true for T = 1 . In this case 
maximum pressure is given by 

1 Ym. 




'F^c^r ■ 

AWll J 


( l+w)Z max 

n{y—n) 



1+fc 


ftJ 






{niC\+TknzCz) 


(28) 


where Xmax, Zmax, is the solution of 

^_nX y-w X 
dZ ~ YmZ ~ 2 y Z 

which is obtained by differentiating equation (23ffl). 
The shot-travel at all-burnt is 

I w 


-'[JIT-] •• 


(29) 


The velocity as obtained in the previous paper is given by 



■ ahdI ■ 


Yi+itSS' 

^iniCi+Tn^Cs) 

"“■ ADi 

FlC^^Wi 



V{Z). (30) 


where 


2 f Z •]KH-«)r n 1*d~«)dX 
nj [l+»j dZ 

Muzzle velocity is given by 


i(y_i)!L® = 1 - [ . . 

i(y [n(y-»)JlfiJ 


(31) 
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Non-aimuUaneous hwming of the two chargee. 

For the sake of definiteness suppose charge burns out first, the condition for 
which is r < 1. 

For this case, i.e. when charge Ci is burnt out, the equations (1) to (4) reduce to 


ri-i Yi-i 


Ap{l+x) 


( niCi 

Vi-i 


y^—i } 


(niCi+w.2^2^2) 




.. (32) 


dv . 

Zt = {\-h) .. 


D, 




dt 


-/S22>“ 


.. (33) 

.. (34) 
.. (36), 


These become with usual transformations as 

( niCr 

\ k 


kFoC 






— +Z2 5= 




2^^ 2 


(w.i6\ 4* ^£^^2^2) 




d7)2 




z. 


(J-/2) 


dfi, -a 

Energy equation can be written as 


•^1^1 ly J.I r 4 I Yj— 1 2 


(36) 

(37) 

(38) 

(39) 


where k' is the mean value of 




between the points where Ci is burnt 


out and the all-burnt position. Differentiating both sides of this equation and 
using (37) we get 


or 

where 


dZj = k' ydu i+ Cxdf J 



n-i+F 

V 


(40) 


Making the substitutionB 
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we get the usual equation 

2XZ^X 2n'(y'-\) (dXV ^dX _ 
I+n^ dZ^ (l+n')(y'_n') \dZJ ^^dZ~ 

2n' 


(41) 


where 

also 




y = 


l+w' 




n\y'-nX 

Now we have to solve this equation (41),; numerically, as done before, with 
the initial conditions obtained at the point whe^ Cj is burnt out. 
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Summary 


This paper is an extension of the previous paper, 'On Ballistics of Composite Charges for 
Power Law of Burning’, written by the author and A. K. Mehta. In this the author deals with 
the problem of internal ballistics for composite charges for power law of burning by considering 
different values of gammas, Vj and Vj, for the two propellants respectively. 
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INTERNAL BALLISTICS OP H/L GUN USING PROPELLANT OP ANY 

SHAPE 


by S. P. Aqoabwal, Deferux Science Laboratory , New Delhi 
(Communicated by R. S. Varma, P.N.I.) 

{Received March SO ; read May 27, 1955) 

1 . Inteodtjotiok 

In World War II the German engineers made a notable contribution in the 
field of low pressure guns by closing the front of the cartridge case with plate having 
one or many nozzles usually in the form of holes. Suitably choosing the nozzle 
area the chamber pressure was kept considerably high while the projectile suffered 
a low pressure in the bore. Thus the ignition properties and regularities were 
improved without increasing the barrel length. The reduction of the volume of the 
cartridge case, thus achieved, was a decided advantage, 

A simple theory of the internal ballistics of the high and low pressure gun for 
tubular (0 *= 0) propellant has been given by Comer, In this communication the 
author has presented a generalization of Comer’s theory for a propellant of any 
shape, i,e,, for any value of $. 

2, Notatioks and assumfhons 
Pig, 1 illustrates an idealized model of the gun. 


BREeCM 


SMCf 

Fio. 1. 

W = the projectile weight. 

C = the charge weight. 

K the volume of the first chamber containing the charge. 

Kq aa the volume of the second chamber. 

8 as the area of the venturi or nozzles connecting the two chambers. 
A ■> the bore area. 

P as the pressure in the main chamber taken to be uniform. 



TOL. SI, A, No. S. 
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p as the pressure in the second chamber and the bore, 
i; » the shot velocity. 

X = the shot travel. 

CZ = amount of propellant burnt up to time L 

CN =5 amount of gas in the jSrst chamber at the instant t 

In this treatment the usual isothermal assumption has been made and the 
mean force constant is denoted by A . The approximation is valid in both the 
chambers and bore and we may neglect small regions near the venturi where the 
approximation is not valid. c 

The initial resistance to the motion of the s|iot can be accounted by adjusting 
the rate of burning constant fii . The pressure!^ at inlet and exit of the nozzle are 
P and p as near as matters. 


1-26 the condition reduces to 


If p/p < 


then the rate of flow is determined by P alone. For 


p/p < 0 555i 


ilfSP 

then the rate of flow is given by whore i/t is the numerical factor which is a 

function of y but lies within 1% of 0*66 for all service propellants. A reasonable 
correction for friction and heat losses in the nozzle make ^ about 0-63. 

If p/p is greater tlian the limit mentioned above, the rate of flow for y = 1-25 
is given by 


(f)(r[- 


m 


where x = 3* 162 when heat and friction losses are not accounted. If this is done 
X s= 3*00. 

Further two valid simplifying assumptions have been made, 

(i) p/p < 0-555 
throughout, and 

(ii) no unburnt cordite passes the nozzles. 


3. Basic Equations up to all-burnt 
The equation of state for the gas in the first chamber is 

P ^K- ^CNX (1) 

and for the gas in the second chamber is 

p [Ko+Ax-C(Z-N)b] = CX{Z-N) (2) 

Neglecting the conventional Lagrange’s correction, which is indeed very small, 
the d 3 niamical equation becomes 

(3) 

where Wi= Wi+^C, Wi being the effective mass of the shot, allowing for 
friction. 
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The rate of btiming is given by 

The nozzle flow equation is 

dt dt C^/X 
The form function is given by 

Z =(!-/) (1 + P/) 


(4) 

(6) 

( 6 ) 


4. Solution op the Equations 


Equation (6) gives 


(g-l) ± V(g+1)8- Z 


, Now /being a positive fraction (fraction of web remaining) we have only the 
positive sign. 

Therefore . —..A ==^ (8) 

dt y/{e+l)^-4=$Zdt 

From (4), (6) and (8) we get 

^8D 1 ^ 

dt dt /3C;VA'\/(^+1)*-4^Z«« 

Integrating this equation we get 

„ ^ , tjtSD v'(e+i)*“4ez , , , 

" “ — rt — 

By initial condition, Z = 0, N = 0, we get 

.r >f>SD (V{0+i)^-4ez {6+1)1 


Nm>Z+ 


z+w 


»/>SD f V(g+l)^-4gZ _ (g+l) ! 
fiCy/X [28 28 ] 

i' V(8+l)«-48Z (8+1)7 

I 28 28 j 


where V * 5 


/9CVA 


The dimensionless parameter V plays an important part in the ballistics of 
H/L guns as it does in that of RCL guns. 

Substituting the value of (Z^N) from (10) into (1) we get 


[z+^[ 


V(8+1)8-48Z 84-1' 


C(l-Z) 

8 


|z+?p 


(04.1)8-40^ ^4.1 


)}] 
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or 


P = 


cx 



K-~ -Cb ^Z+V 1 

(\/(e+i)^-4ez 

20 

3 + 1 ) 
23 j 

l|] 


From (4), (8) and (12) we get 




(12) 


^/{0+l)<i-4:0Z dt D 


CX 

„ . W'i6+l)^-46Z 6+}} 

L ( " 23 23 jj 


^cb |z|-«p 1 

l''V/(3+l)2— 43Z 

26 

3+1) 
23 J 

']] 


PutZ 


' _ £±i «. ■\/(^+l)^-4gZ 


26 26 


(14) 


Therefore 


dZ 


dt dt 

From (14) we get 

\z'- ?±ir = 

L 26 J 4tf2 4^2 ' 
On simplification this gives 

Zs= -6Z'^+{6+l)Z' 

Substituting these values in (13) we get 


d^^C^ 
dt D 


[- 0Z'^+(0+\)Z'-'PZ''\ 


- 0Z'i+(0+l)Z'^ +CbWZ'^ 

Separating the two variables wo get 

- 3Z'2+(fl+l)Z'| +(76yZ'j dZ' 

[- 0Z'^+{e+i-tp)Z'] 


- -D^ 


or 


+(7 _6j j - 0Z'2+(<?+l-«P)Z' [ +WC -b^Z'+GhVZ'^dZ' 

[-0Z'i+{0+l-W)Z'] 


D ^ 


This becomes, after simplification and putting into integrable form, 
„ VC {-20Z'+(3+l-y)}d!Z' 




238 [_^2'*+(3+l-y)Z'] 

1 jW+l-lP) , 

■(3+l-y)l W '’’x S/Hz' 


6 


-3Z'+(3+l 
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Integrating this equation we get 




(0+1 _!P) 


[log^'- logj -.0Z'+(tf+l~y)|j 


t 4* constant. 


We have to determine tliis constant by initial conditions. 
Taking the origin of time when Z = 1, i.e. Z' = 1, the solution is 




K^-?) 


yp(0+l-y/) I 


(S+l-V") 


\: ^\-ez'+(6+i-'P)S\ D 


The pressure in the first chamber is given by (12) and its value at all-burnt, 
i.e, £ = 1 or Z' = 1, is given by 




CAd-y) 

[Z-C6(l-y)] 


.. ( 16 ) 


As for a tubular charge here the maximum pressure does not exactly occur at 
all-burnt but for practical cases it is very nearly at all-burnt and equation (16) can 
be taken to give approximately the maximum pressure. 

Second clumber and bore. 

The equation of the second chamber and bore are simply 



^ C'A(Z-JV) 

and ® = = ^ z. (18) 

\Kfi+Ax-C{Z^N)h\ 

Substituting the value of (Z—N) in (18) we get 


( 29 


fi+l \/(0+l)‘-40ZI 
2$ 29 
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If J?o is not zero, then for small Z 


T!dy_ 
1 20 


\/(0+l)i-4eZ'l 


80 that initially 


ox\z+v\- 

p* — L L 

yP-t*- 

j> _ L 2» 


— ^ 

('-ft 


'(e+i)^-kez 

20 } 


(g+i) l 

20 I 




-1 

} Ko 




From (17) and (18a) we get 




ACX^D 


[g+l v'(g+l)*-4gZ 

20 20 


C(l-Z) 


)!H 


X v(«+i)*-«z [z+P _ w)] 


Transforming this equation to Z' we get 

ACW¥DZ' “ ?) (I ”^) } (^+ 1)^' I +06^2'] 

WiCXp [K9+Ax-Cb^Z''\ [ -gZ'*+ (g+ 1 -y)Z'] 

AWD [(^- 1) +° (I -^) i +C*H 

" Wifi lKo+Ax--CbVZ'2i-0Z'»+(0+l--V)Z’] 

Further nutking the following substitution. 
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and 

equation (205) becomes 


-gz'«+(g+i-y)Z' 

(I -bj l^ez'2-(0+i)Z'j-cbv^z'-(^K- 




1 -CbVZ'- 1 


L -6Z'+{e+i-V) 


(X-vZ') 


It is easy to show that v ^ -r^ and small, where p is the space-mean pressure 

A 

on the shot up to all-burnt. If p = 8 tons/sq. in., which is not likely to be 
exceeded in H/L guns, p < 0-3. 

Generally, the integration of equation (21) is best aflTected numerically. The 
d-ST 

boundary conditions are = 0 and X = Xq when Z' = 0, (Z = 0). The 

pressure, velocity and shot-travel at any value of Z between 0 and 1 are, respectively, 




JSCX^Z 


AD{X^vZ') 

^CMwiCXWf Z' 
AD . iX-vZ') 




W dX 


|- -ez'<i+(e+i-W)Z' 


l+o| 

1 (0+l)Z'| +CV9'Z' 


where 


_ pKti (wiCXV 
~ AD \ ^ } 


As the maximum pressure occurs at all-burnt, we are interested in the values 
of pressure, velocity and shot-travel at all-burnt only. 

Beriea aolvtion. 

By Maolatunn’s theorem we can express the solution of equation (21) as a 
power series in Z' as follows : 

X = Xo+JS:o'^'+ iXo"'2'®+ ... 

where the coefficients are the initial values of successive derivatives of X with 
respect to Z', these are obtained by successive differentiation of equation (21). The 
solution becomes 

5® ‘ 'dt 
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The corresponding pressure is given as 

pCXitoiCXP) 

AD 

Substituting the value of X from (25), and then bringing this term up we get 


*(—] 

\X-vZ'J 


^ ^ ^X(w^CXV)*Z’ 


ADXo 


1+Z' 


V 

Z 


JJ.<_ 

[ 4 < 




l/«. 



1x5)3' 


1 1 J 

14^a3ai 

89a4ai\ 

+ 4 + 

«2 

4 

4 1 
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_ 1 fi/2v»aj laajff I3a3*!\] 

iolM«2 2 “8 ^ <n 
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Substituting the value of ~ obtained by differentiating equation (26), in 
this equation we get 



The solution of equation (21) that passes through J = 0, i.e. for Kq = 0, is 

_ ^ Z'*+- Z'+ f — ^ 7,'i 


6"'^[l26ai^6a| 


426 aia* 


2 1 / \ 

_«6_ Z'4+o(-^vZ'?)+0{v8Z'*) .. (28) 

[326 «io4^1S«J 13asJ -T' 


jre «6 = [^«i+«8«*] 

We know that the pressure in second chamber is given, by 


j30A(w,CAy) 


U—) 

\x-vZ') 


For' solution (28), p becomes 


jK7A(«iOAy)Sz-» f 2^2 f 2^ ^ 2 j(5. ) 

- 2ii) [ ^ ^ |l26ai^6«i«,j^^426«f 


f 19 ** , 3fa6 99»4 , ) mi 

+ |660^;5?/Ii5Tl3«i| 


>+.... 
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^OA(«»iOAy)* a* J , . 2ucti j 
' IaD «i [ 6ai 


( ISfia: 


126a 


I 2 as 

5aia2 


l^a^«,^13axj 


1 ^'_ 

) 42B(x‘ 

:.] .. .. 


( 29 ) 


For values of less than 6/6, and v being small, p is maximum at Z' = 1. 

aiag 

4|Gk?nerally for all practical densities of loading the peak of p always occurs at 
Z' = 1. 

Therefore 


_^ pCX{w^CXW) 
PmB,x. 2AD 


I ^ ] 
«! 


2vai2 

. yis*'*'** 

2 a 5 

) 168 vas 

6 ai 

+ 1 126a? 

6 aia 2 

3 SM*;;* 

. 1 

17 «6 

3^a5 

S0at\ 


130 a?a? 

ISa^ai 

ISaij'^-- 


From (29a), and (16) we get 

nax. _p{wiCXW)HK-eb(l-W)} az 
2AD{l-V) 


«■! 


I j.?? 5524. 1 ^5 _ 2 “B ) 

■^6 ai"^! 126 «2 Baiaaj 


168v as 

1— 



,.3 ^}+....' 

426 «? ' 

(130 


13(X20Ci 

1^*13 


For the velocity corresponding to equation (28) we have 




-0Z'‘+{0+l-^Z' 


(jT - g) +0 (I -t) { {0+ 1)Z ' } +ebVZ' 

55l J_4.5f 4.3 I ±1 55*4.1 555 \ ^'* 4 . ®i J255. a' 

a* Z'* 6 ^2 ( 126 ai 5 «« j ^426 aiag 

4-® y *6 I Otfas 65a4 ) 

+2) 326, .^+iS5-13S;J *'+■■■■ 


326 13*® ISa* 

This gives on expansion and simplification 


55* z '+ 1 — J55_ \ z'i+~ 5555 z'* 

\wj p ^6a,^+|l26 «* + 6 a,a 2 +426 ^ 

+ (-_L_i+i.i55L _ll55*lK'j4. • 1 

( 130 **,^+13 ,*«^ 13 «x ’ ‘1^ 


(29a) 


(30) 


( 31 ) 
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Therefore the velocity at all-burnt is 


» , [i , V «z Qyg «2 1 «g 3v «g 7 

® \ t»i / “^,5 ai'*’ 126 6 ai«2'^426 ,2 130 

1 Jk> 1 


, ite ‘ 3 «. J 


By putting 0^0, all the equations deducedpo far reduce to the equations for 
tubular propellant as deduced by Comer. I 

i 

6. Solution after aIl-burnt 

The gas flow, from the first chamber to the lecond chamber depends upon the 
ratio p/p, and for;;y= 1*26 this ratio p/P is less t»n 0-565. So long as p/P < 0*555 
the gas flow from the first chamber is the same aapf p were zero. Hugonoit's theory 
with Bateau’s corrections for covolume (Comer, il950, chapter 9) gives the rate of 
decay of pressure P. ‘" 

The solution after burnt in this general case is exactly the same as is for 
tubular propellant done by Corner. Simply we have to take our all-burnt values 
for tubular propellant. 

6. Summary of WoRKmo Formulae. 

Generally we are interested only in a few important featm^s of the ballistic 
solution. One of those is the peak pressure which is approximately given by 

(7A{l-y) 

^max. K-{l-W)Cb 


where 


jSCVA 


If pIP > 0-556 for some time V is multiplied by an appropriate back pressure 
factor fr^ Table 2, p. 264 (H.H.S. Office, 1951). 

It hM been shoA^ in this t|)at 

V . mi 


where 


Wi =» 1*06 TT + r (7, and can be calculated easily. 
o 


We ^Ipo work out 




Now^^ oaloolate Xa a-nd 


j and then the peak pressore 

pCXi^wiCXii 
“ AD(XB-~y) 
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tile travel at all>btimt is 

m 

and the velocity at all-burnt is ' ’ ; 


(OfFW (1-n .. — l 

^ “ Ui / U-G6(1--1P)J [dZ’jB 

The muzsle velocity can be calculated easily as indicated in section 5. 



(37) 


Now it may be remarked here that the equation (21) can be integrated numeri- 
cally and tables can be computed corresponding to the tables |^ven by Comer for 
tubular propellants. 


SUMMART 

ICL thia paper the author has extended Ck>mer*8 theory of internal bp^tioa of high and 
low pressure guns using tubular propellants to guns using propellants of any sba|pe. The linear 
law of burning has been assumed as was done by Corner. 
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LATENT HEAT OF EVAPORATION OP LIQUID He* AND 

LIQUID He8. 


by S. K. Tbikha. avd V. S. Nanda, Departmeid of Physics, University of Delhi, 

Delhi. 

(Commimicated by D. S. Kdtbari, F.N.I.) 

'I 

{Received May 25; read 5, 1955) 

1. iNTEODUOTIpN 

The latent heat of evaporation of liquid Hel has been calculated by Abraham, 
Osborne and Weinstock (1960), using the ClausiuLciapeyron equation. The results, 
however, do not have the certainty of direct expitt*imental observation, as the latent 
heat of evaporation of liquid He^ has not bein determined experimentally. In 
order to form an idea about the accuracy of the theoretical results, we have calculated 
the latent heat of evaporation of liquid He^ by following the same procedure. The 
results thus obtained are compared with experimental measurements of Keesom 
(1942). We have then recalculated the latent heat of evaporation of liquid He® 
by using recent values of viiial coefficients as computed by Kilpatrick, Keller, 
Hammel and Metropolis (1954), and liquid densities of He® as determined recently 
by Kerr (1954). The calculations have also been extended to low temperatures 
(1*0 to 0*0® K.) by making use of Chen and London (1953) vapour pressure equation. 
Using the latent heat values of He^ and He® at absolute zero, the effective mass of 
He® atom has been estimated. 

2. Latent Heat of Liquid He^ 

According to Bleaney and Simon (1939), the pressure temperature relation 
obeyed by He* in the region 0-0® K. to L6® K. is 

JogioJ’-«=-^+2-6Iogio2’^+2196-2-27xlO-3.T® + A, .. (1) 

A 

where A is a small correction term whose dependence on is given graphically 
by Keesom (1942) and p*, is in mm. of Hg at 0° C. Here is the ‘Agreed 
Temperature’ calculated from the He* pressure and the table given by van Dijk 
and Shomiberg (1949). 

For the region from 1-6 to 4*3*’ K., Keesom and Lignao have given the following 
interpolation formula 

4.7021 o 

logic p»m “ “ ^^+0 00783 r^+0-017601 rj+3-6730. . . (2) 

For the region 4*3° K. to 5'2° K. (the critical point) experimentally determined data 
of p and T due to Kamerlingh Onnes and Weber can be represented, as pointed out 
by Squire (1953), by the interpolation formula 

T =» 2 067+1-906 x 10-8 p,,-3-62 X 10-» (3) 

We have used for calculating (dpIdT^) the vapour-pressure formulas given in 
equations (1) to (3) and the vapour-pressure data of liquid He*. ' 
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We have calculated F^, the molar volume of He* in the gaseous state, by 
making use of the equation 

j-F.-Jil-Jl+ffl] (4) 

the values of second virial coefficient B(T) being taken from the computations of 
Kilpatrick et al, (1954). 

Fi, the molar volume of liquid He*, is obtained from Keesom’s (1942) value for 
density under saturated vapour pressure. Then the latent heat of evaporation can 
be calculated by using the Clausius-Clapeyron equation : 




^ The calculations of L could not be carried out for temperatures greater than 
4*5° K. for lack of data of liquid densities for He*. The results are tabulated in 
Table I and are also shown in Figure 1. 



Fio. 1. Latent Heat of Evaporation of Liquid He^ verauA K. The curve indicates the 
oaloiilated values, while the points represent experimental results of Keesom (1942). 


Tabxje I 

Latent Heat of Evaporation of Liqmd He*. 


o 


L oal./gm. 
(calculated). 

. . 

L oal./gm. 
(experimental) . 

0*000 

0-000 

3-56 


0-600 

0-500 

4*18 


l-OOO 

1-000 

4-78 


1-600 

1-600 

6-32 

6-40 

2-000 

1-989 

6-69 

6-65 

2-600 

2-490 

6-62 

5*64 

3-000 

2-996 

5-64 

6-60 

3-600 

3-600 

5-63 

6-62 

4-000 

4-001 

5-42 

6-17 

4-600 

4-601 

4-46 
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We notice from Fig. 1 that the calculated values are in good agreement with 
those determined experimentally. Table I also includes the theoretically extra- 
polated value of L at 0*0® K. which is 3*56 oal./gm. 


3, Latbnt Heat of Liquid Hb^ 

The saturated vapour pressure of liquid He* was observed by Abraham, Osborne 
and Weinstock (1960) in the region 1-0 to 3*3® ISL The experimental data given by 
them are represented by the equation y 

logic Pmm = - ® +2-6 logio !r]+0 000302 !r* + 1-91694, (6) 

which is valid in the region 1-0 to 3-3® K. Heie Tf^ is the temperature calculated 
by applybxg to the corrections of Kistemsper (1946) smoothed as shown by 

Abraham et al. (1960). I 

The value of {dPjdT) is obtained from equation (6), while as before, is 

obtained from (4) mal^g use of virial coefficient computations of i^lpatrick et al. 
(1964). The molar volume Vi of the liquid is obtained from liquid densities measured 
by Kerr (1964). The heat of evaporation of He* is then obtained from the thermo- 
dynamical relation (6). 

No calculations have been made above 2-5® K. because the equation of state, as 
given by (4), is inadequate for the saturated vapour above this temperature. 



I^G. 2. Latent Heat of Evaporation of Liquid He* veraua K. The curve indicates calculated 
values, while the points represent the computations by Abraham et al. (1050)* 
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In order to extend the oalculations of latent heat below 1*0° K, we make use of 
the Cihen and London (1953) vapour-pressure equation 

logio^^j = 2-3126- -0-26264r^-0-00667y®+0-06266!r*-0-01210J’* . 

.. (7) 

This equation represents the vapour pressure measurements of Abraham et al. 
satisfactorily up to 2-5® K. The entropy curve of liquid He^ derived from it, in 
agreement with the third law of thermodynamics, goes smoothly to zero at O'’ K, and 
does not lead to any residual entropy like equation (6) given earlier by Abraham 
et al. 

The heat of vaporisation of He^ thus calculated is tabulated in Table 2 and is 
shown in Fig. 2. It has a maximum value of 3*72 caL/gm. at 2*0'’ K. Further, we 
conclude that at 0-0® K, the vaporisation heat is 1*76 cal./gm. 


Tabub 2 

Latmt Heat of EvaporaHon of Liquid He*. 




L cal./gm. 

n - K . 


L oal./gm. 

0-000 

0-000 

1-75 

1-300 

1-300 

3-34 

0-100 

0-100 

1-91 

1-400 

1-400 

3-38 

0-200 

0-200 

2-07 

1-600 

1-600 

3-61 

0-300 

0-300 

2-21 

1-600 

1-603 

3-67 

0-400 

0-400 

2-36 

1-700 

1-706 

3-63 

0-600 

0-600 

2-49 

1-800 

1-807 

3-67 

0-600 

0-600 

2-61 

1*900 

1-909 

3-70 

0-700 

0-700 

2-73 

2-000 

2-011 

3-72 

0-800 

0-800 

2*84 

2-100 

2-112 

3-71 

0-900 

0-900 

2-94 

2-200 

2-213 

3-69 

1-000 

1-000 

3*02 

2-300 

2-312 

3-66 

MOO 

1-100 

3-13 

2-400 

2-411 

3*60 

1-200 

1-200 

3-24 

2-600 

2-610 

3-51 


As has already been mentioned, the vapour-pressure equation proposed by 
Abraham et al, (1960) leads to a non- vanishing entropy for liquid He* at the absolute 
zero. Thus it seems that the extrapolation of their curve to absolute zero is not 
quite justified and, in fact, various authors have tried to look for a transition in 
He* below 1*0® K. in order to account for this non- vanishing entropy at zero degree 
Kelvin. On the other hand, no such difficulty exists with the Chen and London 
(1963) vapour-pressure equation. Now Fig. 2 clearly shows that our results (derived 
on the basis of the Chen and London equation) diflFer considerably from 
those of Abraham eJt al, (1960) below 1-0° K. Consequently, it appears that 
observation on the heat of vaporisation of He* may provide conclusive evidence 
regarding the existence of a transition. 


4. The Effbottvb Mass of Hb* Atom 

At the absolute zero the latent heat of He^ differs considerably from that of 
He*v This difference may, in part, be attributed to the ^Statistical Zero Point 
Energy’ of He* which in case of He^ is zero. Equating it to 

3N( A* / ZN \\ 
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(where N is Losohmidt’s number and Fg the molar volume of liquid He* at 0° K.), 
we obtain the ratio of the effective to the actual mass of He* atom as 

This is, however, a crude method of estimatbg the effective mass of He* atom, 
because we have ignored the effect of the interactions. The evaluation of the 
effective mass, taking interactions into account,, will be published in a subsequent 
paper. 
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SOMHABY 

Latent heat of evaporation of He* and He* is calculated by using the Clausius-Clapeyron 
equation. Since in case of satisfactory agreezn^t between the theoretioiJ and &e ex- 
perimental latent heat values is observed, therefore the calculated He^ values can be used with 
confidence in fiu^ther thermodynamical computatione* The latent heat values for He^, as 
calculated by using Chen and London (1953) vapour>pi^ure equation, differ considerably from 
those calculated by Abraham et aL (1950) in the temperature range 1*0^^ K. to 0*0^ K. Thus 
experimental results of latent heat of He^ below 1*0*^ K. will enable us to decide whether or not 
a transition in He> exists below 1*0'’ K. 
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ON A PROBLEM OF G. KUREPA 


hy K. Paduavally, Ramanujan Institute of Mathematics, Madras 
(Conomunioated by T. Vijayaraghavan, P.N.I.) 

{Received February 24 ; read October 7, 1966) 

The purpose of this note is to give a characterisation of ramified tables in which 
there exists no maximal chain intersecting every maximal antichain. Also a 
minimal ramified set possessing this property is constructed, and a question com- 
municated to me by G. Kurepa is answered in the affirmative. 

A chain (antichain) of a partially ordered set P is any subset 8 of P, every 
pair (no pair) of elements of which is comparable. If further S is such that {8 U p) 
is a chain (antichain) for no element p e P—8, then jS is a maximal chain (antichain) 
ofP. 

It may be noted that the antichain A is a maximal antichain of P if and only if 
civety element of P is comparable with some element of A. 

A ramified partially ordered set is a partially ordered set in which the set of all 
elements < any given element is a chain. A ramified table is a ramified set in which 
every descendffig chain is finite. 

A subset Q of the p.o. set P is- cofinal with P if every element of P is < some 
corresponding q e Q. G. Kurepa (1952) has proposed the following questions: — 

(1) Does there exist a partially ordered set in which there is no maximal anti- 
chain which intersects every maximal chain 1 

(2) Does there exist a partially ordered set in which there is no maximal chain 
which intersects every maximal antichain ? 

Both these questions have been answered in the affirmative by J. C. Sheperdson 
(1964), who has constructed a ramified set possessing both these properties. These 
properties (of a p.o. set, referred to in questions (1) and (2) respectively) wUl be referred 
to as properties (1 ) and (2) respectively in the sequel. Necessary and sufficient condi- 
tions for a ramified set to possess property (2) are established in 1*1 and 2*2. In 2*1 a 
minimal ramified set possessing property (2) is constructed by means of partitions 
of ordertypes (i.e. of completely ordered sets). It is pointed out that every ramified 
table possessing property (2) has a cofinal subset which can be represented by means 
of segments of an ordertype, the segments being ordered by set inclusion. Re- 
ordering of these segments according to their place in the completely ordered set 
leads to the answer (2-4) of the following question communicated to me by G. 
Kurepa: 

(3) Does there exist a partially ordered set so that for each maximal antichain 
Ac 8, each maximal chain of 8— A is one such in 8, too ? 

1*1. A necessary and sufficient condition for the ramified set P to possess 
property (2) is that for every element p* P there exists at least one pair pi, pi of 
mutually incomparable elements of P, each > p. 

(A) To prove that the condition is necessary, consider any ramified set P, not 
satisfying this condition. There exists an element p e P for which the set C, of all 
elements > p is a chain. Also the set of aU elements < p is a chain, by the 
definition of a ramified set. Therefore, since every element of Cp is < every element 
of Cp, Cf+C, s C, the set of all eluents, comparable with p, is a chain. Also no 
dement areCL is comparable with any element yiC, for p> a: would imply that 
y>x>p, while y<x would imply that y c C", the c^in of all elements < x, and 
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(7* D p if a? 76 p. In either case y^C. Now, if A were a maximal antiohain of P, 
which does not intersect C, every element of P, and hence every element of Op is 
comparable with some element of A, But this has been shown above to be im- 
possible. Therefore, since Cp is nonnull, it follows that C7 is a chain which intersects 
every maximal antichain, i.e. P does not possess property (2), which shows that the 
condition is necessary. 

To prove that the condition is sufficient, it is evidently enough to show that 

(B) If P is a ramified set satisfying the condition of 1.1, then for every maximal 
chain G of P, every maximal antichain A of P-^C is a maximal antichain of P also. 

For, corresponding to every maximal chai]| C of P, there wiU be a maximal 
antichain A of P— (7, and ^ fl (7 is evidently nt|U. Hence (assuming that P (J? (7, 
wluoh condition can be easily seen to be true wlfen P satisfies the condition of 1 .1), 
to prove that P possesses property (2), it Is sufficient to show that every 
such maximal antichain A of P—O is a maximal|anticham of P. 

Cionsider any ramified set P satisfying thl condition of 1.1. Let G be any 
maximal chain of P and A any maximal antich^ of (P-^C), Then every element 
of (P^G) is comparable with some correspondiM element of A, and hence to prove 
that .4 is a maximal antichain of P, it is sufficie^Lt to show that every element p of 
C is comparable with some corresponding elemeistt of A. By hypothesis there exist 
two mutually incomparable elements ^1, p% of P, each > p, and at most one of 
these can belong to (7. Let pi € {P—C). Then, since ^ is a maximal antichain of 
(P^G), A contains an element a comparable with pi. a is comparable with p 
also, since a > implies that a > >■ jp, wliile ct <1 Pi implies that a c G^^, the chain 

of all elements < pj, which also contains p. Hence corresponding to any element 
p € (7, there exists aeA such that a is comparable with p, which proves (B). Hence 
the condition of 1.1 is sufficient for P to possess property (2). 

1.2 Corollary : — ^From (B) and 1.1 it follows immediately that ^ 

(C) If P is any ramified set possessing property (2), and 0 any maximal chain of P, 
then every maximal antichain of (P— (7) is a maximal antichain of P also, 

§2. It has been pointed out by G. Kurepa (1935, p, 112) that every set of 
successive partitions of a completely ordered set corresponds to a ramified table 
whose elements are the segments of the partitions, the segments being ordered by 
the relation of set inclusion reversed. Using this notion a minimal ramified set 
possessing property (2) can be constructed as follows: — 

2.1, llie ramified table corresponding to the partition Q of the real number 
segment 0 < a; < 1, in which 0 < a: < 1 is itself a segment, and which contains with 
every segment, the two subsets formed by bisecting it, each segment of Q being of 
length 1/2", w >0, is a minimal ramified set possessing property (2) (i.e. Q is im- 
beddable in every ramified set possessing property (2)). 

It may be noted that every minimal ramified table possessing property (2) is 
also a minimal ramified set possessing property (2), on account of the following 
2.2 Lemma. A ramified set P possesses property (2) if and only if there exists a 
ramified table oofinal with P, possessing property (2). 

Since it is known (1960, p. 126) that for every ramified set there exists a oofinal 
ramified table, it is sufficient to show that P possesses property (2) if and only if 
every oofinal subset of P possesses this property. Let B be any subset of P, cofinal 

with P. , T> rm. 

A fl qnmmg that P possesses property (2), consider any element rcP. Then, 

since rcP, by 1.1, there exist two mutually incomparable elements pi, pz of P, 
both > r. Since B is cofinal with P, there exist elements ri, r2 of B such that ri > pi, 
H > JPs* Therefore, since P is a ramified set and pi, p^ are incomparable, ri, are 
incomparable. (If rj > ^2, pi, p^ would both belong to the set of all elements 
which is a chain.) Also ri > y, r2 > r. Hence corresponding to any f sJB, there 
exist two mutually incomparable elements of B each > r, and hencp by 1.1 P 
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possesses property (2). It follows that every cofinal subset of the ramified set P 
possessing property (2) possesses property (2). 

Conversely, if S possesses property (2), and p is any element of P, there exists 
an elem^t reS such that r>p {R being cofinal with P), and also two mutually 
incomparable elements rj, of R each > r (since R possesses property (2)). Since 
ri, r* also belong to P, and each > p, it follows that P possesses property (2) if it has 
a cofinal subset possessing this property. This proves 2.2, 

Proof of 2.1 : — The partition Q defined in the hypothesis of 2.1 can be easQy 
seen to be minimal in the class of partitions P of any ordertype E, where P possesses 
the following property: — 

(D) Every segment I of the ordertype E, which belongs to P, contains more 
than one subsegment belonging to P. 

For, let P be any partition of an ordertype E, satisfying the condition (D). 
Consider the following mapping ^ of the partition Q (defined in 2.1) into P: Let 
the lowest element of Q, namely the segment 0 < a: < 1, be mapped on to any 
(arbitrarily chosen) element of P. Suppose that the element ^(J) of P has been 
defined for all elements I of Q (i.e. segments of o < a: < 1 belonging to Q) of length 
> 1/2*, in such a way that order is preserved, i.e. C in ^ if and only if 
C li. Then by (D), every segment ^(i) of E contains at least two disjoint sub- 
segments pi, pz both belonging to P, while every ItQof length 1/2* contains only 
two subsegments qi, qz of length 1/2"+^ each, belonging to Q. Let ^(gi), ^qz) 
be defined as pi, pz respectively. It is evident that order is preserved. Also this 
defines ^(/) for all leQ of length > 1/2*+^. Hence from the definition of ^(/) for 
I m 0 <x ^(/) can be defined by induction for all leQ, so that order is 
preserved, which proves that Q is imbeddable in P. 

To prove 2.1 it remains to show that every ramified table possessing property 
(2) has a subset which can be represented by a partition of an ordertype E satisfying 
condition (D). This latter result follows from the representation of ramified tables 
by complexes given by Eurepa (1936, pp. 84-89). livery ramified table P can be 
represented by a set of complexes X =* (xq, . . . x^,. . .) /5 < f *= f(Z), where 
each ^{X) <Y — Y(P), the rank of P, the complexes being ordered so ttot X<Y 
if and only if f(X) < ({Y) and xp =* yp for jS < f(Z). In this representation it can 
be assumed without loss of generality (as can be easily seen from the proof given in 
(1935, pp. 84-89) that for every ZeP and every nonnmiting ordinal ^+1 < i{X), 
the complex (X) ^+i (a;o, . . . 0 ;^}) consisting of the first j3+l co-ordinates of X, 

also bdongs to P. Let P denote the set of all complexes Y = (yo, • - • Vp, • - •) 

j8<f}=:ij(r) such that for every nonlimiting ordinal jS-fl <i;(r), the set 
(J) ^+1 of first p+1 co-ordinates of Y belongs to P, and there exists no complex 

XeP such that ^(X) > ij(F) and for )8 < ij(y). For each FePandeach 
^ < i}(r) let L{Y)^ denote the set of values of the co-ordinate pp oorrei^nding to 
the fixed set of first j3 co-ordmates ( 7)^. By Zermelod axiom this set L(Y)P can 
be completdy ordered. Let M{Y)^ be any complete ordering of L(Y)^, Let P be 
ordered lexioographicaUy, i.e. Tj == (yj, . . . yj, . . .)< Fg “ . yj, . . .) 

if and only if there exists A < both ri(Yi) and r){Yz) such that y^ = y*for)5 < A, i.e. 
( Fi)* «( r*)\ and yj<y5 in the ordertype if (ri)^«Jf(78)\ From the defini- 
tion of P it is dear that A exists for every pair of distinct complexes F^, Yz of 
P [since otherwise i}(Fi) < i}(Fs) would imply that Ti = and hence 

there exists XeP such that ^(X) >ij(Fj) and Fj = (X)7(^d]. Hence this is a 
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complete ordering of jp. It is clear that P is a ‘product with variable factors’ 
defined by Hausdorff ( 1908, p. 470). 

The ramified table P has a cofinal subset Pj which is similar to a partition of 
the ordertype P. For each YeP and each < 17(F), (F)^ represents a segment of 
P, namely the set of all 2! cP such that ri(Z) >fi and {Z)P = (F)^. For any ZcP 
and any P'^rj(Z) let (Z)^ be defined as (Z)'^^^^=sZ. Let /u Max 17(F). 

FcP 

Then for each )8 < p, every element ZeT belongs to the corresponding segment (Z)P 
of P. Also for ( F)^ ^ (Z)P the segments ( Y)K^ are disjoint. Hence for each 
< /X, the set of all distinct segments { ( F)^} , Fp P, forms a partition of P. Hence 
the set of all distinct segments {(F)^}, FcP, f'here j8 assumes all values < ft, is a 
set of successive partitions T* of P. Every eleiient Z c P is, by definition, = some 
( Y)P, P < fA, and hence corresponds to an elemeni of the partition T\ Let T denote 
the subset of T' consisting of all such elements fwhich correspond to elements of P. 
Then T is also a partition of P. Also if <lre any two distinct elements of T, 
i.e. = in T, i.e. thef segment ( Y)^ D (Z)® if and only 

if j8 < 8 and (Z)^ = ( Y)^, i.e. if and only if the element ( Y^ < (Z)* in P. Hence 
the correspondence of the elements of P with those of T is an order-preserving 
mapping. But this mapping is not necessarily one-one, since the distinct elements 
( F)^, ( F)^+ ^ of P correspond to the same segment of P if the range of variation 
L(Y)^ of Vfi corresponding to (F)^ consists of a single element, i.e. there exists only 
one element of P next higher than (F)^. For every element T let p{t) denote the 
lowest element of P which corresponds to the segment t of P, rp(^) exists since P 
satisfies the descending chain condition] and let Pi = 27 p(<). Then from the 

teT 

property (2) of P it will follow, as shown below, that Pi is cofinal with P, and that 
T satisfies condition (D). 

Consider any element Z c P, Since P has property (2), by 1.1, there exist two 
mutually incomparable elements Zi, Z2 of P both > Z. The elements tx, (2 of T 
corresponding to Zi, Z2 are disjoint segments of P both contained in t, the element 
of T corresponding to Z, since the correspondence between P and T is order- 
preserving. Therefore the elements ^?(<i), ^(^2) of Pi are incomparable and both 

> X, i.e, for every X€P there exists an element of Pi > x, which proves that Pi is 
cofinal with P. Hence by 2.2 Pi possesses property (2). Hence by 1.1, for every 
element p € Pi, there exist two mutually incomparable elements px, P2 of Pi both 

> p. Therefore, since T is similar to Pi (being in one-one order-preserving corre- 
spondence with the latter set), it follows that for every element t€T there are two 
disjoint segments of P contained in t, belonging to T. This proves condition (D) 
for the partition T of P. Hence any ramified set P posseting property (2) has a 
subset Pi which can be represented by a partition T of P satisfying (D), This 
proves 2.1. It also follows that 

2.3. A ramified table (and hence a ramified set) possessing property (2) has a 
cofinal subset which can be represented by a partition of an ordertype. 

2.4. The above arguments also prove that a ramified table P possessing prop- 
erty (2) can be represented by the segments of a partition P of P (the correspondence 
being order-preserving but not necessarily one-one). This result leads to the answer 
of question (3) of Kurepa. Consider the mapping of the ramified table P on to the 
partition T of P defined in 2.1 above. Let 12 be a reordering of the aggregate of P, 
in which the elements Zi, Z2 of P are connected by the relation Zi < Z2 if and 
only if the corresponding elements ti, of T are such that every element of 2i is < 
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every element of in the ordertype P. This new relation is evidently transitive 
and assymmetric, so that by postulati^ also the relation X < J, £ is a partial 
ordering of the aggregate of P, Also it is clear that any two elements of the aggre- 
gate of P are comparable in P if and only if they are incomparable in B. Hence 
every maximal chain (antichain) of P corresponds to a maximal a pt j chfl i n (chain) 
of B and conversely. But by 1*2, P has the following property, which is a con- 
sequence of property (2) : — 

If 0 is any maximal chain of P, every maximal antichain of P—0 is a maximal 
(intiohdin of P &lso. 

Hence P has the property: ~ 

If A is any maximal antichain of B, every maximal chain of B—A is a maximal 
chain of B also. 

This is the property referred to in question (3) of Kurepa. Hence every 
rammed table possessing property (2) can be reordered so that every pair of com- 
parable (incomparable) elements of the old ordering becomes incomparable (com- 
parable) in the new ordering, and the new ordering has the property mentioned in 
question (3). 

I wish to thank Dr. V. S. Krishnan and Dr. M. Venkataraman for their help in 
preparing this paper. 
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iNTEODtrOTIOl^ 

In a recent paper * (1953) the author has striBsed the necessity of an essentially 
statistical approach to the thermodynamic prolfems and has developed a general 
statistical method for investigating therraodynaitlic behaviour of a system. There, 
for simplicity, the system has been assumed! to be composed of matter of 
(chemically) single type, and the contribution of radiation energy, if any, in the 
behaviour of the system has been taken to be negligibly insignificant. In the 
present paper, the proposed statistical method will be shown to be equally suitable 
for investigations of thermodynamic behaviour of system of different types, viz. 
those of black-body radiations, those of free radiation and matter of single chemical 
types, and those of matter of chemically different types. In agreement with other 
usual theories and with the assumptions of the paper I, it is assumed that 
the amount of energy and matter can only be discrete. In every case, the usual 
formulae, as given by Fowler (1936), Tolman (1946) and others, have been obtained. 


Past I. Ak Assbmbly ov Fbbb Radiation 


1 . Formulation, of Problem: The Law of ProbabUity-distribuUon 


Here, the system means a definite amount of energy E, in the form of free 
radiation in a definite volume in a definite environment. As in the paper I, the 
system is to be taken as open, i.e. there is no hindrance of energy-exchange between 
the system and the environment. Now, since there is no question of matter- 
exchange in this case with the enviroiunent, so in consistency with the trend of 
discussions made m the paper I, only one a priori probability z for each unit of energy 
to be in the volume under consideration wili be introduced. Then, the probability 
of occurrences of a system in a state specified by E is given by 


P{»,F) 


W{E):^ 



m ’ 


(I) 


where 


m - 2 

EmO 


( 2 ) 


The above may be looked upon as a form of Baye’s theorem. As before, for deter- 
mining z in agreement with the usual ideas of statistical equilibrium, the ‘real’ 
vcdue Eo (t(^en to be known in the sense of dassioal thermodynamics) corresponds 


* This paper wiU be referred to as the paper I in the {uesent disonssion. 
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to the maximum value of the probability of ocourrenoe P[z, E), oonsidered as a 
function of z. Thus, here as mentioned in the paper I, the estimation ofl parameter 
is similar to that principle of maximum likelihood. 

2. Behaviour of the Function W(E), f{z\ P(z, E) 

If, as usual, it assumed that the assembly is composed of photons and that any 
number of photons can have same energy, then evidently W\E) is partitions of E 
into any number of parts having values in the set, cq, . Then, 

the generating function is given by 

(3) 

n 

where An is degeneracy of c„-energy state. Thus, f{z) is expressible in form of 
infinite products and z lies between 0 and 1, so, continuity, differentiability, etc. 
follow simply from the well-known properties of infinite products. 

Now, again, for 2 = 0, i.e. the caae of infinite dilution or the case where the 
condition of environment is such that the occurrence of free radiation-energy is 
highly improbable in the volume, the probability of occurrence of amount of energy 
P( 2 , P) = 0; and for 2 = 1, i.e. the case of infinite condensation or the case where 
the condition of environment is such that the occurrence of every amount of free 
radiation-energy in the volume is almost certain, then the probability of occurrence 
of only a finite amount of energy in the volume P( 2 , E) = 0. Therefore P( 2 , E) must 
have at least one maximum, since P( 2 , P) > 0 always. 


3. Specification of Zq and its Uniqueness 

Now, as in the paper I, 2© corresponding to the stationary value is given by 

^o = Zo^{log/(«o)} (4) 

Again, if one calculates S as 

S = = 2o J- {log/(Zo)} (6) 

^W{E)z^ 

E 

SO as in the paper I, the mean and the most probable values become equal for the 
present probabUity-distribution. 

Now, 


<!>(*)» log P(z) 


where 


E fzxiflgf~fzg 


... ( 6 ) 


1 [EE‘W(E)z^} [SW(E')zf] - [SEW(E)zl] [SE'W(E')i^] 

_ 

1 ZZ(E-E')^W(E) W(E')z^*^’ 

""*0 /* 

>0 (7) 
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Thus, #(*), i.e. P{z, E), has only one maximum. Therefore *o “ unique 
vidue of z oorresponding to the stationary state. 

4. Infiuence of Variations of Environments 

Now as in the paper 1, if the variations of parameters, involved in the defini- 
tions of the environments, be taken into account, then the equation of continuity 
of energy after usual averaging can be written as 




where 




tti! 

2 W(E)2 


W(E)z^ I 


l\ 


{log/(*o)} 


(log 

= d[(logi)wog/(so)] (1 


Then, on putting 


a. — ^ 

*0 ^ 9 


after choosing the scale properly as in the paper I, one has 


d8«d||+J]ogw|. 


• ( 10 ) 


• ( 11 ) 


.. ( 12 ) 


5. Laws of Microscopic Distributions 

Now, here if the radiation be assumed to be composed of the photon and if 
number of ways in which a particular (number of photons) with energy be 

realised when the total energy of the system E is denoted by n^c^), then 

the expected value of is given by 


CO _ 

2 2 

X » 0 — 0 

00 

T W{E)zf 

E^O 

( i 

Xn^mQ /I E J 

(2^ *o'^)[i+|; »'(*)«? 
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Then, the spectral-distribution of energy becomes 

_ 



This is the well-known Planck’s law. 


•• ( 13 ) 


.. (14) 


Remarks 

Now, the assumption of existence of W{E), the total number of realizations in 
which E can be realized in different ways in (hfferent frequencies, implies the ex- 
change of energies amongst different frequencies, i.e. the existence of some matter 
in contact with the system consisting of radiation under consideration has been 
tacitly assumed. So, the present case is the case of black-body radiation. 


Part II. An Assembly consisting of Radiation and Matter 


1 . Description of A ssembly 


Here, as in the paper I, a system in a definite thermodynamic state will mean 
a definite amoimt of energy and a definite amount of matter observed (in the sense 
of classical thermodynamics) in a definite volume in a definite environment. Here, 
as in the paper I, the system will be taken to be open with respect to energy and 
matter. Of course, for simplicity at present, the system will be assumed to be 
composed of (chemically) single type of material. 

Now, as before, a constant a priori probability for a unit quantity of energy 
to exist in the volume and another constant a priori probability for a unit quantity 
of matter to exist in the volume will be introduced. Then, the probability of 
occurrence of the system in a state .specified by E and M is given by 


P(t,z.M,E) 


W(E, Jf)^V 




W{E, M)rz‘ 


.. (16) 


where 


B M 

fit, *) = 2 2 ■^^*”** 


E Af 


This expression is same* as that in the previous paper (Dutta, 1963). The only 
difference is that here W(E, M) can always be written as 

2 

where Ei is the amount of energy in the form of free radiation and Ei that as the 
energy of matter. Obviously Wi{Ei) is the fiinotion used in the part I of this paper 
and Wt(Et) is tiiat used in the paper 1. Then, fiom the theorem, stated and proved 
in the paper I, one gets 

f(t,z)^Mz)Mt,z) (18) 

As before, the dktaibntion-parameters t, z ocMresponding to the real valuee of 
Ed, Mo (taken to be known from the obs^ations in olassioal sense) are to be 
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specified firom the principle that the real values of Eq and Jfo correspond to the 
maximum of the probability of occurrence considered as ftinction of t and z. 

Specification and Uniqvmeas of to and Zq, etc. 

In this case, equations specif 3 dng values of i^o and Zq and calculations showing 
the uniqueness of specified values and discussioi^ of the effects of variations in the 
environments are same in the previous paper and so are not repeated here. 

Lam of Microscopic Distributions 

The previous discussions are mainly of miofoecopio nature and have been put 
forward without any specific assumptions abo|it the microscopic nature of the 
system. Here, matter will be assumed to be iomposed of molecules and radia- 
tion of photons. As stated in the paper T, Ex aid E^ are both to be taken as dis- 
crete. Let us write | 

w{E,N)^W[E,M)-Wi(^^{iWi{Ei,N). .. .. ( 19 ) 

Let be the energy of one of the mioro-etergy state of photons and «» be 
the number of photons with energy e, at any instant. Then, on writing 

«o“C (20) 

one gets 

00 00 

^ £a»0 N npssQ 

oo 00 



( i 


1 

‘+Z «;•'•)[ 

ni,»l / 



\ / 


*;=c (21) 


where w'l [E) is the number of partition of Ei, into sets of cq, ej, . . . . . . 

of whioh no part is equal to e„. Then the spectral-distribution of radiation energy 
becomes 


=:_A_ 


.. (22) 


Smilarly, the microscopic distribution for moleonlee with re6q>eot of energy can be 
obtained. This is again same as that in the paper I. 

Formula for fluctuations can be obtainra similarly and similar to these in the 
previous paper. 
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Part III. Assembly composed op Matter op Two Dippebbnt Types 


1 . Deacription of System : Law of Probability-distribution 


The system means certain amount of E and certain amounts Mi and M% of 
matters of two (chemically) different tsrpes, contained in a definite volume in a 
definite environment. For simplicity, it will be assumed that there is no chemical 
reaction in the assembly and that the condition of the system and the environment 
is such that the contribution in the energy due to the free radiation in the system 
may be taken as insignificantly small and so will be neglected. 

Here, as before, a constant a priori z for each unit of energy to occur within 
the volume under consideration and constant a priori probabilities ti and ^2 
unit masses of matter of types (1) and (2) to be in the volume respectively wfil be 
introduced. Then, the probability of occurrences of the system to be in a state 
specified by E, Mi and M^ is given by 


P(tiJ2, z,E, Mi,M^) 


SEE W(E, Ml, 


where 


W{E, Ml, 

f(h, h, 2 ) 


m, < 2 . 2 ) = 2 2 2 * . 


(23) 

(24) 


The above may be looked upon as same form of Baye’s theorem. As before, 
for determining z, <2 fr>r the distribution law, in agreement with usual ideas of 
statistical equilibrium, the real values of Eq, Miq, M 20 (taken to be known from 
the observations in the classical sense) are assumed to correspond to the maximum 
of the probability of occurrence considered as functions of 2 , ti, t^ for fixed values of 
E =: Eq, Ml == MiQy M 2 = M 2 q- Thus, the estimation of parameters 2 , ti and <2 
is similar to that in statistics by principle of maximum likelihood. 


2. Behaviour of Functions of W(Ey Afi, M 2 ), fih, h* 

All these functions are similar to those in the paper I, and in the parts I and 
II of this paper, and some similar properties. As in the paper T and the part 11 of 
this paper, it can be easUy shown that 


where 


and 


f(ti, ^ 2 ? — fliHi ^)fzi^2y 

W(E,Mi,My)^ 2 .. 

h(h.z)^y^'^Wi{Mi,Ei)z^H^\ .. 

Mh, *) =» 2 2 '^*)*^**"® 

E, «, 

E = Ei'^Ey, . , 


•• (26) 
•• (26) 
.. (27) 

.. (28) 
.. (29) 


E being the total energy of the system and Ei, By bring energies shared by matters 
of types (1) and (2). 
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Ab before, 

P(ti.h.z)>0. ( 30 ) 

and for infinite rarefactions, ss 0, — 0, z =s 0, 

( 31 ) 

and for infinite condensation, =: 1, tg as 1, z = 1, 

P(<i. <2. *) = 0-5 (32) 

Then, P{ti, z) must have at least one max^tun uniqueness of maximtun can 
be tested as in the paper 1 and the part I of Ibis faper. 

3. Influence of Variations of Environments m th^ystem 

As before, in order to take into account of flow changes in environment, the 
equation of continuity (in average) for energy caifbe written as 

dE = (33) 


where a;/s are the parameters involved in the definitions of the environments and 


(- 13 = 


(“*5) 


1 \ dxi 0 og/(^io. hot *0)} ' 


(34) 


Then, 


= d I |log^^^|+ {log/(tl0. <20. *0)} +2 ^ <20. *o)} 

= d |^10gi|j!o+log/(tio, t20>*o)~Afiologtio— Jf2olog<2o| • •• (35) 


Now, according to the argument advanced in the paper I, 

- Jl, 

*0 = • • 

Then, the entropy is given by 


8 = ■—+\ogF{ti^, <20. T)“-.3fiolog<io— Afglogtjo. 


.. (36) 
.. (37) 


4. Laws of Microscopic Distributions 

Now, as before, for deducing microscopic distributions, the system will be 
assumed to be composed of Nj and JVg numbers of particles, viz. molecules or atoms, 
whore 

Jlfj « Nx mxt M% Ng wig. . . . . . . (38) 

If the number of ways, in which a particular (number of molecules of t}^ 
(1)) is realized with ene^ €%, when the state of system is specified by j^io, Jfgo 
2 
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and is denoted by ^i— then the expected value of 

niy is given by 




niv «s 


2 2 2 2 

iZfQN^ON^On^O 


00 00 00 


2 2 2 


fieONj^OATg-sO 


( 2 

1 + 222 ■^*)* r ^ C **0 

/l+ V 

1 1 

1+222 

E 



= «l|r[log!7^(<;,*„)j (39) 

where 


<=03' 


(40) 


Similar are the expressions for 

Thus, usual discussions for microscopic distributions will follow as before. 
The discussion on fluctuations can also be made and standard existing formulae 
(Tolman, 1946) can be deduced as in the paper I. 


General Concluding Remarks 

From the discussions in this paper, it is evident that the extension of 
the method proposed in the paper I to the general cases, viz. of the multi-component 
systems containing radiation in absence of chemical reactions, is easy and straight- 
forward. Thus, this method, without losing any of the advantageous characteris- 
tics, mentioned in the paper I, is powerful enough to yield the usual formulae in the 
form as given by Fowler (1936) for general cases. The discussions of crystals and 
of chemical rea<^ion6 by this method will be subject-matter of future communica- 
tions. 

Abstract 

Li thk paper, ihe thexmodynamio behaviour of systems of different vis. those of 

black-body radiation, of matter and radiation, and of mixtures, has been mvestigated by the 
general statistical method, developed in a pap^ (Dutta, 1953) previously. Bai^fesBions for 

2B 
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tbennodj'&amio functions, miorosoopio distributions, fluotuations, etc., have been obtained in 
the form given by Fowler, As in the previous paper (Dutta, 1963), it is seen that for investiga* 
tions of microscopic properties, the introduction of ai^ assumption about mioroBOOi|io nature 
is not at all necessary. This assumption is to be introduced omy for discussions of miorosoopio 
distributions or the like. 
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1. The Laplace transform is defined by the equation 



e~P* h(x) dx 


( 1 ) 


when the integral is convergent and R(p) > 0, 

R. S. Varma (1961) generalised (1) by the relation 


^(J>) 


^00 

■ p I e~i>’^(px)’‘ 

J 0 


u,n(px)h(x) da 


which reduces to (1) when k = — m+ J by virtue of the identity 
We shall denote (2) by 


^(p) - h(x) 

h, m 

and as usual, (1) will be represented by 

m=m- 


( 2 ) 

(3) 

(4) 


In this paper a few theorems involving (1) and (2) are proved and some interest- 
ing results deduced. 

2. In this section we collect together the generalised transforms of some fimo' 
tions. These have been obtained by taking suitable functions for h(x) in (2) and 
evaluating the integrals with the help of known results (Erdelyi, 1939 ; Qoldi^in, 
1932 ; Meijer, 1936 ; Pasricha, 1943 ; Rathie, 1963, 1954). Some of these will be 
required in our investigations later on. 


-r-i 


^ r(p)r(v+2m) 


J?(v) > 0, l?(v-|-2»») > 0. 


(6) 




^ r(v)riP+2m) 

t, m i’(>'H'tB''“il+|') 



i'-l-2«i; v+»»— 4+ 



R(k) > 0, i?(v-|-2m) > 0, B{p) > R(a) > 0. 


(«) 


P***.*'r;^ .W. (7) 

Edi— A±»i) > 0. 
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1— A— ft—jfc— m; A--^--2wi; —x) 

as -2m+>»+i to w 

k . ra-A-u-i-wi^ ^ ® 


ft, ** /’(I— A"“/*— 

ii(i— A— /i) > 0, li(i— A— > 0. 

**"*“”^ fr^aCi— A+/tt, J—A— ft, i+c— A—m; c, c4»2in; — *) 

J8(<5) > 0, B{e—2m) > 0. 

• • • • » Kfi A ±*) 

r(v)r(v+2OT) ^ t ai, . |. , a,, V, v+2m; 


( 8 ) 


( 9 ) 


I ai, . 1. , (t„ V, v+2»»; 1 » 

" ( /Si. . I , P,. v+m-fc+i; 2>5 ' 


i, m r(v+OT— ft+ J) P 

B(v) > 0, ii(»'+2m) > 0, B(p) > 0 (r < a); B(p) >|‘l (r «= a). 

. . . , a,; )8i, . . . , /3,; ±x^) 


( 10 ) 


^ r(v)r(v+2m) 1-y ^ (ai,...,af, iv, J(v+1), i(»'+2»»), |(v+2m+I); £) 

fc, «-r(*'+«»— I'+i) j8j, J(v+m— iir+J), KK+OT—i+l); !>*)’ 


-A» 


jB(v) > 0, JB(v+2m) > 0; B(p) > 0(a > r+1); B(p) > 2(a =» r+ 1). 

e~“*af‘‘^,F,{cti ar; ^1, . . . , ±aA) 

" i-v V j («!)« ■ • • (<iir)nF{p+Xn)r(v+2m+Xn) 

Z l()3i)« . . . {p.)nr{v+m-k+^+\n) 

X %Fi^'\-\n, v+2j?i-j-Aw; v+jw— ft*!* J+Aw; 

B{v)>0, B{v+2m)>0’, B(a+p)>0 and ^ < 1 when A <8— r+l ; 

B(a+p) > a— r+1 and j ^ | < 1 when A = a— r+ 1 ; A being real and positive. 

e“ »»*“"“ ^ “ 2o*" *p”"^^KiJ,2-\/^) 

Ki tn 


( 11 ) 


( 12 ) 


(13) 


e-5**(M+*--i) (i) 2p^-*i^K^[2V3) (14) 

***—-1 iVp)^2«{Vp) • . (16) 

/! = V^2-'‘p'^**W, J2V3)W^,J2Vp) •• (16) 

.. (17) 

• \«/ ft, * I ' 
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‘^^“-‘(71.= 


r(i+m—k)r{^—m—k) 

r(\- 2 k) 


■B(i—k±m) >0. 


X 2-*-*^,"+* (2iVp) ( -2iVp), 


. ( 18 ) 


' r(k—m—X+jM)r(k—m—X-'fx)r(k+m—X+fA)r{k+m—X’^/A) 

*r» r(J-A-#i)r(J-A+/i)r( 2 *- 2 A; 

XP2 ^ i { k — X — m +/ i , k — X — m — jj ; 2k — 2X ; l — p ), .. (19) 

2?(4*“Ai»»i/[i) > 0. 

*’'“^1+*)'^ = j ^ EiP , Y , Y + 2m : Y + m — k +\: p ), . . (20) 

B { Y )> 0 , B ( Y + 2m )> 0 . 

V+m— fc+l; 8; —x) 

» r(S) 

8: i>) (21) 

«(y)>0, 5(y+2m)>0. 


a:’'“%i^8(a, /3, y+m— i+i; 8, y+2TO; — ») 

” r(8)r(y+2m) ,_y„, „ „ ^ 

*“ r(a)r(j9)r(y+m-l:+i) ^ 

^(y)>0,ii(y+2m)>0. 

4 ^ 3 ( 1 *. y. A+to— 1:+ J; 8, A, A+2m; —a;) 

I mmr(X+2m) 1.;^ « , s , 

*“ r(a)r(p)riY+m-k+i) p 

B(X) > 0, JB(A+2«i) > 0. 


(22) 


(23) 


x^ ^ ^^oct, .... a,; ^1, ... , ps- 

I' 

E(ai, y, y+2m: ft ft, y+m~l:+i: p), 


h, fn 

«(y)>o, J?(y+2m)>o. 


r(o)r(6) 




» y { r(~2CT)r(a+l!+m~|)r(&+t+m-^) 

Kmm,^in\ P(C+fc+Jft— J) 

X »Fj|(o+i!+m— i, 6+i+m— J; c+i+w— i, 1+2 ot; |>)|, 
B{a+k±m-\) > 0, i?(6+id:m-i) > 0. 


-p" 


(24) 


( 26 ) 



0. B. BAIHIB: some PBOPBBTIBS of OBEBBALISBB LAFIiAOB TBABSFOBM 386 


3. Thbobbm I. If 


4>{p) h{x) 

kf m 

f{p) Lx^-^hW) 


^(p) — /^(a— A;+m — /i) 




X *+wi, a+/L*— ik— WK O'— i;+m; 


pi 


provided that R{ff—k+m—(i) > 0 and the integim] is convergent. 
Proof, We' have I 


m =f> f* ^'^{pxr''wi„,(px)h{x)dx, 

J 0 


But Erdelyi (1939) has shown that 


-<*) - /" e-v-™-'- W.. , (.+») 

X *!+»», or+zi—i— m; ct— / i— fc+m; — dtt, 


i?(of— i+m— /*) > 0. 

If we put zsapx and xt, this takes the form 

m r 


m(p^) = rv — iS \ 


e-*** ^ { (p+i)®} 


X o+[i—k—m; o—p—k+m', — ^ xdt. 

Hence 

"> - JV=fe) /' ^ e-M--- - 

X W^cr,/a{{j>+0»}(l+^) fc+»», a+p—k—mi a—p—k+m', —^xdi 

T ^-k+m^p) j^ a+p-fc~m; o-p-k+m; - * 

X r { (p+i)® }^~* { (p+*)®} dx 

J a 


I** 

r(cr-fc+«»-#*) J 0 


(p+o‘V(i>+<) 


X or+p— k— m; a—p—k+mj — (ft. 
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The cbBiige in the order of integration is permissible by the application of de la 
ValWe Poussin’s theorem (Bromwich, 1908, p. 467) when the generalised Laplace 
transforms of the functions involved exist and the resulting integral is absolutely 
convergent. 

\^en or — ft+ the theorem may be put in the following form (Bathie, 1955)« 

COBOLLABY. If 

V 

4>{p) = h(x) 

k, m 

and 

f(p) ^ ^ 

then 

m+*+| /*«> 

'K ^F'^\—h-^Tn, .. (27) 

provided that B{X—m—lc+\) > 0 and the integral is convergent. 

4. We shall now use the theorem to evaluate two infinite integrals. 


Example 1. Taking (6) 
h{x) = 


we have 


— F(v)r{v+^) „ / 

A, „r(v+m— * ^\ ’ 

= ^(p), B{v) > 0, B{y-\r2m) > 0, 


I'd- 2m; v+m— ifc+J.; 



**«-»**(») = 


o, M r{2m+v—fi-a-\-\) ^ 

X 2-F'i(2m+v, 2m+i'— 2ju; 2m+v— /a— ff+|; — - 
' Pi 

=*/(!>)» jB(v+2m) > 0, .R(i'+2m— 2ft) > 0. 


Applying the theorem and replacing \—lc+m by a, a+/u--i— m by jS, o—p—h 
+m by y, and v+2m by 8, we get 




8:i»+a; 


®\ _ r{v+«)r(v+Y—P) ,_/j 

pj - r(v)r(Y)r(a+v-^^ 


X J"t’''\p+<)^->'-’’8^’i(v+y-j8. 8; v+a-p; 

X,Fi(«,/5;y; .. (28) 


valkl, by analytic continuation (A.O.), for'B(Y)>0, 5(«+»'— ^)>0, .ff(v)>0, 

Jt(p)>S(a)>0, 
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Example 2. Take (25) 

— ^ \ r{—2m)r{a+h+m—^)r{b+k+m—i) „ 

X gJ'8(o+A!+m— i, 64#+m— i; c+*+«i— l+2f»; j))| 


4>{P)» B(a+k±m—^) >f0, B(b+h±m—^) > 0. 


Then (Rathie, 1962, p. 240) | 

^Hx) « b; C-, - 1 ) 

^ r(a)r(6)r(A+A;-4"l) ^l-t-»»-t-A 

T(35 f 

? X sjPgCo, 6; c, m— i— A+f ; p) 

r(o+A-(-l;— w— ^)/^6+A+l!--m— ^)r(^+m— fc—A) 
jr(e+A+i— ?re— ^) ^ 

X 2-^2(®‘4“^'4' J, fc+A+i— wi— c+A+fc— wi— A+A j— wi-f* p) 

^f{p)i i?(flt+A+i— wi— I) > 0, i?(6+A+ife— m— I) > 0. 

Applying the corollary and replacing A+m by a, A:— m by j8, A— m— A:+ J 

by y, we get after a little simplification 

2 p\F^{a-p, b-P; c-p, 1+a^Pi p) 




X (p+t)*‘*'^“’' 8 l' 2 (a, 6; c, 1+a+^-y; p+t) 

. r(a+y-a-i8)r(6+y-a-iS)r(a+i8-y) 
r(c+y-a-/3) 

X 2 ^ 8 (o+y-a-iS, b+r-a-p; c+y-oc-p, l+y-et-p; p+<)j dt, . . (29) 

valid, by A.C., for B{a-aL) > 0, R(6-a) > 0, B{a-P) > 0, B{b-P) > 0, B(Y) > 0, 
B(p) >0. . 

As a particular case of this result, if we take 5ssc and use the relation 


we get 


E{<k, )9 : : ®) = 2 r(/S-.a)r(a)x“iJ’i(«; a-jS+l; x) 

a, p 


.. .. (30) 


i&(o-a, a-p : : p) « j t’'-^(p+t)“+/»-«-y^(a, o+y-Qc-jS : : p+t) x 

X gFi^a, y; — -j dt, .. (31) 

B(Y) > 0, B{a—a) > 0, B{a—p) > 0, B{p) > 0. , 
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Since 

E(\—k—m, \—k+m : : a:) = /’(J— i— m) J'(J— ,^(*) (32) 

the above lestilt is equivalent to the following integral representation for Whittaker 
function (of. Meijer, 1941, p. 601) 


W,,JP) 


r(^— A--p)r(^— A+ft) 

r{2k-2X)r{^-k^m)r(^-k+m) ^ 


X re"-**“^P+*)‘'‘'V‘WA,„(p+*) 

j 0 

X 2-^ 3 1?"" wi““A'~/itj 2h*^2A^ “ . • (33) 

5(2*-- 2A) > 0, 5(i-*±OT) > 0, B{p) > 0. 


Thbobbm II. If 


4>(p) = *(®) 


= 9(*) 

k, m 

and 

P^~'"9(P) =?/(») 

then 

1>(P) = P^~^ f 

j 0 

provided that R{X) > 0, B{X+2m) > 0, R{fi) > 0, 2?(/i+2m)> 0, and the integral is 
convergent, and 



X 2'^2(^» A“f* 3?)* 

Proof, We know that if (Rathie, 1952, p. 243) 

^{p) 4= H^) 

and 

P^~^Mp) “ 9(®) 

*, in 

then 

” /I ^ - f) »<« 


<*”'‘ 9 (<) « * 



But 
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Hence 


■ i>(p) 


r(A)r(A+2w) 

X'(A + ?» — i/ + 


pj X+2m', A+m-i+i; 


x|J e~^f{x)dx^^ 

pj f{x)dxj A+2m; A+m— A+ (ft 

p^~^ J ,i(iw)/{a:) dx, R{fi) > 0, M(n-^2m) > 0, 


r(A)r(A+2w) 
/"(A+m — 


by virtue of the integral (Bathie, 1952, p. 239) 


j 6; c; - Ab = ^-| r(a)r(6)r (tt ) 

_^ r(o+ a)r(^6^jt) A -a) 2 J' 2 {o 4 .aJi+a; c+a, 1+a; p), . . (34) 

JB(a+a) > 0, -B(6+a) > 0, R(p) > 0. 


The reversion of the order of integration is justified when the Laplace and 
generalised transforms of the functions involved exist and the resulting integral is 
absolutely convergent. 

It is easily seen that 

■^A, n(^) '^A+Bx~^ for large x, 

and 

■^A, f»(®) =® ax^+bod^ for small x. 

Example, 1. Take (McLachlan and Humbert, 1960, p. 47) 
h(x) = 2 a:^+”*-^.g' 2 „( 2 V*) 

* nA)r{A+2«) c5p4-A-"IF, (i) 

= pE^X, A+2wi r I — ^ 

= ^(p), fl(A) > 0, i?(A+2m) > 0; 

then (13) 

P^-^Mp) = 2p“+'j:*.(2V'p) 

V 

= e a= g(x), 

h, m 

and (McLachlan and Humbert, 1960, p. 42) 

p'-'sW.e'ip*-”-'** 
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Hence the theorem gives 

A+2f» - “ P~^ (86) 


valid, by A.C., for iZ(A+m— A!+J)>0, iJ(ft+»»--i+i)> 0, B(ft+i—m)>0, 

5(^+jfc+3»i) > 0, B(p) > 0. 

When h = — »»+ j, 

=* y 1 -m+A; *) 

A, ft 

^E(x,ii::x) (86) 

and we then have 

e{x. X+2m : : i) = p-* /i : :p^)dx, (37) 

i?(A+2w)>0, jB(|4+2m)>0, 22(/i— 2 ot+J)> 0, 7?(p)>0, 
which is equivalent to a result given by Erdelyi. 

Example 2. Next take (34) 

^ v+2m; v+m-k+l, 1+v-A; p) 

A+m-*+i. 1+A— v; p) 


Then 


= r(l>) = -RW > 0. 5(A+2m) > 0. 

c"**'"' sa g{x), R(y) > 0, R{v+2m) > 0, 


and 


k, m 

P^~^9{p) “ e~^p'""i*'*'^ 

• Am-v) 

Applying the theorem we get 


>/(»), E(ft— v) > 0, » > 1. 


^A, r(i>) “ rj;^) *■'*(»- • • 


(38) 


R{p-^v) > 0, R(v) > 0, R(p+2m) > 0, R(p) > 0, 
which by the substitution px a p-f-t gives 

^A. p(P) - J* «^-'‘^P+*)''‘^A. (8») 

J8(#t— v) > 0, jB(v) > 0, JB(v+a») > 0, R(p) > 0. 
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When k ™ ^jis yirids by virtue of (36) 

E{\,v::p)^jrf^J t!^-''-Up+tr^E{\p::p+t)dt, .. (40) 

v) > 0, B(v) > 0, B(p) > 0. 

7. in this section we shall derive a few recu^irenoe relations for the gfflieralised 
transform and use them to obtain some recurrencci formulae for the J^-fimction. 

Thbobbm 111. If 1 


where h{x) is i 
and if 


of k and m, then 


k, m I 


(A) 


h{x) being independent of A, k, and m, then ^ 
and 


(B) 


dp* 



(-I)" 

P 


^k+in,m~in,X+n^P^‘ 


(G) 


provided that the integrals involved are uniformly convergent and » is a positive 
integer. 

Proof, (a) Since (Whittaker and Watson, 1935, p. 352) 
we have 

Km^P) ’“pi c"**“(pa5)"‘"* W^ ,^{px)h(x) dx 
J 0 


in 


= p e-*^(p*)’"'*}(p*)*W,.j,„^j(p»)+ 

+(4-i— m) I A(*) dx 

(6) The formula (B) may similarly be obtained by using 

h.m.x(P)-P f *'''^iP»>r~^W^^Jpx)t^h{x)dx. 

J 0 


(c) The formula (0) follows from the above equation on differentiation n times 
with respect to p and using the result 

provictod <hat differentiation under the ragn of integration is permissible. i 
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To illustrate the application of the above formulae, we take 
h{x) » ^E^i, . . . , a ,_2 , A-i : -j 

=» .... a,_2, y, y+2m:^x, • • • . ^s-i. V+w— :p) 

it, m 

Applying the formula (A) and then replacing y by 0 ,- 1 , y+2m by a„ and 
y+»»— by j8j, we get 

E(cii, . . . , Xr’.^i, . . . , Ps‘P) = E(xi, . , . , a,+ 1 : • • • » fls + 1 •' 1>)+ 

+ (^s— a,)A’(ai, .... Ctrl ^1, , j8,+l :p) (44) 

This result may also be derived from known reoiurenoe relations for JD-funotions 
(MaoRobert, 1941, p. 260). 

A special case of this is 

E(x, fi,Y:8:p) saE(«i, fi,Y+l: S+1 :p)+(8— y)iJ(a, fi, Y : 8+1 ! p) (46) 
Now if we take y = \—k—m, « = 8 s* m—k— J, and j? = m—k+i we get 
E(^—k+m, J— i—m ' i 2>) * E(m—k—^, fc— m : I p)+ 

+(2m—l)E(tn—k—^,^—k‘^m’.lp) .. (46) 

which by virtue of (32) yields 

(P) - (i~*-m)lF*,„.,(p)+(2m-l)p-*ir,^j,„_j(p) (47) 

This new recurrence formula for Whittaker function leads ns to another 
recurrence formula for the generalised transform, viz. 

A(i>) == 

’ ' kf m 

and h(x) is independent of A, k and m, then 

To use this formula we take 

x^h(x) ■» . . . , «,- 2 , : jSi, . . . , p,~t : 

== p^"^JB(ai, . . . , ot,_2, A, A+2 to:/3i, . . . , j8,_i, A+w-l:+i:p) 

k, m 

The formulae {D) and {C) then give us, on replacing A by a,-!, A+2m by a, and 
A+i»— *+i by j8, 

(^,-fle,_i-l).»(ai, , . etr-.fii,... ,P$'.p) 

» (j9,— «,)^(«i, . . . , a,-x+l, 1 :ft, . . . , /9,: p)+ 

+(a,-a,_i~l)^(«i, . . . , «,-l : j8i, . . . , ^,-i :p) . . (48) 
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and 


and when »iai, 


dp’ 


{p-“'^(ai, .... ctriPi , . . . , :p)} 


An interesting special case of (48) is 


From (49) we deduce that 

d* f 


dp^ 


«r+» : 

Pi.. 

fps-.p) 

(49) 

' 

, . , , Ps 

:p)- 


, oc,+l : Pi, . 

• • 9 Ps '> 

:p) .. 

(60) 

[p+hY-i:: 

P) 



)E(ai, P, y-1 

: a— 1 

:p) .. 

(61) 

p+n 

::p) • 


(62) 


which is equivalent to 

2 2 


and when n s 1, 


(64) 
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A NOTE ON THE OSCILLATIONS OP AN INFINITE CYLINDER 
SUBJECT TO RADIAL MAGNETIC FIELD 

by Jaqdish Narain Tandon, Department of Phyma, University of DdM, DMi. 

(Communicated by F. C. Auluck, P.N.I.) 

{Received May 25; read A'ugvM 5, 1955.) 

I. iNTBODUOnON 

In a recent paper Ferraro and Memory (1952) have discussed the problem of 
oscillation of a star in its O'wn magnetic field. Following them, we discuss here a 
case of torsional and radial oscillations of a cylindrical mass of highly conducting 
incompressible fluid in the presence of a permanent infinite axial magnetic line-pole 
of strength m/unit length. Li numerical illustration of the problem we have con- 
sidered the same values for radius, density and surface magnetic field as used by them. 
We have also compared the period of oscillations for the first two harmonics with 
those obtained by Ferraro and Memory. 

n. Ptodamhntal Equations 

The motion of incompressible fluid with the density p, the electrical conductivity 
a, and the permeability p (a 1), placed in a magnetic field Hq is described by Max- 
well’s equations in e.m. units 

curl H = 4«j (1) 

(neglecting displacement ourrent) 

ourlE*-^ (2) 

div H os 0 (3) 

j « ff(E+VxH) (4) 

and the hydrodynamic equations 

/>^ = jxH-gradp (6) 

div V =s 0 (6) 

Here ▼ denotes the material velocity, H and E the magnetic and electric field 
strengrii respectively, j the current density and p the pressure. For e a co, it follows 
fix>m (4) that 

E o. -VxH (7) 

Outside the cylinder, j o: 0 and the field equations are the same as (1) to (3) 

with 1 as 0 in (1). 

Using (1), (6) may be writtm 

p^»a^(ourlH)xH— gradp (8) 
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Substituting (7) in (2), this becomes 

-^=:curl{VxH) (9) 

which expresses the fact that the magnetic lines of force move with the jfluid. 

To form the equations of small oscillations, we write 

H = Ho+h and p =* P+p' (10) 

where Ho is the permanent field, neglecting squares and products of quantities of 
the first order V, h and p' (8) and (9) become app|:oximately 

dV 1 ^ 

(curl h) X grad p' (11) 

i 

^ = curl (V X Ho). i (12) 

Operating (11) with a curl we get 

4w/) ^ (curl V) s= curl { (curl h) xHq}. . . . . (13) 

Further since div Ho = 0 we find from (3) 

div h = 0. (14) 

Then (6), (12), (13) and (14) are the fundamental equations to determine the 
small oscillations. 


III. Solution of Problem 


We solved these equations in cylindrical co-ordinate system and considered the 
radial and torsional oscillations only. Since div V = 0 and div h = 0, we may 
express V and h in terms of apj^ropriate Stokes ‘ stream function’, ^ and u respec- 
tively. At any time the family of curves 0 = constant and u = constant will then 
be the stream line of motion and the equations of the lines of force of the field of the 
currents induced by the motion of the fluid in permanent field respectively. 

The resolutes of vectors V and h in the direction of r and 0 increasing are 
given by 




1^ 
7 do' 


A.* -- 


1 du 

rag’ 


^ dr 
« dr 


(16) 


The permanent magnetic field due to an infinite axial line pole of strength 
m/unit length will be radial and its value will be given by 


Hr 


2m 

r ’ 


Let ft = cos 6 and let A denote the operator 

32 1 a 32 

^ ar2 r dr r^ dyfi 


3 


(16) 
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hence this restriction over { will not interfere. To this solution we shall denote 
by Ff{x). 

The required solution of (26) is thus of the form 

FM = AF^l\x)^BFf(x) (32) 

where A and B are arbitrary constants. 


IV. The Magnbtio Fibld associated with thb Oscullations 

For points within the cylinder the stream function of the magnetic field is given 
by (19) and (26) 

% = (m) (33) 

where F\ is the derivative of with respect to x. 

To find the magnetic field outside the cylinder we have to find solutions of the 
equations 

curl H = 0, div H = 0. . . . . . . (34) 

Since the field outside will only differ slightly from the field of the axial magnetic 
line pole, we write as before 

H = Ho+h'. (35) 

Using for the stream function of the induced field ft', we have from (34) that 

curl h' = 0 or = 0, (36) 

where Ai is given by (24). 

Boundary condition , — ^Let the value of x at the surface of the cylinder be 
denoted by xi, so that by (22) 

a = 7]Xx. (37) 

To satisfy the continuity of the radial resolutes of the magnetic field at the 
surface, the solution of (36) must involve the Legendre function and must 
vanish at infinity. Such a solution is 

w (38) 

n 

where Bn’s are constants to be determined. Continuity of magnetic resolutes at 
the surface x =t Xx then gives two conditions : 

a.jV'/-iF),(a;i) = tB,(4wp)-* (39) 

i(4^/,)*[»iF"(»i)-F;,(»i)]. 

Elimination of gives 

(l-V7)J’l(*i) = a;af'>i) (40) 

and 

«' = -»(4ir/»)*2*i^'"^ xWJFlixi) (l-f»*)*P>). . . 


.. ( 41 ) 
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V. Thb Elbotrio Field associated with the OsoiLiiATioxs 

The electric field within the cylinder is given by (7) or since V is small, approxi- 
mately by 

E = -VxHo- 

Since E is wholly axial, its intensity E is given by 

E * (4wp)*A2^’i(*) a:-l(l-ga)tPi (m) (42) 

Outside the cylinder the electric field satisfies the condition 

1 « „ dh' 

curl E = — or cui| E =- 

01 t wt 

by (35). Using the stream function u' for the |Beld h' given by (41), and the fact 
that E is continuous at the surface of the cylinder, we find 

E = i\u', I (43) 

where u' is given by (41). 


VI. The Variation oe Prbssxteb in the Cylinder 
This is most readily derived from the equation of motion (11), viz. 


inp = (curl h) X Hq— 4Tr grad p\ 

Considering the azimuthal resolutes of this equation, we find that p' is of the 


1>'=-(»>A)2g'-(*)^«(/^). 


where On(^) is ^ function of x given by 


?«(») «= j^a:- 


-a:-*^+x-®j(l-Z)+aj4 




.. (44) 


.. (46) 


We shall denote by and the G functions corresponding to and F® res- 
pectively. Let 


00 00 
J-U) *2+v^ ; Ff = 


.. (46) 


where Ag = = 1 and A^^ and A^ are given by (30) and (31). 

Then we find that 




.. (47) 


Cf(*)-4{4-!)+2jj^.4Vt"«, (48) 

0 

where I s* »(«-fl). The series are absolutely and uniformly convergent for all 
values of x. 
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IX. The Magnetic Field of the Induced Current inside the Cylinder 

The corresponding stream function for the magnetic field of the induced current 
inside the cylinder is given by (62) and (63) for the case of the fundamental mode 
of the first two harmonics (omitting time factor) 

u = — t(47rp)* (3*414) sin*^ • . . . (62) 

u = -f(47r/>)* (13-347) c(a:2*449_jfc^a:2) sin2fl cos 0, . . (63) 

where 

0-3621 (64) 

*4 = 1-2102. (66) 

The magnetic lines of forces are given by w = const, for the additional magnetic 
field in the fundamental mode of the first two harmonics a.re drawn in the first 
quadrant only (see Figs. 2(a) and 2(6)). The radial and azimuthal resolutes of the 
magnetic field of the induced current inside the cylinder are (omitting time factor) 

sBs •.{(47rp)l iy(6-828) sin 6 cos 0 

he = -.f(47rp)^(4-827) c{x^'^^^^h4.l4k^x) sin2|9 . . . . (66) 

for the first harmonic and 

\ = — i(47rp)*ij(4-449) 3c(:r2’^49«-.j5j^a;2) (3 cos20-~l) sinfi 

he = -i(47rp)l i](4-449) 3c(2*449xi-449_2jfc4a;) sin2fl cos 0 . . (67) 

for the second harmonic. The values of k^, ^4 and t/ are given by (64), (65) and (22) 
respectively. 



Fig. 2(a) 



Fig. 2(6) 


Fig. 2(a). Magnetic lines of force for the additional field in the fundamental mode of 
the first harmonic vibration. 

Fig. 2(6). Magnetic lines of force for the additional field in the fundamental mode of the 
second harmonic vibration. 
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Summary 

lu the present paper, the discussion of the oscillation of a cylindrical fluid in the presence 
of permanent magnetic hold has been considered. The ihagnetic field has been assumed due to 
in^te axial line magnetic pole. 
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1. Certain hypergeometric functions of three variables have recently been 
defined by me in one of my papers (Shanti Saran, 1955). The elementary proper- 
ties of these functions, includi^ the partial differential equations, have been given in 
that paper. Later, the Pochhammer type of integral representations for the ten 
hypergeometric functions defined in Shanti Saran (1955) have been obtained (Shanti 
Saran, 1955). In this paper I have discussed the nature of the different solutions of 
the partial differential equations satisfied by two of these functions, viz. Fe and Fk, 
at the various regular singularities. The other systems of differential equations can 
be treated in a similar manner. In the first instance, I have obtained the series 
solution of the differential systems at the regular singularities at the origin. Later 
the general solution of these differential equations by the help of Pochhammer type 
of integrals has been obtained and the behaviour of these differential equations at 
various other singularities have been discussed. 

The functions Fb and Fk aie defined as 

(1) ffli, «!, hi, 62, ^2 ; Cii Cg, Cg ; X, y, z) 

_ V («i. m+n-¥p){bi, m){bi, n+p) 

miri »)(C8,P) ^ ’ 

Mil fl| P B U 

and 

( 2 ) F^(ai, 02. « 8 . h> *1 : Ci. Cs. c# ; x!,y, z) 

_ V («i. w+p)(6i, w+p)(5a. n) 


2 . Thb Dmtbbbntial Equations satisfied by Fe and Fk 
The differential equations satisfied by Fb and Fk are given by 

f [^(fl+Ci— l)'“®(^+<i+0+«i)(^+6i)]lF = 0 

(1) j [^(!^+C2~1)— y(^+^+0+oi)(^+0+5g)]ir = 0 

( l)“-2(fi+^+0+ai)(^+0+52)]W^ = 0 

and 

f [9(0-i-Ci—l)—z!{O+ai){6+^+bi)]W ■« 0 

(2) Fg J m+Ci^l)-y{<f>+H<h)(Hh)W - « 

respectively. 
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Using the classical method of solution by series, we assume a solution to be of 
the form 

oc 

m, n, « 0 

where g, h, k are suitable constants. 

The indicial equations of the systems 2(1 — 2) are given by 

?(9'+Ci-l) = 0 
A(A+C 2 *“ 1 ) = 0 
h{k+ei—l) = 

These give ! 

g = 0 or 1 — C| 
h = 0 or 1—c^ 
k = 0 or 1— C3. 

The above roots of the indicial equation lead to the following eight possible sets 
of values of the parameters g, A, k : — 

gf = 0 0 0 1 — Cl 1 — Cl 0 1 — Cl 1 — Cj 

A = 0 1 — C 2 0 0 I— Cg 1 — Cg 0 1 — Cg 

k 0 0 1 •" Cg 0 ^0 1 *“Cg 1 "“Cg 1 ““Cg. 

These lead to the following general solutions of 2(1) and 2(2) valid in the neigh- 
bourhood of the origin : — 

( 3 ) W = AF^iai, «i, ai, 6i, 63. ^2 ; Ci, Cg, Cg ; *, y, z) 

-|-^l.T^"'l/’^.(l — Ci-J-Ui, 1 — Ci-f-Ui, 1 — Ci-1-<*1> l~Ci-|- 6 i, 621 ^2 > 

2-Ci, C 2 , Cg ; X, y, z) 

l—Cg+ffl], 1 — Cg-faj, hj, 1 — cg+fcgj l”C 2 + 62 > 

Cl, 2-C2+C3 ; X, y, z) 

-fBgSl-'^aiyi— Cg + ffi, 1— Cg + ai, 1 — Cg + Oi, 6 i, 1 -Cg + ftg, 1 “ <>8 + 62 1 Ci, 

C 2 , 2— Cg ; X, y, z) 

+Dia;i-®iyi-‘'sJ’g(2— Cl— cg+tti, 2— Ci— Cg+Oi, 2— Ci— Cg+Oi, 1— Ci+6i, 

I-C2+62, 1— Ca-fftg ; 2-^Ci, 2-C2, Cg ; x, y, z) 
+Dgy^“*22!l~‘3^g(2 — Cg — Cg+Ui, 2 — Cg — Cgd-®!. 2 — Cg-J-Cg-l-®!, 

2"*C2— Cg-f-^g, 2— Cg— Cg^-6i I Cl, 2""C2, 2— cg Xf y, z) 

+Dga;t~*izi“* 3 /’£( 2 — Cl— Cg-t-Ui, 2— Ci— Cg+ffli, 2— Ci— Cg+ai, 1— Ci-t-6i, 

1 — cg-f 6g, 1 -Cg-f 62 ; 2— Cl, Cg, 2-C3 ; *, y, z) 
— Cl— Cg— Cg+Afi, 3 — Ci— Cg — Cg+Oi, 3 — Cl— Cg— Cg 
-f-ai, ] — Ci+61, 2— Cg— Cg+6g, 2— Cg— Cg+fcg ; 2— Ci, 2— Cg, 2 — c, ; x, y, z) 
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and 

W = AFj^(ai, ^2, a^, bu bi ; Cj, C2, Cs ; x, y, z) 

Ci+®i, «2» ®2> ^2» 1— Ci+61 ; 

2 — Cl, Cg, C 8 ; a;, y, 2) 

^(ai, 1— C2+Ct2> 1— C2+Ct2, 61, 1— C2+62J 5 2— C2, Cs ; 

y , ») 

+Bsz^'"^nF^(ai, 1 — C84-fl^2» ^ ’“C3+a2» 1 —Ca+fti, 62> 1— cs+fei ; 

Cl, C2, 2— C3 ; X, y, z) 
Ci+^i, 1— C2+a2» l""C2+a2, 1— Ci+61, 1—C2+62; 

1— Ci+61 ; 2— Cl, 2— C2, C3 ; X, y, z) 

+Z^22/^“"^22^'’^3jF^(ai, 2 — C 2 — C 8 +ai, 2 — C 2 — Cs+ai, I—C 2 + 61 , 1 — C 2 + 62 » 

1 — C3+61 ; Cl, 2— C2, 2— Cg ; Xy y, z) 
+JD8a:i*^i2i*^aJF’^(l— Ci+®i> l““C3+a2, 1 — Cg+ag, 2— Ci— Cg+fii, 

62? 2— Cl— Cg+fti ; 2— Cl, Cg, 2— C3 ; a;, y, z) 
Ci+c^i, 2— cg — Cg+otg* 2— Cg — cg+^^tg? 

2— Cl— C8+61, bzf 2— Cl— C3+61, 2 — Cl, 2 — Cg ; x, y, 2). 


3. In this section Pochhammer-integral ropresentations (Shanti Saran, 1966) 
are used to investigate the solutions of the difiFerential systems 2(1) and 2(2), 

Consider first the following integral representation (Shanti Saran, 1966) of Fe- 

(1 ) «i, ai, 61, 62, h ; Cj, Cg, Cg ; x, y, z) 

_ r(fe)TOr(2-fc-fe-) 

(2m)2 

X I (— ^)*“*(^— 1)“* 2^i(i, 61 ; Cl ; x/t) F^(k\ 62 ; Cg, Cg ; y/1— f, zjl — f) df, 
c 

where ai = Jfc+it'— 1. The contour O denotes a Pochhammer double-loop slung 
round the points 0 and 1 such that | f | > | a; |, and | Jyjl — f ) + ( Jzjl — f | < 1 along 
the contour. 

The above integral suggests that 

(2) TF=| r\l-tr*%{xlt)Myll-t,zll-t)dt, 

J c 

should be a solution of the system 2(1) satisfied by Fe where C is some closed con- 
tour and/i('U) and / 2 (v, iv) are the solutions of the differential equations 

(3) [^i(®i+Ci— 1) — w(tfi+i)(ffi+6i)]/i{tt) “ 0 

iy>i{^i+e2—l)—v(^i+^i+k')(^i+^i+bt)]f2{v,iv)a:0 
' Wl(^l+C8~l)‘““’(^l+^^l+b')(^l+01+h8)]/B(», w) =* 0 

respectively, where 9i, ■ ud/du, vdjdv, wdjdw with u ■ x/t, v m yjl—t, to m 

*/l— <. 
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Now, denotii^ the differential system 2(1) by Lx{W) =» 0, L^^W) = 0 and 
Li{W) 0 respectively, we get from 3(2), with Oi <» i+i'— 1, that 

Li(W)=^ f r‘(l-«)-*'[{/2(»(O+Ci-l)-»(0+*)(<>+6r)}/i 

^ C 

-x( 4 ,+^+k'-i)Me+bi)fi}dt. 

Since u = xjt, v = y/1— < and w = «/l— we have on using 3(3) that 


LiiW) = <“‘(1 [/a jf (^>i+*)l<>i+&i)-a;(«i+*)(«i+6i)|/i 

-^a:(^i+0i+i' — l)/2(0i+6i)/ij dt 

= zj r*-'(l-<)-*'[/2(l-0^i+*)(ffi+6i)/i 

•i‘(^i+0i+^'“ l)/2(^i+ii)/i] dt 

= a: J r^~\l-t)~^Xf2{l-t){td/dt(td/dt-bi)fi 

^kMl-t){tdldt-bi)fi 
-(I-*') tf 2 {tdldt-bi)fi 
-<(1-0 a/2/9<(<3/a<-6i)/i] dt. 

This gives on simplification 

(6) d\t-\\-t)^-^'h{tdf^di-bJ^}l 

j c 

Similarly 

(6) L2{Tr) = yf d[<'"*(l-<)"*'{/i(«a/at;+62)/2}]. 

j C 

and 

(7) Lz(W)^z^ d\e-\\^t)-'‘'h(wdl9w+hi)hX 


Now 3(6-7) show that 3(2) will certainly be a solution of 2(1) whenever C is 
either a closed contour or else an open contour at the two ends of which 

[<-*(l-<)^-‘'/2«9/a<-6i)/i] 

[<^~*( 1 — <) ^fiivdfdv+b^f^ 

and 

[t^~\l—t)~^'fi{wdldw+bi)S^ 

vanish where /i and fz are any of the solutions of the systems 3(4) and 3(6) 
respectively. 

Next, from the Pochhammer type of integral representation of Fk (Shanti 
Saran, 1965), namely 

(8) F^{ai, 02, 02, hi, hz, hi ; Cj, C2, I ». y> *) 

r(k)r(k')r{ 2 -k^k') 

~ (2ir»)« ^ 

X r (“<) ^(<— “1) iF i{k, di 5 Cj j x/t)F 2(02, 62* ^ > ^2, > y> dt 

J c , 
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where li|> |a|, |yH-| 2 /l— <1 along the contour and 6] = 1, we see that 

the general solution of 2(2) will be of the type 


(9) 







provided the contour (7 is a closed contour or an open contour at the two ends of 
which 


and 

[/'-*(l-«)-*'/i(«0/a»+a2)/2] 

vanish. 


Now, let us use in 3(2) the following branches of /j and /2 valid in the vicinity 
of point y = 1/a: = 1/2 = 0, namely 

u ^12-^1(61, 1+61— Cl, 1 — 61— A; Iju ) 

and 

^“^*-^’4(1+62— C3, 62 ; ^2, 1+62—*' ; V^) 

respectively, we obtain a solution of 2(1) given by 

W ^ Ax **^^/j:(1 +62'“C8, 61, 1 + 62 -~C 3 , 62^ 1 +^i — Ci,62> 

C2, 1+6i+62““«i, 1+&i+?>2“"®i J ^ 1 ^) 

which is regular at y = 1/a: =» I/ 2 : =» 0. 

Next, in 3(9) if we use a branch of in the vicinity of 1/a; == 0, we obtain a 
solution of 2(2) regular in the neighbourhood of 1 /a: = j/ = 2 = 0. In fact, we get a 
power series in 1/a:, y, 2 , namely 

W^A V (oi, m)( 02 , n+m +«i-Ci, n) 

4 (I,m){l,»)(l.^>){l+ai-6i,w-p)(c2,»)(c8,j)) 

fWj y = u 

where is a constant. This function can be said to be a generalised Horn’s function 
of three variables. For y = 0, this reduces to Horn’s function 11^. 

The author is grateful to Dr. R. P. Agarwal for his constant and ungrudging 
help throughout the preparation of this paper and to the Government of India for a 
research grant. 
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THE EQUATIONS OF MOTION OF PARTICLES IN THE UNIFIED FIELD 
THEORY OP EINSTEIN (1963) 


by V. V. Nablikak, F.N.I., and B. R. Rao, Senior ResearcJi Scholar, 
Department of Mathematics, Banar<ie Hindu University 

{Received May 25; read OcUfber 7, 1955) 

1. iNTBODUOnajK 

t 

As is well known the equations of motion of |)articles can be deduced from the 
field equations of general relativity by solving tUb latter so that the field is regular 
everywhere except at the jMffticles. The usual niethod of approximation in general 
relativity utilizes the existence of the singularitiel of the field at the particles. The 
method followed by Einstein and co-workers (1^38, 1949) is based on expansions 
in the powers of a parameter A for the field potentials, the field equations having 
been split into terms according to the powers of A. The split field equations demand 
integrability conditions. These integrability conditions are the equations of 
motion of the singularities of the field. Thus the equations of motion of the 
particles in general relativity turn out to be the integrability conditions of the field 
equations. 

Einstein (1953) has postulated a set of field equations to represent the com- 
bined field of electromagnetism and gravitation. We find, on following the same 
technique for deriving the equations of motion, that these field equations also 
demand integrability conditions which are the required equations of motion. Our 
problem is to find out whether the equations of motion of the singularities contain 
terms representing Coulomb’s law of force between charge particles and Newton’s 
law of attraction between inertial particles. 

Infeld (1961) and Callaway (1963) have applied the method of approximation 
to the sets of field equations postulate by Einstein in 1960 and 1963 respectively 
and shown that the equations of motion of charge particles, up to the first order of 
approximation, do not contain the term which accounts for Coulomb’s law of force. 
We shaU show here that a solution of the field equations (Einstein, 1953) can be 
foimd out so that the equations of motion of the singularities of the field contain a 
term accounting for Coulomb’s law of force. The singularities considered by us 
here carry with them a charge cloud with density diminishing with distance and, 
in this respect, are different firam those considered by Callaway. 


2. PBELIMINABIliS 

The field equations postulated by Einstein (1963) are 

d{'\/—g = 0, 

=0 


( 2 . 1 ) 

(2.2a) 

(2.25) 

(2.3) 
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where 


dR 


jlV 


dB 


an 


dB„ 


1 ^ -I r. = 0, 

Sx" dx" dxf^ 


g = det. Igr^^l, 




(2.4) 


dJT^ 1 

RflV S ItfJLV~{^MfXV = — 

V dx^ ^ 






dxi^ 


P ^ M P^ P^ 

fip^ aviJ^ op • 


Here and in what follows the dummy suffix summation convention will be used. 
Greek indices refer to both space and time, rumiing over the values 0, 1, 2, 3 and 
Latin indices refer to space co-ordinates only, running over the values 1,2, 3. The 
suffix 0 refers to the time co-ordinate. A bar below two indices indicates symmetry 

and a hook in the same position indicates antisymmetry. are the affine con- 

nections to be determined by (2.1) in terms of the fundamental tensor which 
consists of sixteen independent components. Equations (2,2a), (2.3) and (2.4) 
which are sixteen independent equations are to be solved for The condition 

(2.26) will be ensured by the equations (2.1) and (2.2a). 


3, The method of appbqximatiok 


The field equations will be solved for the case of quasi-siationary fields. For 
any field quantity <f>, its derivatives with respect to the space co-ordinates sc^ is of the 
order of ^ while the derivative with respect to the time co-ordinate is of the order 
of where A is of the order of smallness of vjc, v being a typical particle velocity 
and c the velocity of light. We define a new time t( = A so that the derivative 
of (f) with respect to t is of the order of <f>, A derivative of ^ with respect to (t, x^) 
is denoted by a comma : 


dr 


= 0 ; 


- *• ■■ 


(3.1) 


The expansion of the field variables g^y in powers of A may be taken as given 
in (3.26) (Einstein, 1949): 

Ofiv “h (7^1/ 1 

- V 

9 fiv '9 fiv I ^1*. * 

’Jll ~ ’^22 ~ ’^SS “ ~’?00 “ “ ^ ’ 

Vixv = ^> 

= 8;^; 


. . (3.2a) 
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^00 ““ ^ ^00 • • • • ; 

2 4 2» 

’'o« = • • • • 5 

3 6 2/+1 

= ^*y«n+^%«+ > > 

4 0 2/+2 

9'om “ ^*/o«+^Vo«+ +^^Vo«+ ; 

V ® V ® V Sj+1 V 

(fmn — ^*/««+^V«,„+ +^^«»+ ■> 

V 2v4v fv / 


( 3 . 26 ) 


{! 

In the above formulae an index below an entit|r indicates its order of smallness. 
Now the field equations (2.2a), (2.3) and (2.4) ar^ expanded in powers of A by sub- 
stituting (3.2) for gr^y. The coefficients of A^ (Z 1, 2, 3 . . . .) in the field equa- 
tions must vanish if the field equations are to be Satisfied. The field equations will 
be solved here up to the order of A^ to find out! the equations of motion up to the 
order of A^. The field equations (2.2a), (2.3) and 3(2.4) up to the order of A® give 


il 

© 


• • 

. . (3.3a) 

II 

p 



. . (3.35) 

O 

II 

ti 

II 

8 

0^ 



. . (3.4a) 




.. (3.45) 


= 0, 


.. (3.4c) 

\2v^*v / 

\2 V ^ V 2 Y / 

= 0, 

. . 

. . (3.6a) 

i -^o*. «+^« 0 . «+-®«n, o) 

\Sv 3v 2v/ 

= i n+{^. m+{nm, o) = 

0, .. 

, , 

. . (3.65) 


where 8^^ is Kronecker’s delta symbol, is antisymmetric in all the four indices 
and €1280 jg unity. 

The solution of the equations (3,3) and (3.4) is given by 


fmn ^mnsO ^0 , «, 

2 y 2 

fom ^msiO^s, 

8 « 8 


(3.6a) 

(3.65) 



(3.7a) 
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^ 1. k u 

k H k 

* 

(3.76) 



fivop ' > 


where ^o> ^'^e arbitrary functions of the co-ordinates x^, 

2 3 

k 

m are constants and 

* 

^ are the space co-ordinates of the k th particle at time t. Here it may be noted 
that an index above an entity stands for the distinguishing number of the particle 
and a dot above a function stands for a differentiation with respect to the time r. 
By the relation (3.6), equations (3.5a) and (3.56) reduce to 

^ ^0, ssrr 

(3.8a) 


(3.86) 

A solution of (3.8a) may be taken as 

k k k k 

^0 = etf/+lqr. 

(3.9) 


2 


where c and q are functions of time only and r, usually called as the distance from 

k 

to f is defined as 


r/ ^ \ 

/ * 




It may be seen from (3.6) that the addition of the gradient of any function to does 

s' 

not alter /o„. Such an addition is superfluous and may be considered as similar 

3 V 

to the gauge transformation in the case of the classical electromagnetic theory. 
The integrability of (3.86) demands 

k 

g = 0. (3.10) 

With the condition (3.10), a solution of (3.86) may be given as 

(k k k k\k 

<l>s^[e^+\qr)e (3.11) 

Now we are in a position to find out the equations of motion of the particles in the 
combined field of gravitation and electromagnetism, the gravitational field being 
given by (3.7) and the electromagnetic field being given by (3.6), (3.9), (3.10) and 
(3.11). Up to this approximation, there is no interaction between electroma^etic 
and gravitational fields. 


4. The equations of motion 


The field equations that determine the motion of the particles are 

Rmn 0, I 

•• •* 

Boo =» 0, j 

4B 


(4.1) 
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We shall show now that the equations (4.1) demand integrability conditions. 
Equatit)n8 (4.1) imply 


The equation (4.2) when written out explicitly gives 

lly — y y \ 

^ ^ wn, ss ' sn ' sm * tnn j 


“ ( Os ^wn ^00, 00 j 


’ ^ 2 00 ^00, mn i ^00, m ^00, ^wn ^00, s ^00, i 


^ ^0, rs ^0, rs*^" ^ /mr, s •fns, r J 

i 

i ^mn ^0, ^0, ss ^0, wn 

A <2 A ^ ^ 

+^0,i^O,sm«-Ho,„^0,«rr 
“^ 0 , « ^0, «.rf- H„„ fo, « fo 

Ik Ik II 


<iit 


The equation (4.3) may be written an 




(4.2) 


(4.3) 


(4.4) 


where stands for the expression on the left-hand side of the equation (4.3) and 

4 

Ann stands for the expression on the right side of (4.3). It may be seen (Einstein, 
m9) that 

0 =0 
Z tnn, n 


h 

s 


(4.5) 

# 


where 8 stands for a closed two-dimensional surface enclosing the k th singularity 

k 

and is the unit outward normal to the surface 8. According to (4.4) and (4.6), 
Ann should satisfy the equations 


4 


, . (4.6a) 


= 0 


A„„ contains only known functions of the co-ordinates. It may be seen that (4.6a) 

4 

is satisfied everywhere in the regular region. The equation (4.6a) ensures that the 
left-hand side of (4.66) is independent of x\ The integral on the left side of (4.66) 
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{Received April 6; read October 7, 1955) 

1. Introduction 

In the early stages of the development of general relativity, it was assumed 
that a geodesic principle governs the motion of the particles. But later it was 
recognized that the field equations of general relativity are strong enough to deter- 
mine the co-ordinates of the particles which are sources of the field. The problem of 
motion consists in solving the field equations so that the field is regular everywhere 
except at the particles. To do this, one has to take recourse to an approximation 
method. The problem of deriving the equations of motion from the field equations 
of empty space alone was tackled by Einstein, Infeld and Hoffmann in 1938, and 
Einstein and Infeld in 1940 and 1949. But from the earlier methods it does not follow 
that the field equations can bo solved to any arbitrary high approximation. The 
method given in 1949 was considered to be satisfactory from the logical standpoint. 
We shall see in § 2 that this method also is not satisfactory from the mathematical 
point of view. A new version of the approximation method will be given in § 3 
and § 4. 


2. A Mathematical Discrepancy in the Method of Approximation 

GIVEN IN 1949 

The method of approximation starts with the expansion of the field variables 
which are defined by 

2 . ^ L 

Vll = V22 = ^33 — ""’700 = 

where is the symmetric metric tensor of space-time. Here and in what follows 
the dummy suffix summation convention is generally adopted, exceptions being 
explicitly stated. Latin indices refer to space-co-ordinates running over the values 
1, 2, 3 and the Greek indices refer to both space and time, running over the values 
0, 1, 2, 3, The suffix 0 refer to the time co-ordinate. The power-series development 
for to represent the field of a non-radiating system of particles is known to be 
given by 


Voo * 


2 4 

21 

yo« = A8yo-+A6yo-+- 

••+A2'+iyo.+ --. 

3 5 

21+1 

rmn = A*y^«+A«y^„+ • 

• • +A“+2y,.+ • • • , 

4 6 

2J+2 




.. ( 2 . 1 ) 
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where the parameter A is of the order of smallness of vjc, v being a typical velocity 
of the particles and c the velocity of light. The indices at the bottom indicate the 
order of smallness. The derivative of a field quantity ^ with respect to of is of the 
same order as ^ while the derivative of ^ with respect to is of the order of A To 
treat the derivatives with respect to the time-co-ordinate on the same footing as the 
derivatives with respect to space-co-ordinates af, a new time r ( = A a;®) is introduced 
so that dfl>ldT is of the same order of <f). The derivatives of any entity with respect 
to (t, of) are denoted by a comma. Thus 


d<l>l dr =.tdcl>ldxO o; 

5= ^,s . 

Instead of the usual field equations 




tlV 


o 7^® O I 

, r ° i - r ° r ’' —0 

a*- ’ 


a set of linear C()m])iuatioiis of the field equations defined by 


where 


and 


^00 = “"Voo> w, 

^Ofli ~ 0w> «)> s, 

^inn “ — s^VinS, «), s+(^,i»r ^ns, s V fs? «)» i 

2.^00 = y $ f ) 5 r + 2 id'oO; 

2-^0i» = A(^ini.iO““^00»mo)+2^'om> 

Om oo( 

— A28^*yoo> oo+2.d'^„. 


(2.3) 


.. (2.4) 


.. (2 5) 


.. ( 2 . 6 ) 


.. (2.7) 


is to be s(dved by the method of approximation. Then the field equations (2.5) are 
split according to the powers of A and are given as 


^00+2-^00 = 0> • • • • • • * • (2.8a) 

21 21 

4>o«+2^0m = 0, (2.86) 

2/+1 2/ + 1 

= 0, . . . . . . . . (2.8c) 

2/+2 2/+2 


1,2,3* • 

These equations are to be solved step by step without introducing singularities in 
empty space. A solution of the field equations (2.8a) for Z = 1 , viz., 


“^00* w = 0 


(2.9) 


is given by 


^ = l/J = |^(x»- )] *, y«o = - 4 2 ^ i. . . (2.10) 
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SO that it may represent the field of N particles. in the above formula are the 
space-co-ordinates of the A:th particle at time t. Starting with the solution (2.10) 
the field equations (2.8) for all I are to be solved consistently. In the process of 
solving the field equations (2.86) and (2.8c) it becomes inevitable to have to add 

. h k ^ k k k k . 

smgle poles —4 m 0 and dipoles — ^ to Voo* Here m and 8^ are functioxis of 
21 21 21 21 
time which will be determined by the integrability conditions of the field equations 
(2.86) and (2.8c). The integrability conditions of the equations (2.8c) that determine 

Sr are 
21 


6 2A^rnrd8=^0 (2.11) 

J k 21-^2 
8 
k 

where is a two-dimensional ^surface enclosing the kth particle and is the unit 
normal vector to the surface 8, Equations (2.11) after the integration give 


where 


k k k 

2/+2 2/ 2/+2 


( 2 . 12 ) 


k / P k k p \ p,k [k p P k \p,k 

^ + 2 /^i\2 2/ 2 2I7 \2 2/ 2 2/ / ^ 

/>.* (A h p.k Ip \ k 

^ = r), = r), 

stands for the summation of p from 1 to ^ excepting k and a dot above an entity 


P^ ] 


stands for differentiation with respect to time thus : 


k 

C, in the equation (2.12) are certain known functions of the co-ordinates of the 

particles and their derivatives with respect to time r. 

By the device of adding single poles and dipoles to Yqo at each stage of the 
approximation the field equations can be solved to any desired degree of accuracy. 
Finally dipoles are removed by the use of the condition 


2A2'i', = o. 

I«1 21 


(2.13) 


which are the equations of motion of the particles. 
The equation (2.13) implies that either 


fi'r “0, 1 ly 2} 3) . . 
21 


, * 

or that at least one of 1, 2, 

(2.14) imply ^ 

k 



. . .) is a function of 
“ 1, 2, 3, , . . 


A. 


. . (2.14) 


The equations 


19 
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which are to be satisfied by ^ are 3^ functions of time. The infinite number 
of equations (2.16) will not in general be satisfied by any system of functions 

k 

Thus we are left with no alternative but to regard Sr as a function of A. This 

2b 

k k 

implies that yoo is a function of A since we have added dipoles— Js, r to Voo* B^t 

^ 2b 26 26 

the expansion (2.2) for implies that Y^y arc independent of A which will be 

k ^ 

vitiated if Sr is a function of A. Actually the device of adding dipoles was to avoid 
26 ; 
the infinite number of equations (2.15) and get th^ equations 


2/ + 2 y 


.. (2.16) 


This will be possible only by the violation of the assumption implied in the 
expansion (2.2), viz. that Y^y are independent of A. Thus the method of adding and 

annihilating the dipole field also do not satisfactorily solve the problem of motion. 

The fact that yoo is required to be independent of A was overlooked from the 
21 

beginning. In the equations of motion, one expects Newtonian terms in the first 
approximation ; and in the second approximation, those terms that account for the 
perihelion motion of Mercury. The expected equations of motion are of the type 


( k k k p p,k \ k 

/ mm flf, s]+X^Cs*^ =0. .. .. (2.17) 

\ 2 ^ 2 2 / 6 

k 

The equation (2.17) implies that are functions of the parameter A. But a 

h 

solution of the equation (2.9) was given by (2.10) which is a function of A since is a 
function of A. To avoid this inconsistency in the procedure one may assume at the 

k k 

outset that the co-ordinates of the ^th particle and M, the mass of the il:th particle, 
are functions of A; and seek solutions of the field equations (2.8) for which Y^v 

independent of A. In § 3 and § 4 we shall see how the field equations can be solved 
consistently to any arbitrary order of approximation. 


k k 

3. The Development op ^ and M 

With the power-series development (2.2) for Y^y the field equations (2.6) are 
expanded in powers of A and split according to powers of A. In the I th stage of the 
approximation the equations to bo solved are 

^oo“l*2yloo = 0, . . . . . . . . (3.1a) 

21 21 

= 0 (3.15) 

21+1 2^+1 

= 0 , 

2/+2 21+2 


.. (3.1c) 
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where 


21 


^Om ® i ^Ow) s »)> s> • * • * * * 

2/+1 \ 2 Z +1 2/+1 / 

^mn ® -( ymn, s~r„5, n]y s+/8«sr«r, f — X s, 

2 / f2 \ 2/+2 2Z+2 / \ 2Z+2 2/+2 / 


2/loo *= yrSi rs + 2^^00> 

2 / 2 / 2 / 

2-^Om — Ow + VinX) 

2/+1 \ 2/ 21 J 2Z+1 

2/+2 2/+1 2 Z 4 J 2 Z +1 

OO^^mw^OO) OO + ^-^^mn- 
2 Z 2 Z 2/+2 

In the above formulae A ' contains all the non-lincar terms of order b in the field 
b ^ 

equations (2.5). The field equations are to be solved so that are regular every- 
where except at the positions of the particles, tending to zero as r->>oo. 

If a solution of the field equations in a specially chosen co-ordinate system is 
given, one can find out the solution of the held equations in any co-ordinate system 
connected with the chosen one by a given co-ordinate transformation. Hence, 
without any loss of generality, the held equations will now be solved in a co-ordinate 
system distinguished from others by the co-ordinate conditions: 


y^mi m“~y00j0 = 

~ 0. 

We consider that the presence of the function 

-4J^^ .. 


.. (3.4) 


. (3.5) 


in ^00 crucial for the representation of the held of N particles which are at the 
k 

positions at time t. The character of the entire solution will depend on the 
harmonic function (3.5). 

Schwarzschild’s solution in isotropic co-ordinates to represent the field of a 
particle of mass m is given by 

4m 2m2 \ 

yoo = -- — ^ + ■■■> 


Yom = 0 , 

y =8 ^ + 

’»n — ‘'■n 2 T 


Voo =® — 4»t/r— 2jtt*/r*+ • • • , 1 

Yom^O, ) (3.6) 

y-s = . j 

In considering (3.4) and (3.6) we are seeking a solution for the field of N 
particles analogous to the solution (3.6). 
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k k k 

Since M is at the most of the order of A®, the expansions for M and may be 
taken as 

k . k ^ k . k 

M M+X" M+X^ M-\- ■ ■ ■ 

2 3 4 

k k k 

f =f+Ar+A*f+*-, 

0 12 

k k 

When (3.7) is substituted in— one gets, on expansion, 

s + 


where 


-4(a*1+a4+ . . 


(3.S) 


L k r ^ * 1 

0 = (R)-^ = I (rr^-n (x-e)] 
»■ 0 0 -* 


-h 




k k 


Since — 4ilf0 is to be present in y^o, accordiug to the expanAsions (2.2) and 
(3.7), one finds that 


k k 

= 0 , 

2/+1 2/fl 


(3.9) 


for all positive integral values of L Thus in accorrlance with the power-series 

k k 

development (2.2) for y^^, the power-series development, for and M is 


0 2 4 21 

M = XM+X*M+ ■ ■ ■ +X^M+ • • • . 

2 4 21 


.. (3.10ri) 
.. (3.30/>) 


4. The General Outline of the Method 

k k 

By the use of (3.10) the function may be ex])anded in powers of A a.s 

= A2(-4M 0)+A4f-4M • • • 

\ 2. J \ 4 22/ 

+xA^4:Ml+^y M 

I 2 / " 2 (/-a) 2 a 


{4.1a) 


A A ^ i 
a»l 

k k k ^ 

-2>> M fe^,sr+- 

^ 2“ ^ 

k 

where M for a = 0, 1, 2, . . . , is considered to be zero. The expansion (4.1a) is 
-a» 

valid in the region given by 


. (4.16) 
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The potential Voo divided into two parts as 


h k 


yoo = yoo-4iif0, 


(4.2) 


where Voo stands for the function which does not contain any harmonic function. 
The expansion (2.2) for now takes the form 


where 


yoo = A“(yoo-4M0)+A'(yoo-4ikrH4irri„)- 

\2 2 / U 4 2 2 / 


3 6 


+A“+Vo,+ 

2H1 


A*y»n+A®y,„+ • • • +A^'''^y,,+ 


2/+2 


Yoo = Yoo-4:Mi+^y M 


21 

I I 


2/ 2(/-a)2a 


a^i 6*1 


(4.3) 


(4.4) 


k h 

The variables Voo* ^Ow) Vnm* ^ appear for the first time in the field equa- 

21 2i+l 2f+2 21 21-2 

tions at the I th stage of the approximation. Hence these variables are to be 
determined by the equations (3.1). For the intogrability of (3.16) and (3.1c) certain 
integrals over closed surfaces, each enclosing one and only one of the particles, should 
vanish. The equations provided by the vanishing of these integrals are expected to 

k fc 

determine M and while the equations (3.1) determine the field variables 
21 21-2 


^00* ^0«i> 


21 2/+1 2Z+2 


For the uniqueness of the solution, it was assumed that no new harmonic 
function is to be added to a field variable at any stage of the approximation. The 
equation (3.1a) for ? = 1 is 


Vooj ss = 0, (4.5a) 

2 

which gives the unique solution 


yoo = 0 
2 


(4.66) 


according to the assumption about the addition of harmonic fmictions. It is to be 
shown that the field equations can be solved to any desired degree of accuracy. 
We shall provq^ this by the method of induction. Let us assume that the field 
equations are solved up to the (7— l)th stage of the approximation. It is to be 
shown that the equations (3.1) can be solved. Since the field equations in the 
lower approximations are assumed to be solved, the variables 

^ h k 

yoo> yofii9 y«i«> ^9 * * • • • ♦ (4.6) 

2a 2a+l 2a-¥2 2a 2a-2 

0 * 1 , 2 , 

may be considered as known functions of the co-ordinates (**, t). 
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By the use of (4.4), the equations (3.1) are written out thus: 


where 


ssHh 2-^00 “ 

21 21 

21+1 2i+l 21+1 

Omn+2A^n + G^n = 0, 

21+2 21+2 21+2 


Vf u\yx v/ 

(7o, = 4(ir^).o.-4(itf J * .. .. (4.7d) 

a+l \il / \ 2 af-2 /,0ms 

and 

[ k J k ^ k ^ I k ^ \1 

2 \2/-2 2i-2 I 2/-2 /J»00 

/ k k ± \ f / k k I \ 

-yoO.JMi^ <^,s„ -70^, JM </>,sJ 

2 \ 2 2;-2 7 2- \ 2 2J-2 / 

/ k k h. \ 

+38«„yoo. s{M 

( h k ^ \ / k k ^ \ 

M ^,, -2^00 ^ e . .. (4.7c) 

The function is split into two parts, viz. containing all those terms that 
2/+1 2/+1 
k k 

are not dependent on M and f ® and containing all those terms that are depend- 

21 2/-2 2/+1 

k k _ 

ent on M and But the function A^^ is split into two parts, viz. A^^y contain- 
21 2/-2 21+2 21+2 

k 

ing those and only those terras that are not dependent on and containing 

2Z-2 2/+2 

k 

all those terms that are dependent on f*. 

2/-2 

The .^00 contains only known functions (4.6) of the co-ordinates. The equation 
21 _ _ 

(4.7a), which is Poisson’s equation in yoo> determines ^oo uniquely. Now the 

2/ 21 

equation (4.76) is to be solved for Vom- Since 

2/+1 

®0«l> TO ~ 

21+1 


<Po«w«.d^Sf = 0, 
21+1 


the conditions 


2^0to> to “I" ^0«> TO 0, 
21+1 21+1 


(1^1 *‘"^+1*)^**^^ = 0, 


(4.86) 
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k 

arc to be satisfied for the integrability of (4.76). Since we have to take S in the 
regular region for the y's and since our procedure implies the expansion (4-la), the 

k 

surface S is to bo taken in the region given by (4.16). This will be understood 
throughout the work. The four identities between the field equations, together 
with the field equations in the lower approximations, ensure the condition (4.8a), 
which in turn ensures that the left-liand side of (4.86) is independent of the space- 
co-ordinates Since contain only known functions of the co-ordinates, the 

left-hand side of (4.86) can be evaluated and the contribution from Aq^ and Cq^ is 

2/-I-1 2/+1 


given by 


477- 


J k 

s 


('OtH 

2/4-1 


dS = 


k 

-4ilf, 

21 


(4.9) 


2Ao^v^dS^ao. (4.10) 

2/4-1 2/4-1 

k 
S 

k k 

where Cq is a known function of a = 0, 1, 2, . . . (1—2), Thus the integra- 
2/4-1 ‘irt 

bility condition (4*86) gives 

m-Co- 0 (4.11) 

21 2/-H 


477 


The equation (4.11) can always be solved for M, Hence the integrability 

2 / 

k 

condition (4.86) can be satisfied by clioosing M according to the equation (4.1 1). Now 

2 / 

the equation (4.76), together with the condition (2.4), can be solved uniquely for row- 

2/4-1 


- * 

So far we have seen that yoo> ^ become known from the equations (4.7a), 

21 21 2/4-1 

(4.11) and (4.76). The equation (4.7c) remains to be solved, the unknowns being 


y^n and 

2/+2 2/-2 


Since satisfies the equations 

2/4-2 


=0 

2/4-2 


% 

< ^ dS = 0 , 

2/4 2 

J k 

the conditions, 

mn9 w 9, 
2/4-2 2/4-2 





t/ k 

S' 


0 . 


( 4 . 120 ) 

(4.12ft) 
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are to be fulfilled for the integrability of (4.7c). The four identities, together with 
the field equations in the lower approximations, ensure the equation (4.12r;). The 
equation (4.12a) ensures that the left-hand side of (4.126) is at most a function of 

time. 8ince A„„ is a known function of the co-ordinates the contributiem to the 
integral coming from A„„ can be evaluated. Therefore, we write 


J-; (b 2A„„ 7l„ rf/V = 

I 2?+2 97 X 9 


2/f2 


(4.i;ia) 


and assume that u-e have calculated C'b, From t|e equation (4.7c) it may be seen 
that I 


/ k k \ 

* 4 ' 

pip 

k \ 




-f4M V 

M\ 


1 

(4. 

21+2 \ 2 21-2/ 
J k 

S 

.<«• 2 

2 \ 2/-2 

21-2/ 


where 


¥ (■ 

t\ k 4^ 

(t 


•!>=[> 

P) (X^ - in , 0, r • « 
' 0 ' 

, . — ^ . . 

^ 0 


Hence the integrability condition (4.126) gives 


/ k k \ k p ( p k ^ 

[M M +4M > 3l{ 

\ 2 21-2/ ,00 2 2 \ 2/-2 2 /- 2 / 


2/+2 


.. (4.14) 


k 

f ® can be chosen such that the condition (4 . 1 4) is satisfied and hence the equations 
2/ -2 

(4.7c), together with the co-ordinate conditions (Ih4), can be solved for Thus 

21+2 

k k 

from the equations (4.7), (4.11) and (4.14) the variables yoo, yow» ^ 

21 2l\-l 21+2 21 21-2 

become known. Since tlie field equations are satisfied by the Minkowskian metric 
•q the field equations can be solved to any order of approximation. In solving 

^ k 

the field equations wo get the equations of the type (4.14) which determine 

21-2 

Thus the equations (4.14) for J = 1, 2, 3 . . . , give the equations of motion of 
the particles. The co-ordinates of the particles given by 


k k k k 

== f +A2f + . . . 

0 2 2^-2 


(4.15) 


k 

become known functions of time up to the term when the field equations are 

21-2 

solved up to the order (2/+1). The equations (4.15) are the integrated equations 
of motion. 

k h k 

serves the same purpose as 8^ given in the method of approximation 
2 2/-2 2i 

k k 

followed by Einstein and Infeld in 1949. is a part of the co-ordinates of the 

21-2 

k th particle. Thus this method is based on a purely mathematical deduction and 
no physical concept was used to get the equations of motion. , 
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6. Equations or Motion up to the Sixth Obdbb 


By direct calculations the integrability conditions (4.14) for 1=1 and 1 = 2 
can be found out and are given by 



and 


h 

M 


2 




/>,* P^P, P\P.k 
•h H i sr m ^ 

0 0 0 


’e'* 

+ - 

C k k p p k p p k ^ 
(oo 00 00 003 


A 

+ 0 



PJ 

+ 


( k h p p k p 

] -rr-irr+4rr+4 y 

too 00 00 « 

V ^*1 


^ Q»k 

M-X 
2 ^ 



.. (5.2) 


The equations ( 6 . 1 ) and (5.2) together with (4.15) give the equations of motion 

k p 




P, k p p p p, k 

-\R .srn,e^+\^ R.^ 
0 0 0 


— , « p 

MM 

H ® 

hi q <L£ hi ( k k p p 

-4^ > M^„ + ^,J4rr+4rr 

stl 2 (.0 0 0 0 

P P P k ") Pil ( k k p p 

-4rr-3f*r f+ •i>,, ( 

00 00 ) (00 00 



The equations (5.3) are correct up to the sixth order of approximation. This is 
the equation wUoh was solved by H. F. Robertson (1938) to find the perihelion motion 

of the planet Mercury. The i’ which are appearing on the right-hand side of the 

0 

equation (5.3) are the solutions of the Newtonian equations (5.1). 

Our calculations show that if is a constant, whereas M, M, etc. are functions 

2 4 0 

of time. This result taken along with (3.9) shows how the associated mass para- 
meter M varies with time when the gravitational interaction is taken account of. 
This effect for a slowly varying field is in agreement with Mach’s conjecture regard- 
ing the inertia of a particle. 
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Abstract 

A mistake has been noticed in the current theory of approximations giving the eqtiations of 
motion of N particles in a relativistic gravitational field* The genesis of the mistake has been 
shown and the method of approximation is modified so as to give correct results. The new 
equations have the same form as the old ones considered by Robertson but in substance there is 
a difference. In the procedure given here the splitting up of terms of the field equations is the 
same as of the 1949 theory and the co-ordinate conditions are used in a form free from singular- 
ities. The calculations also show in what manner Mach*« conjecture regarding tho inertia of a 
particle is verified. 
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INTERNAL BALLISTICS FOR POWER LAW OP BURNING WITH MOST 

GENERAL FORM FUNCTION 

hy S. P. Aggaewal, Defence Science Laboratory, New Delhi 
(Communicated by R. S. Varma, F.N.I.) 

(Received May 21 ; read August 5, 1955) 

1. Introduction 

All the present theories of internal ballistics of guns assume a linear law of 
burning of the propellants as it renders the mathematical treatment of the ballistic 
problem comparatively easy. Since the experiments showed that many propellants 
bum accordi^ to the power law of burning, Clemmow in 1928 gave numerical 
solution of the equations of internal ballistics for power law of burning, assuming 
simple quadratic form ftmction. 

Now in the present-day advancement of the ballistic theories the need of a 
better form function has arisen. The simple quadratic form function is not applicable 
when we are considering a more digressive burning surface or when the propellant 
is a chopped one, e.g. chopped cord. Even for the most simple case of a cord we have 
a cubic form function although we generally take a quadratic one. The most 
general form function can be of the form Z — tl,(f) s (1 — /) [1 -fX(/)], where X(0) = 0 
which satisfies the two conditions that when Z = 0, f = 1 and when Z = 1, / = 0. 

In the present communication the author has extended the results of Clemmow 
to the case of general form function Z s= ^(/) and has deduced the results for other 
form functions, such as general cubic form function, for spherical propellants and for 
quadratic form function. 


2. Fundamental equations 

The four fundamental equations of internal ballistics for power law of burning, 
and having general form function, are : 

Energy equation is 

FCZ = p\^A(x+l)-Cz{b-^^+UY-l)wiv^ .. .. ( 1 ) 

where Wi = 1-06m>+ JU. 

Dynamical equation is 

= ( 2 ) 

Form function is 

Z as ^(f), where ^(/) is such that when Z *= 0,/ = 1 and when Z = 1,/ = 0 

" (1 — /) [H-X(/)3, where X(f) is zero for / = 0 (3) 

Also there is a condition on equation (3) that it should give one positive root 
less than unity. 
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Bate of burning equation is 




Making the following dimensionless transformation 

X 


^ = 1 + 


l 


_ vAD (FOX 


1-a 


(4) 


y PAI 1 

FC ! 

b 

^ — TifTa.i— 1 ^ p. 

FCphVi \Al}> 

the above equations reduce to 


z = i(i-BZ)+l{y-i)-n^lM 

. . (6) 



. . (6) 

z = m 

. . (7) 

’'1=-^“ 

. . (8) 


3. Solution of the equations for Z = <f>(f) with B = 0 

Now the variable rj can he easily eliminated, by differentiating (5) and using 
(6) we have 

dZ^idt+y^d^ 

(9) 

From (6) and (8) we got 

( 10 ) 

and equation (8) can be written as 



Substituting the value of rj from (11) in (10) we get 

( 12 ) 

Now make the following substitutions : 

r = C^ (13) 


BO that equation (9) reduces to 




.. ( 14 ) 
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Mathematically, the function ^(/) being known, we can express / as a function 
of Z,f=^i(Z) (say). 

Therefore differentiating this function we get 

df=<f>[{Z)dZ (16) 

From (9), (12) and (16) we get 


or 


A 

dZ 

1 


df 


4i(Z) 


d r 1 


dZ ■ df_ 

a 

(Z)dZ 


= jf 


Performing this differentiation we get 


.. (16) 


This can be written as 


Differentiating (14) we get 




Differentiating this equation (19) again we get 


J'^lr (y-i)r 


and from (13) 


r _ 7' r' 

y v* y t V 


yY" 


(y-i)r' 


Substituting these values in (18) we get 

Q(YJ^ 


(17) 


(18) 


(19) 


( 20 ) 


(21) 




-1 


(22) 


where n — ^ ^ and Q = (y— l)Jlf. 

For the particular function ^(/) we can find out <f>i(Z) and hence the equation 
(22) can always be integrated numerically to give a series of values of Y, Y' and T" 
in tWms of Z, for a given propellant, i.e. given n and a and a given value of Q represent- 
ing the loading conditions. For finite shot-start pressure the initial conditions are 

ro = io,2; = Zo«i:o 

and also from (14) we have F' = 1 and Y" a 0. 
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For zero shot-start pressure the initial conditions are 

To = 0, Zo = 0, 7' = 1 and 7' = 0. 

We can develop a series solution of the equation (22) if the particular form of 
^(/) is assumed and the initial csilculations can be checked up. 

Here the shot-travel is given by equation (14) as 


|y-i _ Y' 

The pressure is given by equation (13) as 

7 


{ = 1 = 


dC 


Y - 

(Y‘)Y-t) 


(23) 

(24) 


For maximum pressure = 0 and therefore 'differentiating equation (23) and 


putting ^ = 0 we have 


7' 


y Y" 


7 y-1 7' 


(25) 


and this equation can be s<jlved numerically from the tabulated values of 7, 7' 
and 7". 


At all-burnt position, 7 = 1. 

Therefore the velocity can be obtained from the energy equation in the following 
form : 

= 2Jf(z-|;) /(y-1). 

lloiice 

= 2Fc{z- I iy-\)wi (26) 

After all-burnt there is simple adiabatic expansion and 

S^y-7.2 (27) 


and therefore muzzle velocity is given by 

2 /i JJl.\ 

Now in further analysis wo will assume different forms of the function <f»[f) 
and show how these equations are modified. 


4, Solution for cubic form function 
Z=:(1-/)(1+6I/+W 
This form function can be written as 


or 




6' 


B' 


0 . 


.. (29) 
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This further reduces to the form 


f'^+Pif+9i - 0 


where pi 


d! _ WjdlX 

f 3\ 6' / 


and = 3^7^ +27 

The solutions of the equation (30) are 

/; = (^)*+(i?)* 

sem* 


4 = a>(J)*+a.«(5)* 


where A 


I 2 3 

2^V 4 ^27* 

V gp- 

4"'‘27' 


Hence /i = [(^)* 4 .(jy)*]_ 

/* = [a,2(^)*+a,(S)*]- . 

Now the values of the roots depend on the values of 6 and $\ so that let us 
consider the most general root given by 

f=^^-iZ+k} + V{Z+W+k^*+~[-{Z+k}-y/(Z+k)2+k^^-K^ 
wheiB 

, 40'2p, , , e-6' 

k, ^ and h = -^. 

Also Ki and K 2 can have values 1, 1 ; a», o>* and oi®, to respectively. Let us make 
the substitution {Z+k) ss Zi (say) 

Here 4>i{Zx) = (32) 
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. _i 

■■ <(^i) " 

or l-i-r (33) 

1 W) j [--fiTxS -Z,+Jz\+k;\^+K^[-Z,-^Z\+k,]^\ 

Also 

0i'(^i) 1 4>[(Zi) j J 

i . . (34) 

Hence our equation (22) reduces to: 

(^f+fei) 

[-K^[-Z, + J^l]^+Kt[ -Zy-J 

\^f^Zy\-Ky[-Zy^ J^^^K^[-Zy- 

“3g^yi?+^[A-x(-Zx+y^x)4g2(-gi-y^.)*j] 


y/^r jrff y/ 

=^,j^^+(«-2)y-, + .yJ + 


, y(l-a) ^ ^ {Y-1)M 

where « = and Qi = — " '• 

In this case this is the equation which gives Y, Y' and Y" in terms of Zj. 
Further analysis is the same as has already been discussed in section 3. 

As an example let us consider the case of a cord. In this case Z is a cubic in 
given by 

z-(i-/)(i+/+’^) 

A is generally of the order of 200. 

.•.Z = {1 -/)(!+/+ -005/8). 

This can be written as 

•006/»+-995/*+(Z-l) = 0 
or /8+199/*+200(Z-1) = 0. 

Here there is one change of sign, because (Z—1) is negative ; hence there is only 
one positive root. Also the discriminant of the transformed cubic is positive, therefore 
Ki’=‘ Kt= 1. Now we can set up our equation (35) in this case and can integrate 
tbis numerically. > 
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6. Solution for the cubic form function 


This form function win be written as 


From this equation we get 


Therefore our 


z = {i-p): 
/=(1-Z)*. 


Hence our equation (22) reduces to 


Ty'" y*" y'l i o^y'\2-2n 

9(l-Z)^[y;r + («-2) + -6(1-Z)* = 


This can be further written as 

/, ^'1 2,, ei(F')2-2» 

(1 ^) |^y»+{W 2) yj + ttyj ^(1 , y2a-l '• 

where n = and = 

In this case, this is tiie equation which gives Y, Y' and Y" in terms of Z. 
Further analysis we have to do exactly in the same way as done in section 3. 

6. Solution for the general quauratic form function 
Z = (l-f)il+9f). 

This form function can be written as 

z = i+{o-i)f-ep (- 

From this equation we get 

. V(»+l)®-4eZl 


(Since we have to consider positive root, we take the positive sign.) 
Therefore 

A _ r-(«-i)+V(0+i)“-4ez' 

“ • • • I 


Hence our equation (22) reduces to 


^:+ 4 ] 

This can be further modihed as has been done in Clemmow’s paper. 

Let us have 

Fi (say) 


Zi a* qZ where q = 


(1+0)* 
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Therefore the equation (43) modifies to 



r" Y' Y' 

-^ + (n-2)-^,+a -! 

y, ' 'r; rj 


1 

2 


Q(Y;f-^" 

y'y^2a-|- 


.. (44) 


This is the equation which gives on numerioal integration the vaha's of 7, Y' 
and Y'' in terms of Zj. 

The rest of the treatment is the same as don^ by Clemmow. 


7. Solution for the form foItction Z= (J— /). 
Here our = (1— Z). I 

i 

Hence our equation (22) reduces to | 


■jr/rr 


+ (m- 


Y" Y' 

.2)^+«y = 


(Y') 

f" 


2 - 2 « 


(45) 


and we have to proceed exactly ip the same way ias in section 3. The series solution 
for this equation has been given by Clemmow. 
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Summary 

In this ooramunication the author deals with the problem of internal ballistics of guns for 
power law of burnirig and using propellants which have the most general form function, Z - 
where function ^(/) is such that when Z « 0,/ — I and when Z ^ 1,/ =-■ 0. Further from this 
solution the author has deduced the results for o general cubic form function given by Z ^ 
(1—/) and from this for a cubic Z = (1 ~ f^) which represents the form function for 

spherical propellants. Also the results for a general quadratic form function given by Z = 
(1—/) (1 $f) have been deduced. 


References 

Clemmow, C. A. (1928). A theory of internal ballistics based on a pressure -index law of burning 
for propellants. Phil, Trans, Roy. Soc., A 227, 345. 

H. M. Stationery Office (1951). Internal Ballistics. 


Issued May 10, 1956, 



